IWASAWA THEORY FOR THE SYMMETRIC SQUARE OF A CM MODULAR FORM
AT INERT PRIMES

ANTONIO LEI

ABSTRACT. Let f be a CM modular form and p an odd prime which is inert in the CM field. We construct
two p-adic L-functions for the symmetric square of f, one of which has the same interpolating properties as
the one constructed by Delbourgo-Dabrowski, whereas the second one has a similar interpolating properties
but corresponds to a different eigenvalue of the Frobenius. The symmetry between these two p-adic L-
functions allows us to define the plus and minus p-adic L-functions & la Pollack. We also define the plus and
minus p-Selmer groups analogous to Kobayashi’s Selmer groups. We explain how to relate these two sets of
objects via a main conjecture.

1. INTRODUCTION

Let f be a normalised eigen-newform of weight k, level N and character e¢. Fix a prime p # 2 such that
p{ N. In [3] (also in [1] under some additional conditions), even distributions on Z) are constructed to
interpolate the L-values of the symmetric square of f. More precisely, if the Euler factor of L(F,s) at p is
given by (1 — a1 (p)p~*)(1 — az(p)p™*), then there exists an admissible distribution fiq, ()2 for i = 1,2 such
that

(»

(1) / ed/J/ (D)2 = p3"(k_1) X L(Sym2 f7 9_1, 2k — 2)
e T a(p)Prr(67Y) (period)
for any non-trivial even Dirichlet character 6 of conductor p™ where 7(6~!) denotes the Gauss sum of §~1.

Since the Euler factor of L(Sym? f,s) at pis (1 — a1(p)?p~*)(1 — aa(p)?p*)(1 — e(p)p"~1~*), we expect
that there should be a distribution ji.(,),r-1 satisfying interpolating properties similar to (1), but with

a;(p)? replaced by e(p)pk_l. In this paper, we construct such a distribution for the case when f is a CM
modular form that is non-ordinary at p. In other words, when the L-function of f coincides with that of a
Grossencharacter ¢ defined over K and p inerts in K. More precisely, we prove the following theorem in §3
(Theorem 3.20).

Theorem 1.1. If f is as above, then there exist even admissible distributions fii (-1 such that

pir—b L(Sym® f,01, 2k — 2)
Odpsepypr—1 = ) (g1 * i
zx (Ze(p)ph=1)" 7(6-1) (period)
Note that we have a;(p)? = aa(p)? = —e(p)p"~! in this case, methods in [3] only produce one distribution,

which agrees with p_(,),x-1 as given by Theorem 1.1.

The idea of the construction is rather simple. Let V; be the p-adic representation of Gg associated to f
as constructed by Deligne in [4]. In order to prove Theorem 1.1, we make use of the following observation.
As Gg-representations, we have

Sym*(Vy) = Vi & Vs
where V; is an one-dimensional representation associated to some Dirichlet character n twisted by a power
of the cyclotomic character and V5 is a two-dimensional representation associated to the Grossencharacter
¢%. This implies that the L-function of f factorises into

L(Sym2 f,s) = L(¢2, s)L(n,s —k+1).
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We can therefore make use of an Euler system constructed from elliptic units to interpolate the L-values of ¢?
and multiply the resulting distributions with an appropriate twist of the Kubota-Leopoldt p-adic L-function
associated to 7, which interpolates the L-values of n.

Because of the symmetry between the two distributions, we show that some plus and minus logarithms
log™ of Pollack divide Hoge(pypt—1 T H—e(pypr—1- This allows us to obtain two bounded measures:
Theorem 1.2. (Theorem 3.25) Let § be an even Dirichlet character of conductor p™. There exist bounded
p-adic measures p* (Sym?(Vy)) such that the followings hold.

(a) If n is even, then

(2k — 3)!(k — 1)lp?>*=D  L(Sym? f,67,2k — 2)

)

. Out (Sym*(Vy)) = 0 (log") 7(6-1)2e(p)" x (period)

(b) If n is odd, then
, 5 2k = 3)(k — D)lp* =D L(Sym?® £,071, 2k — 2)
/Z; Op~ (Sym?*(Vy)) = 9oz ) (6120 x (poriod) .

Moreover, i (Sym?*(V})) are uniquely determined by (a) and (b) respectively.

In § 4, we make use of some of the ideas in [6] to show that these measures can be obtained from some
appropriate Coleman maps and define the corresponding plus and minus p-Selmer groups Sel;IE (Sme(Vf)).
On identifying the measures as elements in some Iwasawa algebra A ® QQ, we show that the following holds
under some appropriate conditions (see Theorem 4.8 for a precise statement).

Theorem 1.3. The Selmer groups Selgt(Sme(Vf)) are A-cotorsion and
Charagg (Sel, (Sym?(Vy)Y) = (u* (Sym® (V7)) .

Finally, in the appendix, we explain how some of the linear algebra results that we use to prove the main
theorems can be easily generalised to general symmetric powers Sym” f where m > 2 is an integer.

