Iwasawa theory for symmetric powers of CM modular forms at non-ordinary primes

ROBERT HARRON AND ANTONIO LEI

ABSTRACT. Let f be a cuspidal newform with complex multiplication (CM) and let p be an odd prime at
which f is non-ordinary. We construct admissible p-adic L-functions for the symmetric powers of f, thus
verifying general conjectures of Dabrowski and Panchishkin in this special case. We also construct their
“mixed” plus and minus counterparts and prove an analogue of Pollack’s decomposition of the admissi-
ble p-adic L-functions into mixed plus and minus p-adic L-functions. On the arithmetic side, we define
corresponding mixed plus and minus Selmer groups. We unite the arithmetic with the analytic by first for-
mulating the Main Conjecture of Iwasawa Theory relating the plus and minus Selmer groups with the plus
and minus p-adic L-functions, and then proving the exceptional zero conjecture for the admissible p-adic
L-functions. The latter result takes advantage of recent work of Benois, while the former uses recent work
of the second author, as well as the main conjecture of Mazur—Wiles.
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1. INTRODUCTION

This paper can be considered as a simultaneous sequel to the second author’s article [Leil2] on the
main conjecture for the symmetric square of a non-ordinary CM modular form and the first author’s article
Har12] on the exceptional zero conjecture for the symmetric powers of ordinary CM modular forms. Let
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f be a normalised newform of weight & > 2, level I'1(NN), and Nebentypus €, and let p; be the p-adic
Galois representation attached to f. The study of the Iwasawa theory of the symmetric powers of f began
in the 1980s with the symmetric square case in the work of Coates—Schmidt and Hida (e.g. [CS87, [Sch88|
Hid&8, [Hid90]). More precisely, they study the adjoint representation adopf ~ Sym2pf ® det™? pf in the
ordinary case, constructing one- and two-variable analytic p-adic L-functions and stating a main conjecture
(for f corresponding to an elliptic curve). More recently, still in the ordinary case, Urban ([Urb06]) has
announced a proof of one divisibility in the main conjecture for adopf under some technical hypotheses.
For general higher symmetric powers, even Deligne’s conjecture on the algebraicity of special values of L-
functions remains open, and consequently the analytic p-adic L-functions interpolating these values have
yet to be constructed. The case where f has complex multiplication is however accessible. In the ordinary
setting, the analytic p-adic L-functions were constructed by the first author in [Harl2] and the exceptional
zero conjecture was proved there as well. At non-ordinary primes, the second author constructed p-adic
L-functions and formulated the Main Conjecture of Iwasawa Theory for the symmetric square in [Leil2].
This article deals with the non-ordinary CM case for all symmetric powers. Specifically, we construct the
analytic p-adic L-functions for p,, := Sym™ p; ® det~lm/2] ps and prove the corresponding exceptional zero
conjecture. We also formulate a Main Conjecture of Iwasawa Theory in this setting.

To begin, Section [2| describes our notation and normalizations, while Section [3| develops some basic facts
about p,,. In Section[4] we construct what we refer to as “mixed” plus and minus p-adic L-functions for p,,.
The construction of these proceeds as in [Harl2] taking advantage of the decomposition of p,, into a direct
sum of modular forms and Dirichlet characters. Each modular form that shows up has plus and minus p-adic
L-functions constructed by Pollack in [Pol03] and we define 2[m/2] mixed plus and minus p-adic L-functions
for p,, by independently choosing a sign for each modular form. We then use these mixed p-adic L-functions
in Section [5| to formulate the Main Conjecture of Iwasawa Theory for p,,. This also involves defining mixed
plus and minus Selmer groups which uses the decomposition of p,, and the work of the second author in
[Leill]. In Section @, we construct 2/™/21 “admissible” p-adic L-functions for p,,, verifying a conjecture
of Dabrowski [Dablll Conjecture 1] and Panchishkin [Pan94, Conjecture 6.2]. It should be noted that
for m > 2, none of these p-adic L-functions is determined by its interpolation property. We go on to prove
decompositions of the admissible p-adic L-functions into a linear combination of the mixed p-adic L-functions
and mixed p-adic logarithms analogous to those developed by Pollack in [Pol03]. Finally, in Section we
locate the trivial zeroes of the admissible p-adic L-functions of p,, and prove the related exceptional zero
conjecture showing that the analytic L-invariants are given by Benois’s arithmetic L-invariant defined in
[Benllal. This relies on recent work of Benois [Benllb] computing the analytic and arithmetic L-invariants
of modular forms at near-central points in the crystalline case. The trivial zero phenomenon presents an
interesting feature in our situtation: the order of the trivial zero grows with the symmetric power, thus
providing examples of trivial zeroes of order greater than one for motives for Q. This also has ramifications
for a question raised by Greenberg in [Gre94] p. 170]: Is the L-invariant independent of the symmetric
power? Our result shows that the answer must be no, unless every CM modular form has L-invariant equal
to 1. The latter option seems unlikely.