2. NOTATION

2.1. Extensions by p power roots of unity. Throughout this paper, p is an odd prime. If K is a field of
characteristic 0, either local or global, G denotes its absolute Galois group, x the p-cyclotomic character
on G and Ok the ring of integers of K. We write ¢ for the complex conjugation in Gg.

For an integer n > 0, we write K, for the extension K (p,») where p,n is the set of p™th roots of unity and
K denotes J,,~; K. When K = Q, we write k, = Q(u,») instead. In particular, we write Qp,,, = Qp(1pn)-
Let G,, denote the Galois group Gal(Qyp./Q,) for 0 <n < oo. Then, Goo = A X I where A = G is a finite
group of order p — 1 and I' = Gal(Qp,00/Qp,1) = Z,. We fix a topological generator v of T'.

2.2. Iwasawa algebras and power series. Given a finite extension K of Q,, Ao, (Gs) (respectively
Ao, (T")) denotes the Twasawa algebra of G, (respectively T') over Og. We write A (Goo) = Aoy (Goo) @ K
and A (T) = Ao, (T)@ K. If M is a finitely generated Ao, (I")-torsion (respectively A g (T")-torsion) module,
we write Chary,, () (M) (respectively Chary ) (M)) for its characteristic ideal.

Given a module M over Ap, (G ) (respectively Ax (G )) and a character 6 : A — Z5, M? denotes the
S-isotypical component of M. For any m € M, we write m® for the projection of m into M?. The Pontryagin
dual of M is written as M.

Let r € R>o. We define

H, = Z Cn,U~U-Xn€(Cp[A][[X]]:SupM<OOVO’€A

nr
n>0,0€A

where ||, is the p-adic norm on C, such that |p|, = p~!. We write Hoo = U,>oH, and H,(Goo) = {f(7—1) :
feH,} forr e RyoU{oo}. In other words, the elements of H, (respectively H, (G )) are the power series
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in X (respectively v — 1) over C,[A] with growth rate O(log,). If F,G € Hoo or Hoo(Goo) are such that
F =0(G) and G = O(F), we write F' ~ G.

Given a subfield K of C,, we write H, x = H, N K[A][[X]] and similarly for H, k(G ). In particular,
Hok(Goo) = Ax(Goo)-

Let n € Z. We define the K-linear map Tw,, from H, x(G) to itself to be the map that sends o to
x(0)"o for all 0 € G. Tt is clearly bijective (with inverse Tw_,).

2.3. Crystalline representations. We write B.,is and Byr for the rings of Fontaine and ¢ for the Frobenius
acting on these rings. Recall that there exists an element ¢ € Bgr such that ¢(t) = pt and g -t = x(g)t for
9 € Gg,-

Let V' be a p-adic representation of Gg,. We denote the Dieudonné module by Deis (V) = (Beris ® V)G@P.

We say that V' is crystalline if V' has the same Q,-dimension as De,is(V'). Fixsucha V. If j € Z, Fil’ Deyis(V)
denotes the jth de Rham filtration of De.is(V).
Let T be a lattice of V' which is stable under Gg,. Let Hf, (') denote the inverse limit 1i£1 HY(Qpn,T)

with respect to the corestriction and Hj, (V) = Q ® Hj,, (7). Moreover, if V arises from the restriction of a
p-adic representation of Gg and T is a lattice stable under Gg, we write

HY(T) = lim H' (Z[pyn,1/p], T) and H'(V)=Q @ H'(T).

We have localisation maps
loc: HY(T) — Hj(T) and loc:H" (V) — Hi, (V).
If F' is a number field, we define the p-Selmer group of T" over F' to by

H'(F,, T ®Qp/Zy)
Hi(F,, T ® Qy/Zy)

Sel,(T/F) = ker (Hl(K7T® Qp/Zyp) — H

where v runs through the places of F'.
Let V(j) denote the jth Tate twist of V, i.e. V(j) =V ® Qpe; where Gg, acts on e; via x/. We have

Dcris(v(.j)) = tichris(V) ® e;.

For any v € Deis(V), v; = v ® t~Je; denotes its image in Deyis(V (5)). We write Tw,; : Hi (V) — Hi, (V(4))
for the isomorphism defined in [9, § A.4], which depends on a choice of primitive p-power roots of unity.
Finally, we write

exp : Qpp @ Deyis(V) = HY(Qprn, V) and  exp™ : HY(Qpp, V) = Qpp @ Fil® Deyis (V)

for Bloch-Kato’s exponential and dual exponential respectively.

2.4. Imaginary quadratic fields. Let K be an imaginary quadratic field with ring of integers O and idele
class group Cx. We write i for the quadratic character associated to K, i.e. the character on Gg which
sends o to 1 if 0 € G and to —1 otherwise.

A Grossencharacter of K is simply a continuous homomorphism ¢ : Cx — C* with complex L-function

L(¢,s) = [[(1 = ¢(w)N ()=~

where the product runs through the finite places v of K at which ¢ is unramified, ¢(v) is the image of the
uniformiser of K, under ¢ and N(v) is the norm of v. Let f be the conductor of ¢. We say that 7 is of type
(m,n) where m,n € Z if the restriction of 7 to the archimedean part C* of Ck is of the form z — 2™z".
We write K = UK (p"f) where K (a) denotes the ray class field of K modulo a if a is an ideal of O.
If T is a Zp,-representation of G'x, we write

Hyoe i (T) = yLnHl(oK, [1/p],T) and Hyw;(Q®z, T) = Hyooy(T) ®z, Q
K/

where K’ ranges over all finite extensions of K contained in K (p°°f).
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2.5. Modular forms. Let f = > a,¢" be a normalised eigen-newform of weight k& > 2, level N and
character e. We assume that f is a CM modular form, i.e. L(f,s) = L(¢, s) for some Grossencharacter ¢ of
an imaginary quadratic field K with conductor f. Then, ¢ is of type (—k + 1,0). Moreover, p inerts in K if
and only if f is non-ordinary at p. In this case, a, is always 0. Throughout, we fix such a p with p # 2.

The coefficient field Fy of f is contained in the field of definition of ¢. We write E for the completion of
this field at a fixed prime above p.

We write V; for the 2-dimensional E-linear representation of Gg associated to f from [4], so we have a
homomorphism

pr GQ — GL(Vf).
Throughout the paper, we assume that the following hypothesis holds.

Hypothesis 2.1. If e and K are as above, then e # €.

3. p-ADIC L-FUNCTIONS

3.1. Grossencharacters over K. We first review some results on Grossencharacters. Let n be a Grossen-
character on Gk of conductor f. We fix a finite extension E of Q, such that E contains the image of 7.
We write V(n) for the one-dimensional E-linear representation of Gg. It is a representation that factors
through Gal(IC/K). For an ideal a of O which is prime to pf, the Artin symbol (a,K/K) € Gal(K/K) acts
on V(n) as the multiplication by n(a)~!. We write 7j : G — E* for the corresponding character.

We write V;, = Ind%(V(n)). The canonical homomorphism K ® Q((pe) — K (p>°f) induces a map

Ind : H)wo g (V()) — H' (V).

Let v be a non-zero element of V(n). By [5, §15.5], a system of norm compatible elliptic units in K (p"f)
defines an element 2z € H;wf(Zp(l)). We write the image of z, under the composition

HE e (2 (1)) — > H (V () (1) 20 1 (7, (1)) =2 B, (V, (1)) ——>H,, (V)

as z,(n) = z(n) and its projection into H'(Q, ., V,(4)) is denoted by z;.,(n).
Note that the eigenvalues of ¢ on V;, are 1, each with multiplicity 1. If v € V,;, we write v* for the
projection of v into the +1-eigenspace.

Proposition 3.1. Let n be a Grossencharacter over K of type (—r,0) with r > 1. Let 0 be a character on
G, and write
ko : Qprn @ Fil° Deig(V, (1)) — C@V, (1)
vy = Y 6(o)o(x)per(y)
oeG,

where per is the period map associated to n as defined in [5, §15.8]. Then, we have
kg © exp” (21,0 (1)) = Ly (76, 7) - (7')*
where + = 0(—1) and o' denotes the image of v in V;,.
Proof. [5, §15.12]. O
3.2. The symmetric square of a CM modular form. Let f be a modular form as in §2.5. By comparing

the eigenvalues of Frobenii, we see that the representation V; is isomorphic to ‘7(;5 = Ind}% V(¢). Therefore,
V; admits a basis z,y such that for ¢ € Gg, the matrix of ps(o) with respect to this basis is given by

@ o) =(°5 50 )
if 0 € Gg. Otherwise,

® o) = (500 717)
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where ¢ = 10’ with ¢/ € Gg.

Lemma 3.2. The determinant of py is given by

p(o)puor)  ifo € Gk

—(0")P(1o’) if o = 10’ where o' € Gk.

det(py)(0) = {

Proof. This is immediate from (2) and (3). O

Proposition 3.3. As a Gg-representation, Sme(Vf) decomposes into
Sym?(Vy) = Vi & Vs

where p; : Gg — GL(V;) is an i-dimensional representation of Gg for i =1,2. Moreover,

(4) pr = ex-det(pg) = er e X,

(5) P2 ‘N/¢2.
Proof. 1t is clear that z ® z, y ® ¥y, T ® y + y ®  form a basis of Sym2(Vf). By formulae (2) and (3),

o-(r®y+y®x)is a multiple of z ® y + y ® « for any ¢ € Gg. Hence, it gives an one-dimensional
sub-representation V; of Sym2(Vf). More explicitly, we have

d(0)p(to)(z@y+yz) ifoe Gk
d(0)p(to")(r @y +y@x) if o =10’ where o’ € G.

Therefore, we deduce (4) from Lemma 3.2.
It is also clear that z ® =, y ® y form a basis of a 2-dimensional representation py : Gg — GL(V2). With

respect to this basis,
_ (%@ 0
pale) = ( 0 F(wo)

1

a~(x®y+y®x)={

if 0 € Gg. Otherwise, if 0 = 10’ where ¢’ € G, then

Therefore, Vs = Ind% V(¢?) as required. O

Corollary 3.4. The complex L function admits a factorisation
L(Sym?® f,s) = L(¢%,s)L(ck - €,5 — k + 1).