2. NOTATION AND CONVENTIONS

2.1. Extensions by p-power roots of unity. Throughout this paper, p is a fixed odd prime. If K is a
finite extension of Q or Q,, then we write G'x for its absolute Galois group, O for its ring of integers, and
x for the p-adic cyclotomic character of Gx. We fix an embedding tse : Q — C and write Frob,, for the
induced complex conjugation in Gg. We also fix embeddings ¢, : Q — Q. These embeddings fix embeddings
of Gg, as decomposition groups in Gg. Let Frob, denote an arithmetic Frobenius element in Gg,. If K is a
number field, Ax (resp., Ax 5 and Ag ) denotes its adele ring (resp., its ring of finite adeles and its ring
of infinite adeles).

For an integer n > 0, we write K, for the extension K (u,n) where u,n is the set of p"th roots of unity,
and K denotes |J,,~; K. When K = Q, we write k, = Q(u,») instead, and when K = Q,, we write
Qpn = Qp(ppn). Let G, denote the Galois group Gal(Q,.,,/Q,) for 0 < n < co. Then, Go, = A x T where
A = G is a finite group of order p — 1 and I' = Gal(Q oo /Qp.1) = Z,,. The cyclotomic character x induces
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an isomorphism Go, = Z; identifying A with p, 1 and I' with 1 + pZ,. We fix a topological generator 7o
of T.

We identify a Dirichlet character 7 : Z/NZ — C* with a Galois character n : Gg — @: via n(Froby) =
tptain(€) noting that n(Frobs) = n(—1).

oo

2.2. Iwasawa algebras and power series. Given a finite extension E of Qp, Ao, (Gs) (resp., Aoy (T))
denotes the Iwasawa algebra of G, (resp., I') over Op. We write Ap(Goo) = Aoy (Goo) ®op E and Ag(T) =
Ao, (T) ®o, E. There is an involution f — f* on each of these algebras given by sending each group
element to its inverse. If M is a finitely generated Apg(T')-torsion module, we write Chary (M) for its
characteristic ideal. The Pontryagin dual of M is written as M V.
Given a module M over Ap, (G) or Ap(Go) and a character v : A — Z,5, M" denotes the v-isotypical
component of M. Explicitly, there is an idempotent 7, € Ap,(Gw) given by
1 —1

T, = —— v(o)o

p_laEA

that projects M onto MY. If m € M, we sometimes write m"” for m,m. Note that the character group of A
is generated by the Teichmiiller character w := x|a.
Let r € R>g. We define

H, = Z cn70~J~X”€Cp[A][[X]]:Sl%11p|C:L’70|p<ochr€A

o
n>0,0€A

where |-|,, is the p-adic norm on C, such that [p|, = p~!. We write Hoo = Up>oH, and H,(Goo) = {f(10—1) :
feH,} forr € RyoU{oo}. In other words, the elements of H, (respectively H, (G )) are the power series
in X (respectively 7o — 1) over C,[A] with growth rate O(log,). If F,G € Hoo or Hoo(Goo) are such that
F =0(G) and G = O(F), we write F' ~ G.

Given a subfield E of C,, we write H, g = H, N E[A][X] and similarly for H, p(Gs). In particular,
Ho,£(Go) = Ap(Go).

Let n € Z. We define the E-linear map Tw,, from H, g(G) to itself to be the map that sends o to
x(o)"o for all 0 € G It is clearly bijective (with inverse Tw_,,).

If h = Z o0 (70— 1)" € Hoo(Goo) and A € Homeys(Goo, Cpy ), we write

ogEA

Ah) =Y eno - Ao) - (A(30) = 1)" € C,.

cEA

2.3. Crystalline representations and Selmer groups. We write B.,is C Bgr for the rings of Fontaine
(for Qp) and ¢ for the Frobenius acting on B.s. Recall that there exists an element ¢ € Beyis such that
@(t) =pt and g-t = x(g)t for g € Gq, .