Proof. The L-function of Sym? f only have non-trivial Euler factors at ¢t N. The Euler factors on the two
sides of the equation at g agree by Proposition 3.3, so we are done. ]

3.3. The symmetric square as a G, -representation. We study the representation Sme(Vf) restricted
to Gg,. More specifically, we study Deis (Sym? V).

Lemma 3.5. As Gq,-representations, both V1 and Va are crystalline.

Proof. The functor D5 is compatible with taking direct sums, so we can identify Des(V;) as a filtered
sub-p-module of De,is(Vy) for ¢ = 1,2. That is,

(6) Dcris(sme(Vf)) = Dcris(‘/l) ¥ Dcris(%)~

Since Symz(Vf) is crystalline, so ]D)Cﬁs(Sme(Vf)) is of dimension 3 over E. Hence, Dgis(V;) must have
dimension ¢ and V; is crystalline for ¢ = 1, 2. |
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We now give explicit descriptions of Deis(V1) and Deyis(V2).
Recall that Deis(Vy) is a 2-dimensional E-vector space with Hodge-Tate weights 0 and 1 — k. Moreover,
the de Rham filtration is given by

‘ Ew® Ep(w) ifi<0
(7) Fil’ Deyis(Vy) = { Ew if1<i<k—1
0 ifi>k

for some w # 0. The action of ¢ on Deyis(Vy) satisfies ¢? = —e(p)p*~L. Therefore,

Deris (Sym* (V7)) ifi <0
dimy 2 ) Ewouw)@Epwdwt+w®pw)) ifl<i<k-1
8) FilMDeris (Sym™ (V) =\ gy & ) it h<i<2k—2
0 ifi>2k—1
Since p?(w) = —e(p)p*~'w, we have

o0 ® p(w) + p(w) Ow) = PP (w ® p(@) + pw) B w).

In particular, w ® p(w) + p(w) ® w is an eigenvector of ¢. Therefore, we have a decomposition of filtered
p-modules

Deris(Sym? (V7)) = (B(w & w) © B(e(w) @ ¢(w))) @ (Blw ® ¢() + p(w) ©w) ).
Proposition 3.6. As filtered p-modules, we have

IDCris(vvl) = E(‘)O(w) Qwt+wd® (p((x))),
]D)cris(v2) = E(OJ & UJ) 2] E(QO(UJ) & (p(UJ))

Proof. By (4), p1 = ek -e-x* 1. Since p is inert in K, ex(p) = —1. The Hodge-Tate weight of V; is therefore
1 — k and ¢ acts on Deys(V;) as multiplication by —e(p)p*~!. This proves the first equality. The second
equality is then automatic by (6). O

Remark 3.7. Such a decomposition of Gq,-representations is in fact possible for f without CM (see [10,

§2.2]).
Corollary 3.8. The eigenvalues of ¢ on Deis(Va) are +e(p)pt=r.

Proof. By Proposition 3.6, the matrix of ¢ with respect to the basis w ® w, p(w) ® p(w) is

(0w

hence the result. |
Corollary 3.9. The Hodge-Tate weights of Vo are 0 and 2 — 2k.
Proof. This follows from (8) and Proposition 3.6. O

3.4. The Perrin-Riou pairing. By Corollary 3.8, the slope of ¢ on Deis(V2) is & — 1. Hence, by Corol-
lary 3.9, given any v € Dg,s(V2), we have the Perrin-Riou pairing

‘CU : HIIW(‘/Q*) - 7_[k—l,E((;oo)
which satisfies the following properties.

Proposition 3.10. For an integer v > 0, we have
-1

@) = (1222 ) (1= 9 e o)

0
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Let 0 be a character of G,, which does not factor through G,_1 with n > 1, then

Z 9_1(0) [@_n(UrJrl)anp*(zir,n)]n

ceG,

r!

XTH (ﬁv(z)) = 7_(9_1)

where [,],, is the pairing

[i]n Hl(@p,na Va(r+1)) x Hl(me,V;(—r)) - HZ(Qp,nvE(l)) =F,
Z_rn denotes the projection of Tw_,(z) into H (Qp.n, V5 (—r)) and 7(6~1) denotes the Gauss sum of 1.

Proof. See [6, §3.2]. O

Remark 3.11. The assumption on the eigenvalues of ¢ made in [6] are not necessary for our purposes here
because the Perrin-Riou pairings can be defined by applying 1 — ¢ to the (¢, Goo)-module of V5* (see [7] and
[5, §16.4]).

We fix a non-zero element @ € Fil ™! D, (V5 (1)) and write
per(@) = Q4 (7)" +Q-(v)"
where 1 € C* and 7/ is as in the statement of Proposition 3.1 for some fixed ~.

Definition 3.12. Under the choices made above, we define vt € Deys(Va) by

vt = m ( +e(p)pF lw@w+ pw) ® @(w)),

Lemma 3.13. The elements vt satisfy:

(a) Both vt are eigenvalues of ¢ with p(vF) = +e(p)p*~1v;

(b) For any x € Fil° Deyis (Vs (—7)) and an integer r such that 0 < r < 2k — 3, we have
[ 1, 2] = [v,44, 7]
where [,] denotes the pairing
[7] : Dcris(%(r + 1)) X Dcris(‘/;(_'r)) — Dcris(E(]-)) =F. t_161~

Proof. (a) is easy to check using the matrix given in the proof of Corollary 3.8 (or by direct calculations).
By Corollary 3.9, the Hodge-Tate weights of V* are 0 and 2k — 2. Hence, Fil® Des(Vy(—7)) is one-
dimensional with basis @_,_; for 0 < r < 2k — 3. Since (w ® w)py1 € Fil®Deyis(Va(r + 1)), we have
[(w®w)pt1,0—r—1] = 0. Hence,
[v;;l,d),r,l] = [U;+1"D*r71] =1,
which implies (b). O

Note that V" = f/q;z (2k — 2). This enables us to make the following definition of p-adic L-functions
associated to ¢2.
Definition 3.14. On taking n = ¢* in §3.1, we define
Lie(p)pk*1(¢2) = Lo+ (TW%*? (Z(¢_52))) € Hi—1,6(Geo)-

Lemma 3.15. Let 8 be a character of G, which does not factor through G,_1 with n > 1 and write
d =0(—1), then
(2k — 3)1pE=2n  [(p%0~1, 2k — 2)

0 Var Qs

0 La(6?)) =

where o = %e(p)p* 1.



. ANTONIO LEI
Proof. We have
0Lyt (69))
= X%—?’e(cvi (Twag s (z(éQ))))
- Z o "(v3k—2)> exp* (21,0(6%)7)],,

oeGy

(£e(p)p™ ' x p ) g o Y 07 (o) exp”(21,0(6%)7)

oeGy,

(2k — 3)!
(2k — 3)1pk=2)n y L(¢%071, 2k — 2)
T(071) (£e(p)p—1)" Qs

where the second equality follows from Proposition 3.10, the third follows from Lemma 3.13(a) and the last
equality is a consequence of Proposition 3.1 and the fact that p divides the conductor of 6. |

Lemma 3.16. We have

_ _ o on_ _ L(¢? 2k —2
X 3(Li5(p)pk,1(¢2)) = (1 —p (L= e(p) 2?7 (Fe(p)p! ’“)) x %
+
Proof. Since ¢? = ¢(p)?p?>~2F on Deyis(Va(2k — 2)), we have
~1
¥ —1
-2 )a-
5o

_ N2 2k-3 L+o

- (1 6(p) p SO) 1— e(p)2p2_2k

_ 1op i e e

- T

Therefore, similarly to the proof of Lemma 3.15, we have
W (Lepe1 (69))
XZk_S (ﬁvi (Tw2k72 (Z ¢2))))
1- p‘1+(1—()22k Ve 4 ‘ -
_ (2k-3) [ L (v5i-2) 0" (10(6°) |
1—p 1 4 (1= e(p)~2p23) (+e(p)p'—* . -
_ (2k3)![ a (6()]))2 —EDPT) k| exp(10(82) 0
_ l-p' (A —ep)” 2292’“ (Ee@p' ) | Ly (97, 2k — 2)
- 1 —¢(p)?p>~2k Q4
L(¢272k B 2)

= (1 —p (- €(p)’2p2’“’3)(16(p)p1”“)) S
+
O
Remark 3.17. Consider the p-adic L-function L .(,)pr—1 (¢?). The first factor on the right-hand side of the

equation in the statement of Lemma 3.16 vanishes if and only if k = 2 and e(p) = 1 (e.g. when f corresponds
to an elliptic curve over Q). This recovers the trivial zero result in [10].
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3.5. p-adic L-functions of the symmetric square. Let us first recall the following result of Kubota and
Leopoldt.

Theorem 3.18. If n is a non-trivial Dirichlet character of conductor prime to p, there exists a bounded
p-adic measure Ly(n) € Ho g(Gs) where E is some finite extension of Q, which contains the image of 7
such that

(r + 1)lpn(r+1)

X"0(Lyp(n) = (@ri) (0 1) x L(nd~ ', r+1);
r !
X" (Lp(n)) ((QJ)}LL(%T +1).

for any integer r > 0 and Dirichlet character 0 of conductor p™ such that x"710(—1) = n(—1).

Since we assume that Hypothesis 2.1 holds, we may take n = € - € in Theorem 3.18. This enables us to
give the following definition.

Definition 3.19. For a = +¢(p)p*~! we define
Lo (Sym?(Vy)) = La(¢%) x Tw_g41 (Lp(ex - €)).

For the rest of this section, unless otherwise stated, # denotes an even character on G, which does not
factor through G,,_; with n > 1.

Theorem 3.20. Both L (k-1 (Symz(Vf)) lie inside Hy—1,5(Gs) and admit the following interpolating
properties:

o3 ) 2k — )k — 1)p?+=1  L(Sym? f,071 2k — 2
b H(La (Sym (Vf))> - 3((9_1)2;5 x ( y(zwi)k—lﬂJr );

2% 2 _ 1 k4o 1 L(Sym? f,2k — 2)
Vst )) = ke 0 (1 fra (- ) ) < FOEEE

where a = Fe(p)p*~L.