Let V be an E-linear p-adic representation of Gg, for some finite extension F/Q,. We denote the
crystalline Dieudonné module and its dual by De,is(V) = HOHIQ,,[GQP] (V,Beris) and chris(V) = (Beyis ® V)GQZJ
respectively. We say that V is crystalline if V' has the same Q,-dimension as Deis(V). Fix such a V. If
jeZ, FiV Deyis(V') denotes the jth de Rham filtration of Dg,s(V') given by powers of ¢.

Let T be a lattice of V' which is stable under Gg, and let A = V/T'. If K is a number field and v is a
place of K, we define

ker(Hl(Kv,V)%Hl(Iv,V)) ifvtp

H}(K,,V) =
I ) {ker(Hl(KU,V)—>H1(KU,V®QPIB%ms)) if v |p

where I, denotes the inertia subgroup at v. The local condition H}c (Ky, A) is defined as the image of the
above under the long exact sequence in cohomology attached to

0—-T—V—->A—0.
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We define the Selmer group of A over K to be

HY(K,,A)
1 fp— 1 vy
where v runs through the places of K.
We write V() for the jth Tate twist of V, i.e. V(j) = V® Ee; where Gg, acts on ¢; via x7. The Tate dual
of V' (respectively T) is V* := Hom(V, E(1)) (respectively T* := Hom(V, Og(1))). We write A* = V*/T*.

2.4. Imaginary quadratic fields. Let K be an imaginary quadratic field with ring of integers 0. We write
ex for the quadratic character associated to K, i.e. the character on Gg which sends o to 1 if 0 € Gk and
to —1 otherwise.

A Hecke character of K is simply a continuous homomorphism ¢ : Az — C* that is trivial on K* with
complex L-function

L(w,s) = [[(1 = ¢ @)N(@) )"
v

where the product runs through the finite places v of K at which v is unramified, ¥ (v) is the image of the
uniformiser of K, under ¢, and N(v) is the norm of v. We say that v is algebraic of type (m,n) where
m,n € 7 if the restriction of ¥ to A}({m is of the form z — z™z".

Fix a finite extension E of Q, such that E contains the image of ¢t 9| A%, We write Vy, for the one-

dimensional E-linear representation of Gk normalised so that at finite places v relatively prime to p and the
conductor of v, the action of Frob, is via multiplication by 1 (v). We write V,, = Ind}%(Vw).

2.5. Modular forms. We will use the term newform to mean a holomorphic modular form of integral
weight > 2 which is a normalised cuspidal eigenform for the Hecke algebra generated by all Hecke operators
T,, and is an element of the new subspace. Let f = Y a,¢"™ be such a newform of weight k, level I'1 (),
and Nebentypus character e. Unless stated otherwise, we assume that f is a CM modular form which is
non-ordinary at p, i.e.

L(fa S) = Zan(f)n_s = L(¢7 S)

for some Hecke character ¢ of an imaginary quadratic field K with p inert in K. Then, ¢ is of type (k—1,0)
and ex (p) = —1. In this case, a,(f) is always 0 since f is CM.

We write E for the completion in @p of the image of ¢, )| A%, The coefficient field of f is contained
in E. ’

We write Vy for the (dual of the) 2-dimensional E-linear representation of Gg associated to f inside
the cohomology of a Kuga-Sato variety by [Del69], so we have a homomorphism py : Gg — GL(V}) with
det(py) = ex*~1. Moreover, V; 2 V.

3. THE SYMMETRIC POWER OF A MODULAR FORM

Let f be a newform as in Section[2.5] Let m > 2 be an integer. In this section, we collect basic results on
the representation Sym™ (Vy), as well as the main representation of interest in this article, V,,,. Throughout
this article, we let r := |m/2] and 7 := [m/2].

Proposition 3.1. If m is even, we have a decomposition of Gg-representations

‘|3I
_

Sym™ (V) = (‘mefzi ® (ex det pf)i) @ (ex det pf)r.

i=0
If m is odd, then
-1
Symm(Vf) = @ (V,L/)mfZi ® (ex det pf)z>.
i=0

Proof. See either [Harl2, Section 2] or [Leil2, Proposition 5.1]. O
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Definition 3.2. We define for all m > 1 the representation
Vi = Sym™ (V) © det(py) "
Note that Vo = ad®(Vy).