Proof. By definition, L, (¢?) € Hy—1,5(Goo) and L,(ck - €) € Ho (G o) which implies the first part of the
theorem.

Since det(Vy) = ex®*~! and p; is odd, we have ex®*~1(—1) = —1. But ex(—1) = —1 and 6(-1) = 1, so
x*710(—1) = ege(—1) and we can apply Theorem 3.18 and Lemma 3.15 as follows:

(o )

= XT0(La(6) x X0 (Lyen - )
(2k — 3)IpCe=2n [(¢20,2k —2)  (k—1)lpn—1)

= Lieg-e- 07 k—1
T P U b e Rl A

_@k=3)0— DD L(Sym? £,07), 2%k~ 2)

B T(0~1)2am (2mi)k—1Q ’

where the last equality follows from Corollary 3.4. This gives the first interpolating formula and the second
one can be deduced in the same way. O

Lemma 3.21. Let n be an even character on A, then Llé(p)pk,l (Sym2(Vf)) # 0.

Proof. We have L(Sym?(V;),n,2k —2) # 0 because the critical strip of Sym?(V}) is k — 1 < Re(s) < k.
Therefore, we are done by the interpolating properties given by Theorem 3.20. O
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3.6. Pollack’s plus and minus splittings. As in [11], we define

2k—3 oo —r
log*(7) = H H q’%(XS) 7),

r=0 n=1

2k—3 oo .
log~(v) = [I1I —@2"*1(2(7) 2,

r=0 n=1

where ®,,, denotes the p™th cyclotomic polynomial. Then, log™ (y) ~ logh1.

Lemma 3.22. For an integer r such that 0 < r < 2k — 3 and a character 6 of G,, which does not factor
through G,—1 with n > 1, then

Xre <L+e(p)pk*1 (¢2)) = (_1)an9 (Lfe(p)pkfl (¢2)) .
Proof. This follows from the same calculations as in the proof of Lemma 3.15 thanks to Lemma 3.13(b). O

Corollary 3.23. We have divisibilities

10g+ (ry) | LJre(p)p’“*1 (¢2) + Lfe(p)pk*1 (¢2);
IOg_ (’Y) | L—i—e(p)pk—l (¢2) - L—e(p)pk_l (¢2)
Similarly,
10g+ (’Y) | L+e(p)p’“—1 (Sme(Vf)) + L—e(p)pk_l (Sme(Vf)) 5
IOgi (7) | LJre(p)p’C—1 (Sme(Vf)) - Lfe(p)p’ﬂ—1 (Sym2(Vf)) .

Proof. The first set of divisibilities follows from Lemma 3.22. The second set is then immediate by definition.
O

This allows us to define the following.

Definition 3.24. We define the plus and minus p-adic L-functions for Sme(Vf) by

LSym*(Ve) = (Lyegprr (Sym(V)) + Lo (Sym? (V7)) ) /210g* (7);
Ly SP(V) = (Lyagpes (Sym* (V) — Loy (Sym?(V))) ) /2log™ (7).
Similarly, we define the plus and minus p-adic L-functions for Vo by
LH6?) = (Liagpr (63) + Lecpenr (67) ) /210" (7);

L;(¢2) = (L+e(p)p’“*1 (0%) = Locppr—1 (¢°) )/2 log™ (7).
It is immediate that we have
(9) LE (Sym?(V))) = LE(@) x Tw g1 (Lylex - )
Theorem 3.25. Both L;t(Symz(Vf)) are elements of Ap(Gso) and admit the following interpolating prop-

erties:
(a) If n is even, then
_ _ (2k — 3)!(k — 1)!p?nk—1) L(Sym? f,0~1, 2k — 2)
(B Emtn) = e G G T T empre,
(2k — 3)! DH1-— )X L(Sym?® f, 2k — 2)_
log ( =3 () @mi)k-ty

V(L Sym?(Vy)) =
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(b) If n is odd, then

_ _ _ (2k — 3)!(k — 1)!p?nk—1) L(Sym? f,0~', 2k — 2)
(G e = Sy @,
(2k = 3)!(k — ! (e(p)p™**" — e(p)~'p" ) L(Sym® f,2k — 2)

log~ (** (7)) (@m0

Moreover, Lf(Sym2(Vf)) are uniquely determined by (a) and (b) respectively.

N (Ly (sym? (V7))

Proof. By the first part of Theorem 3.20, L.(,),+-1 (Sym?(V})) are both elements of Hy_1 £(Gs). But
log®(7) ~ log" ™, so the quotients above are in o g(Goo) = Ap(Goo)-

The interpolating formulae in (a) and (b) follow from those given in Theorem 3.20.

Finally, since L?(Symz(vf)) € Ag(Gw), they are uniquely determined by their values at an infinite
number of characters, hence the last part of the theorem. (Il

Lemma 3.26. Let n be an even character on A, then L;,t’" (Sym2(Vf)) # 0.

Proof. The same as the proof of Lemma 3.21. |

Remark 3.27. Analogues of Theorem 3.25 and Lemma 3.26 for L;,t(¢2) can be deduced in the same way.