Corollary 3.3. As Gg-representations, we have an isomorphism

Vv, o (‘7wm—211 ® (6%62’77’)((2’77’)(/971)) ) @ €
when m is even. If m is odd, -
V,, = a;l (f/wmim ® (akeifrx(ifr)(kfl)) )
i=0
Proof. Recall that det(ps) = ex*~1, so this is immediate from Proposition O

Proposition 3.4. For 0 <i <7 — 1, there exist CM newforms f; of weight (m — 2i)(k — 1) + 1 such that

r—1

Vi 2@ (Vi @ X 0) @ e
=0
when m is even and .
V,, = @ Vi, ® X(i—7-)(k—1)
=0

when m is odd. Moreover, these f; have CM by K, level prime to p, and are non-ordinary at p.

Proof. This is discussed in [HarI2, Proposition 2.2]. Since ¢™~2" is a Grossencharacter of type ((m —2i)(k —
1),0), it corresponds to a CM form f/ of weight (m — 2i)(k — 1) + 1 by [Rib77, Theorem 3.4]. Therefore, we
may take f; to be the newform whose Hecke eigenvalues agree with those of f/ ® €% €'~" outside of the level
of f/ and the conductor of €4-€"~". It is CM because it corresponds to the Grossencharacter )™~ ® e} €’
Since p does not divide the conductor of 9™ ~2!, we see that the level of f! is not divisible by p. The
conductor of €k-€!~" is coprime to p, too, hence the level of f; is also prime to p. and ap(f!) = 0. Since p is
inert in K, f; is non-ordinary at p. O

=T

Corollary 3.5. The complex L-function admits a decomposition

1=0 .

Now, we discuss the Hodge theory of V,, at oo and describe its critical twists. Recall that the Hodge
structure of Vy is of the form H%*~1 @ H¥~1.0 with each summand one-dimensional. Taking symmetric
powers, we see that the Hodge structure of Sym™ (Vy) is of the form

@ Ha(k—l),(m—a)(k—l)

a=0

with each summand one-dimensional. In particular, if m is even, there is a “middle” term H7(k—1.r(k—1)
and to specify the Hodge structure we must also say how the “complex conjugation” involution, denoted
F, acts on this term: it acts trivially. When we twist by det(py)~", this shifts the indices by —r(k — 1)
and, when m is even, twists the action of F,, on the middle term by

det(ps) " (Frobu) = (6(71)(71)(,%1))_

= (=D =peD)
= (~1)".

r
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We have thus proved the following.

Lemma 3.6. The Hodge structure of V,, is

m
@ Hf(rfa)(kfl),(?fa)(kfl)
a=0

with each summand one-dimensional. If m is even, then F acts on H%O by (—1)".

Therefore, if d* denotes the dimension of the part of the Hodge structure of V,,, on which F., acts by %1,
then

(1)

ol if m =2 (mod 4)
S lr+1 otherwise,

@) PR if m =0 (mod 4)
“lr+1 otherwise.

From this, we can determine the critical twists of V;,, (in the sense of [Del79]).

Lemma 3.7. Let C,, denote the set of all pairs (0,7) such that V,, ® 0x7 is critical, where 0 is a Dirichlet
character of p-power conductor. Then,

C. - {{(97j) i—(k—1)+1<j<(k—1) and 0x7(—1) =sgn(j — 3) (=1)"} if m is even
" {(0,5):1<j<k—1} if m is odd.

Proof. The integers j are forced to lie between

max{a : H*" # 0} 4+ 1 and min{a : H*® # 0}.
a<b a>b

When there is a non-zero H*® with a = b, there is an additional condition depending on the parity of 67
and the sign of j — % (i.e. whether j is positive or non-positive) which is determined by the action of F.
This occurs when m is even. We leave the details to the reader. ]

We remark that this lemma holds without the requirement that § have p-power conductor.

Recall that the Hodge polygon Py (z,Vy,) (viewed as a function of z € [0,dim(V},)]) is the increasing
piecewise-linear function whose segment of slope a has horizontal length dim H%®. The vertices of the
Hodge polygon of V,,, are as follows.

Lemma 3.8. Fora=20,1,...,m,

Pu(a+1,Vy) = (k1) ((a+1)(2a—2r)> |

Proof. Since each piece of the Hodge decomposition of V;,, has dimension one, the y-coordinate at the end
of the ath segment is

a

Z —(r—c)(k—1).

c=0
The result follows from summing this. O

This whole discussion of the Hodge theory at oo holds for any newform (as we have used the term).
We will also require knowledge of the Hodge theory of V,,, at p.