Remark 3.28. A conjectural generalisation of Pollack’s plus and minus splittings of p-adic L-functions for
motives has been formulated in [2]. Theorem 3.25 gives an affirmative answer to Conjecture 2 of op. cit. for
the special case when the motive corresponds to the symmetric square of a CM modular form.

4. SELMER GROUPS
In this section, we define the plus and minus p-Selmer groups for Symz(Vf) and relate them to the p-adic
L-functions L;t (Sme(Vf)) defined above. By the decomposition given by Proposition 3.3, we only need to

define their counterparts for Vo = Vj» because the Selmer group of V; is relatively well-understood. The
Gg-representation V, behaves in exactly the same way as Vy where f’ is some CM modular form of weight
2k — 1, so many of the results on V5 below can be proved using the arguments given in [6]. Therefore, we
only outline the proofs without giving all the details here.

4.1. Coleman maps and Selmer groups. As in [6, 7], we define plus and minus Selmer groups using the
kernels of some Coleman maps.

Proposition 4.1. If z € Hi, (V5), then
log™(7) | Loweew) (?),
log”™(v) | Lugw(?).

Proof. As in [6, Proposition 3.14], this can be proved using Proposition 3.10. |

Therefore, as in [6], we may define Ag(Go)-homomorphisms
Col* : Hy, (V) — Ap(Gs)
1
2[p(w) ® p(w), @] log™ (v
Col™ : Hi, (V) — Agp(Gw)

2 )Cgo(w)@w(w)(z)%

1
z = 2[90(‘*}) ® CP(W), OT)} log_ (’7) Ew@w (Z)

Then, it is clear by definition that Col™ (Twar—2 (2(¢?))) = LE(¢?).
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We now fix an Og-lattice T' of V(¢) which is stable under Gg, it then gives rise to natural Og-lattices
Ty = Ind%(T) and Sym? Ty in V; = V, and Sym?(V}) respectively, both of which are again stable under
Gg. As p # 2, we have

Sym2 Ty =T, ®T; and Sym2 Vf/Tf = V1/T1 @O Vo /Ty

for some Og-lattice T; inside V; for ¢ = 1, 2.
Write H1(Qp.,,T5) for the projection of ker(Col®) into HY(Qp.n,T3) and define H(Qppn, Va/T2(1))* to
be the exact annihilator of H1 (Q, ,,Ty) under the Pontryagin duality

Hl(Qp,ng) X Hl(Qp,an2/T2(1)) = Qp/Zyp.

Let F be a number field. Then the p-Selmer group of Sym? T¢(1) decomposes into those of T;(1) and
TQ(l)Z
Sel, (Sym?* Ty (1)/F) = Sel,(T1(1)/F) @ Sel,(Tx(1)/F).
We define the plus/minus Selmer groups over k,, = Q(u,n) by

. e (s H' (Qp,n, V2/Ta(1))
Sel> (To(1)/kn) = k (S lp(TQ(l)/kn)_)H}(Qnm%/]‘é(l))ﬂ:)’

Sel> (Sym® Ty (1) /kn) = Sel,(T1(1)/kn) & Sel (T2(1)/ky)
and let
Sel* (T(1) /koo) = lim Sel*(T»(1)/ky,) and  SelX(Sym® T}(1)/keo) = lim Sel* (Sym® Ty (1) /kn).

4.2. Description of the kernels. In this section, we give a more explicit description of the groups
H}(me, Va/T5(1))* under the following additional assumption.

Hypothesis 4.2. Eitherp— 11k —1 ore# 1.
In [6, §4], one of the key ingredients to give an explicit description of H}(Qp,n, Vi /Ty(1))* is the fact that

(Vy /Ty (j))G@Pv" = 0 under some appropriate assumptions. We show below that we get an analogue of such
description under Hypothesis 4.2.

Lemma 4.3. If Hypothesis 4.2 holds, then (Va/T5(5))°% ™ =0 for all j € Z and n € Z>g.

Proof. Let ¢t N be a prime which is inert in K. Then, by the second half of the proof of Proposition 3.3,
we see that the eigenvalues of the g-Frobenius on V5(j) are +e(q)x’(¢)¢"*~'. Therefore, as in [6, proof of
Lemma 4.4], it is enough to show that there exists some ¢ such that

+e(q)x?(¢)g" " #£1 mod p.
If either p — 11k — 1 or €(q) # 1, we can find such a ¢ by Dirichlet’s theorem, so we are done. O

Corollary 4.4. If Hypothesis 4.2 holds, then the restriction map H*(Qpm,T2(1)) = HY(Qpn, To(1)) is
injective for any integers n > m > 0. On identifying the former as a subgroup of the latter, we have

H(Qpn, Vo/To(1))* = H}(Qpn, To(1))* ® E/Op.
Here
H{(Qpn, T2(1))* = {x € H}(Qpn, To(1)) : €Oty /pms1(x) € Hp(Qpm, To(1))Vm € S}
where cor denotes the corestriction map and
St = {me[0,m—1]:m even},
S, = {me[0,m—1]:m odd}.