Lemma 3.9. If m is even, the eigenvalues of ¢ on Dewis(Vin) are £1 with multiplicity d*. When m is odd,
the eigenvalues are +a each with multiplicity d* = 7, where +a are the roots of x® + ¢(p)pF~1.
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Proof. Let o and @ be the roots of 22 + €(p)p*~1, so that @ = —a. It follows from work of Saito ([Sai97])
that o and @ are the eigenvalues of ¢ on Des(Vy). Therefore, there is a basis of Deyis(Sym™ (V7)) in which

¢ is diagonal with entries a®a™~“ for ¢ = 0,1,...,m. Twisting by det(py)™" translates into multiplying
this matrix by (a@)~". If m is even, the diagonal entries become (%)a fora=-7r,—r+1,...,r. For m odd,
the diagonal entries become « (%)a for a = —7,—r,...,r. The result follows. O

We remark that this lemma holds without the assumption that f is CM as long as a,(f) = 0.
It is not necessary, but convenient, to use the decomposition of Proposition [3.4]in order to determine the
filtration on Deyis(Vi,). We obtain the following description of Deyis(Vin)-

Lemma 3.10. If m is even, there is a basis v,vg, Do, V1,01, -, V5—1,07—1 Of Deyis(Vin) such that
SO(’U) = (_1)7‘,1}’
p(vj) = vy,
p(U;) = -T;

and, for j = —r,—r +1,...,7, the graded piece gr’/*=1) Dys(V;n) is generated by the image of

Ur+j Zf.] <0,
v if j =0,
Vr—j + Us—j if 7 > 0.
If m is odd, there is a basis vy, Vo, V1,01, ..., V5—1,05—1 Of Deris(Vin) such that
QD(EJ') = 'Uji
e(v;) = -T;

and, for j = —r,—r +1,...,7, the graded piece gt/ *=V) Dis(V;,) is generated by the image of

Ur+j ij < 07
Vi +Ur—; if 5> 0.

Proof. Suppose m is even. The crystalline Dieudonné module of a Dirichlet character n (of prime-to-p
conductor) has Hodge-Tate weight 0 and ¢ acts by (p). Let v be a basis of Deyis(€) ). Fori =0,1,...,7—1,
let v}, 7} be a basis of Deis(Vy,) in which the action of ¢ is diagonal. Since f; has weight 2(r —i)(k — 1)+ 1,
its crystalline Dieudonné module Deis(Vy,) has non-zero graded pieces in degrees 0 and 2(r — i)(k — 1).
Furthermore, its filtration is determined by the degree 2(r — i)(k — 1) piece. In order for the Dieudonné

module to be weakly admissible, this piece cannot contain either v] or ¥}; therefore, up to rescaling,
Fil2(r—9(k=1) Deris(Vf,) = (W + 7).

Twisting by —(r — i)(k — 1) shifts the filtration so that it drops into degrees +(r — i)(k — 1). Let v;,7;
denote the twisted basis. Given what we know from lemma [3.10, ¢(v;) = v; and ¢(v;) = £7;. Up to
reordering, ¢(v;) = v; and ¢(7;) = —7;, since the Frobenius eigenvalues of Vy, are negatives of each other
(since ap(fi) = 0). The result follows from the decomposition of Proposition The proof when m is odd
is along the same lines and we leave it to the reader. O

Therefore, the dimension of the de Rham tangent space tqr (Vin) := Deris(Vin)/ Fil° Deris(Vin) is d, unless
4|m, in which case it is d~. Recall that the Newton polygon Py(z,V,,) is the piecewise-linear increasing
function whose segment of slope A\ has length equal to the number of eigenvalues of ¢ whose valuation is A.
The following lemma follows immediately from the previous lemma.

Lemma 3.11. Ifm is even, the Newton polygon of V,, is the horizontal line from (0,0) to (m+1,0). When
m is even, it is the straight line from (0,0) to (m +1, %)
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4. PLUS AND MINUS p-ADIC L-FUNCTIONS

4.1. Some known p-adic L-functions. In this section, we review some facts concerning the p-adic L-
functions of Dirichlet characters and newforms, as well as Pollack’s plus and minus p-adic L-functions of
newforms.

The following is a consequence of classical results of Kubota—Leopoldt and Iwasawa ([KL64| TwaT72]).

Theorem 4.1. If n is a non-trivial Dirichlet character of conductor prime to p (resp. the trivial character
1) and E/Q, contains the values of n, then there exists a unique L, € Ao, (Gs) (resp. L1 with (o —1)(v0—
X(70))L1 € Ao, (Goo)) such that
; L Lo, )
0x’ (Ly) = €y(0,5)— 7
0=l 65

or any integer j and Dirichlet character 6 of conductor p™ satisfyin,
ger J ying

Ox?(—1) = sgn (j — ;) (1)

where

0. (6.) = ( i )" L= m70)®) 6 (=1) =n(=1),j > 1,

" n(p) (L=p Mo~ ")(p) ifOxI(=1)=—n(-1),j <0,
and

2O o
L ) PO (1) =n(-1).j> 1,
Qn 97] pj " . g(_ o .
() 0 (~1) = —n(~1),j 0.

Proof. Let us briefly sketch the construction of these elements. The work of Iwasawa in [[wa72, Chapter 6],
building upon the main result of [KL64], attaches to a non-trivial even Dirichlet character £ of conductor
not divisible by p? an Iwasawa function L?L € Ao, (T") (for any E containing the values of £) such that

(x/w)™(LEY) = (1= (&™) (p)p™™) L(n, &™)

for all n € Z<g. When & = 1, Iwasawa constructs L{" € Frac(Az, (G)) such that (yo — x(70))L3" €
Az,(Go) with the same interpolation property. We write

_L?7 = Z Twa L"]»‘“
a€Z/(p—1)Z
where 7. are the idempotents defined in Then, we take

L {Tw_l((L}lewa)L) if p(—1) = (=1)°,
T LRy if 9(—1) = —(—1)°.

nwl—a

Next, we recall the existence of p-adic L-functions for newforms.

Theorem 4.2. Let f be a newform of level prime to p. Let o be a root of x* — a,(f)z + €(p)p*~Lsuch that
h:=ordy(a) < k—1 and let @ denote the other root. There exist ijf € C* and Ly € Hp,5(Gs) such that
for all integers j € [1,k — 1] and Dirichlet characters 6 of conductor p™, we have

. L(f,071j
00 (Ly) = e10(0.9) 7

efalf, ) = (i)n (1—6""(p)ap™) (1 - e(p)pj_l) ,

o

where
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and .
1 I'(j)

Qp(0,5)  T(O-1)(—2m)7Q}
where § = (—1)70(—1). Moreover, Ly o is uniquely determined by its values at 6x7 given above.

Proof. This is the main result of [AV7H]. O

Now, we recall Pollack’s construction of plus and minus p-adic L-functions in [Pol03]. The plus and minus
logarithms are defined as follows.

Definition 4.3. Let b > 1 be an integer and deﬁncﬂ

log;t = ﬁ 1°—°[ P2 (x(20)""20)

a=1n=1 p
b oo
_ Pon—1(X(70) "0
gy — [ T 2200 20)
a=1n=1 p

where ®,,, denotes the p™th cyclotomic polynomial.

Recall that log;—L eH b (Gs) and that the zeroes of log) (resp., log, ) are simple and located at x’6 for
all integers j € [1,b] and for all @ of conductor p*>"** (resp., p*>") for positive integers n.
The following is the main result of [Pol03].

Theorem 4.4. Let f and « be as in Theorem with a,(f) = 0. There exist L? € Ap(Gx) (independent
of a) such that
Lio= L;f loggd JrozLJI logy_; -

In particular, if o and @ are the two roots to 22 + €(p)p*~! = 0, we have @ = —a and
L}r . aLf,a — Osz’a

N (@—a) log;_1 ’
3

®) - - Lra—Lja
(@—a)log, 4

Therefore, we can readily combine Theorems and H to obtain the interpolating formulae of Ljf as
follows.

[y

Lemma 4.5. Let j € [1,k — 1] be an integer and 0 a Dirichlet character of conductor p™ > 1. Write § as in
Theorem[].9 If n is even, then

N 1 L(f,07%,))

exj(L ) = k—1 . . : 3 5
1 e 2 Doy (logr_ ) ©7(8.5)
and if n =1,
0x’(L}) = 0.
For all odd n, we have
G 1 L 79—1) -
QXJ(Lf): . (f J)_

(—e(p))(n+0)/2pnT =+55 gy (logy_,) 4 (6,5)

1We take a different normalization than Pollack does. In [Pol03l Corollary 4.2], he attaches to an f of weight k two elements
that we denote here log;ﬁOllack which are related to our logarithms by

lOgl:ct—l =p" ! Tw_y loggonack :
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Moreover,

i 17p71 L(fvj)
L) = .
(L) i (logi_y) Qr(1,5)

-y Pl e L)
() Xi(log,_y)  Q(1.9)

Proof. As a sample calculation, for L} we have

L(f,07".5)
(@—a)fx/(log;_1)S2 (0, )

ORI
& ) | <2a>ai%fgz?71]>)ﬁf(9’”

v - L(f07h))
(—a@)™ s ) 03 (logj_; ) (
i\ L(,67L)

0x7 (logj_1)Q24(0,5)’

0.5)

(
< _
- <<—Z>"+1> ' exj(i(g{;ti)s’zi)(e,j)

which gives the result. ([l

Remark 4.6.