Proof. These can be proved in exactly the same way as their counterparts in [6, §4] using Lemma 4.3. O
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4.3. Main conjectures.
Theorem 4.5. Let 0 be a character on A and r > 0 an integer such that x"7'0(—1) = n(—1). Then
Sel,, (Zy(n)(r + 1))? is Ag(T)-cotorsion and

Char ey (Sely (Zp(n)(r + 1)) = (Tw_, Li(n)) .

Proof. For any Ag (G )-module, MY (r) = M(—r)V. If M is a Ag(T')-torsion module, we have Char(M (r)) =
Tw,(Char(M)). Therefore, the result is just a rewrite of the Iwasawa main conjecture, as proved by Mazur-
Wiles [8]. O

Corollary 4.6. Let n be an even character on A. Then
Chary (1) (Selp(T1(1) /koo)¥'™) = (TW_g41 L (ek - €)).
Proof. We may apply Theorem 4.5 to i - € with r =k — 1. a

Proposition 4.7. Let § = & and let n be a character on A such that n =1 if § = —. Then, Sel® o(T(1) /koo)?
is Ag(T)-cotorsion and

Chary () (Self(T2(1)/h) ") = (L57(6%))

Proof. This follows from the same argument as in [12], which has been generalised for CM modular forms
in [6, §7]. It relies on the main conjecture for K as proved in [13]. O

Theorem 4.8. Let n be character on A as in the statement of Proposition 4.7. Then Selgt(Sym2(Vf)/koo)’7
is Ag(T")-cotorsion and

Chary 1y (Self (Sym?(Vy) /koo)¥) = (LE(Sym? (V7)) .
Proof. Recall that

Sel> (Sym® T (1) /koo) = Sel, (T1(1)/kos) @ Sel (T2(1)/ksc)
by definition, so

Sely (Sym® Ty (1) /koo) V" = Sel,(T1(1) /koo) V" @ Sel; (T2(1) /o) V"
But we have
LE (Sym?(Vy)) = LE"(¢?) x Tw_p41 (L(ek - €))
by (9). Therefore, the theorem follows from Corollary 4.6 and Proposition 4.7 because
Char(M; & M3) = Char(M;) Char(Ms)

for any torsion modules M7 and M. O

5. APPENDIX

In this section, we fix an integer m > 2. We prove an analogue of Proposition 3.3.

Proposition 5.1. If m is even, we have a decomposition of Gg-representations

m/2—1
Sym™ Vy = @ (V¢m—2i ® (ek det pf)l> @ (ek det pf)m/2 .
=0
If m is odd, then
(m—1)/2

Sym™ Vy = @ <V¢m 2i ® (e det Pf) )
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Proof. We only give the proof for the case when m is even since the other case can be proved in a similar
way. Let z,y be the basis of V; given as in §3.2. For an integer r such that 0 < < m, we write z, for the
element in Vf®m given by

Za1®a2®...®am

where the sum runs over a; € {z,y} with #{i : a; = } = r. Then, zo,. ..,z give a basis of Sym™ V.
If 0 € Gk, we have

o(zr) = ¢" (o)™ " (Lor)z,
by (2). If 0 = 10’ with ¢’ € Gk, then

o(z,) = (ZBT(U/)QBW_T(LU/L)CEme

by (3). Therefore, x, and x,,_, generate a subrepresentation of Sym™ V, which we denote by p, : Gg —
GL(V;) where 0 < r < m/2. Note that V,. is 2-dimensional if » < m/2 and V;, 5 is 1-dimensional. We have
a decomposition

Sym™ Vy = @T:/(?Vq«

For r < m/2, the matrix of 0 € Gk respect to the basis x,,_, x, is

@m_r(gg&(m) (o)) =7 @ @m_gr(g) i)

whereas that of 0 = 10’ with ¢/ € G is given by

(s &(0/)&3T(M/L)>:¢~’T(”'“"” (-2 QEM;(MIL))'

Therefore, we see that p, = Ind%(V(qu_zT)) - (ex det pf)” by Lemma 3.2.
Finally, for r = m/2, we have

ém/Q(oLob)xm/g if o € Gk
J)m/?(a’w’b)xm/z if 0 = 10’ where ¢’ € Gg.

U(:Em/g) = {

m/2

Hence, V,,, /2 = (ex det py) again by Lemma 3.2. This finishes the proof. O

Corollary 5.2. The complexr L-function admits a factorisation

(Hg/g_l L (¢m2 (exe)t, s —i(k — 1))) L ((sKe)m/Q, s—m/2(k—1)) ifm is even,

L(Sym™ f,s) = _ A
HEZL(;D/Q L(¢™ %, (exe)t, s —i(k — 1)) otherwise.

Proof. This can be proved in the same way as Corollary 3.4. (Il

Remark 5.3. For 0 <i < [(m—1)/2|, we may obtain a p-adic L-function that interpolates the L-values of
¢™ =2 at (m —2i)(k — 1) using Proposition 3.1. However, when m > 2, their product does not interpolate the
L-values of Sym™ f. We would need p-adic L-functions that interpolate the L-values of $™ 2% at (m—i)(k—1)
instead.
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