(i)

For a fized j, L% is uniquely determined by 0x’ (L}') for an infinite number of 8 since it is in
Agp(Gs). Therefore, it is uniquely determined by the interpolating properties given in Lemma .
The interpolation property for the other n is not known because log,jf_1 vanishes there. To distinguish
the above characters, 0x? will be called a plus-critical twist (resp., a minus-critical twist) of f if
1<j<k—1with 0 of conductor p™ > 1 with n =1 or even (resp., with n =0 or odd).

It is clear from the lemma that L}' vanishes at the plus-critical twist Ox7 if and only if 0 has
conductor p or the complex L-value vanishes at the central point. Furthermore, L; vanishes at the
minus-critical twist 0x7 if and only if k is even, e(p) = —1,0 =1, and j = % (the central point) or
the complex L-value vanishes at the central point.

For notational simplicity later on, we define the following.

Definition 4.7. Let j € [1,k — 1] be an integer and 6 a Dirichlet character of conductor p™ with n > 0. We

define

Similarly, we define

L= O if n is even
ef(0,5) = (—e(p))/2p" "= =Dy (log;_, ) '
0 ifn=1.
k_ll —— if n is odd,
er(6,4) = (j;(p))(ntl)l/?ﬁnk(T_JHTGXJ(IOgI;—l)
Pt ep) p ifn=0.

X’ (logy, )
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4.2. Mixed plus and minus p-adic L-functions for V,,. We now define mixed plus and minus p-adic
L-functions for V,;, with the decomposition of Corollary in mind.

Let & denote the set of all choices of & for i =0,1,...,7 — 1, so that #6& = 2". For s € &, let s; denote
the ith choice and let s* denote the number of plusses and minuses, respectively.

Definition 4.8. Let f; be the modular forms as given in Proposition[3.4} For ans € &, define

7—1
Lo m even
£y, = | [] Twe—ioe (Lﬁi) ek ’
Vim (i—O (r=0(k=1) \ 7 1 m odd.

Remark 4.9. We have that L, € Ap(Go) for m odd; whereas if m is even, then Ly, € Ap(Goo) unless
4lm, in which case (yo — 1)(7v0 — x(70)) L3, € Ap(Goo)-

Definition 4.10. If 6 is a Dirichlet character of conductor p*, j € Z, and s € &, then the character 0x’
will be called s-critical (for V,,) if (0,7) € Cp, and

n=1oris even ifs” =0,
n=0 orisodd ifs™ =0,
n=0o0rl otherwise.

For s € & and for s-critical 0X?, define

ecr (0,7) m even,

(0 (0 —)(k=1)) |- %
¥, (0,9) (He o+ (=i ))> {1 m odd.

For all (0,7) € Cp,, let
r—1 .

Qe (0,7) m even,

(0 Qs 0,5+ (r—d)(k-1)) ] - K
(6.9) (H 0,5+ (= i) >>> {1 e

Theorem 4.11. Let s € &. If 0’ is s-critical, then

: L L(Vin, 071, 5)
0x’ (LY, ) =ed (0, L
( %n) Vm,( ) Qm(a’])
Proof. This follows from the definitions together with Theorem [£.1] and Lemma O

Let w® be a character on A. If Ly, =37 A ,5000,n0(70 — 1)", the w®-isotypical component of Ly, is
given by

Ly = M - L, = e 3 (Z aa,nn<a>> (0= 1"

n>0 \o€A
Therefore,

o (132" = {9’“ (Lt,) i£0]a =

0 otherwise.

Proposition 4.12. Let w® be a character on A. We have L“’ # 0. Moreover, z'f either of T or s~
vanishes, it is uniquely determined by its interpolation property gwen by Theorem

Proof. The proof of [Leilll Lemma 6.5] shows that Li’w = 0 for all . Furthermore, it is known that L‘:?: #0.

The same then follows for Lﬁ,’:a by definition. The uniqueness is immediate since Lf,’::a € Ty Ap(Gs) (or
possibly its field of fractions) and when s consists of only plusses or minuses, there is at least one j for which
there are infinitely many 6 such that 8x? is s-critical. O
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5. SELMER GROUPS AND THE MAIN CONJECTURE OF IWASAWA THEORY

In this section, we formulate the Main Conjecture of Iwasawa Theory for V,,. Since we are in the non-
ordinary setting, this involves a relation between the mixed plus and minus p-adic L-functions introduced
in the previous section and the mixed plus and minus Selmer groups that we define below. We once again
take advantage of the decomposition of Proposition [3.4] to define these Selmer groups of V,,, as the direct
sum of the plus and minus Selmer groups of the €} and V},. The latter were defined by the second author
in [Leilll Section 4]. We then apply the results of Mazur—Wiles [MW84] and |[Leilll Section 7).

5.1. Selmer groups. Fix a Gg-stable Op-lattice Ty, of Vi,. It gives rise to natural Op-lattices Tym—2: for
0 < i <7 —1, which in turn give rise to natural Og-lattices Ty, in V, which are stable under Gg. Write Ve;(
(resp. T.r ) for the representation over E (resp. Op) associated to € when m is even. Let Ay, = Vy, /Ty,,
and Ag;/z = Veg/z/Teg/z. We briefly remind the reader about the Selmer groups of Ay, A7, , and A} .

Let 6 denote 1 or ex and let FF = Q or K, respectively. Classical Iwasawa theory studies the module
X := Gal(My/Fx), where My, is the maximal p-abelian extension of F,, unramified outside of p. The
arguments of [Gre89l Section 1] show that

(4) Hj}(Foo, Aj) = Homes(Xoo, A7)
In order to get the Selmer group over ko, when 6 = €, we take the ex-isotypic piece. Thus,
(5) H (koo Aj) = Homeys (X oo, A7)°.

We now make an additional hypothesis.
Hypothesis 5.1. For 0 <i <7 —1, we have (p+ 1)1 (m —2i)(k —1).

Qp,n

G
Lemma 5.2. If Hypothesis holds, then (A? (j)) =0forall0<i<r—1,j€Z andn € Zxo.

Proof. Recall that f; is of weight (m — 2i)(k — 1) + 1, so Hypothesis implies [Leilll Assumption (2)].
Therefore, the result follows from [Leilll Lemma 4.4]. a

As in [Leilll Section 4], the restriction map Hl(pr,,,T}‘i) — Hl(Qp,n,T}‘i) is injective for any integers
n > v > 0. On identifying the former as a subgroup of the latter, we define

(6) HpH (Qpon, T5,) = {x € H}(Qpn, T},) : corpyyi1(7) € Hf(Qp,, T},) for all v € S}
where cor denotes the corestriction map and

St = {velo,n—1]:veven},

S, = {vel0,n—1]:vodd}.
Let

=+ * == * %
Hy Qs A},) = Hp ™ (Qpun TF,) © E/Op C H}(Qpn, A7)
The plus and minus Selmer groups over k,, = Q(p,») are defined by
Hl n,A*,
H}’i(k’n,A}i) = ker <H}(kn,z4}kz) - — i(Q% f;) >
HYF Qs A7)
and those over koo = Q(pup~) are defined by
=+ * . ,+ *
H} (koovAf,) = @H} (knvAfi)7
which can be identified as a subgroup of Hl(koo,A}i). For j = 0,1,...,(m — 2i)(k — 1) — 1, x? gives an
isomorphism
7i * ~ ,i * .
H™ (kooy A},) = Hp™ (koo, A7, (7))-
We use this to define the Tate twisted plus and minus Selmer groups of A’J’Z (j) by

H (Koo, A7,(7)) 1= Hp ™ (koo, A7) ® X
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Now,

e - f 25

is a Gg-stable Og-lattice in V,,,. Let A,,, = V,,,/T}n,. Since Selmer groups decompose under direct sums, we
make the following definition for the mixed plus and minus Selmer groups of A%, .
Definition 5.3. Let s € &. Under Hypothesis[5.1], we define
F—1
« . . , Hl(koo, A% )  m even
H}vﬁ(koo,Am) = (@ H}ﬁsl (Koo, AF, ((r — i) (k — 1)))) e {0 f K

i=0 m odd

5.2. Main conjectures. We begin by recalling the results of [MW&4 [Leill] on the main conjectures for
Dirichlet characters and CM newforms.
Write

F
Li,=—>
Le T G,
with F,, G, € Az, (T') and
Y —1 a=0,

Ga=<v— () a=1,
1 otherwise.

To streamline the statement of the main conjecture, let

Zl = Z TaFy

a€Z/(p—1)Z
and L. x = Le, . The results of Mazur and Wiles are equivalent to the following theorem.
Theorem 5.4 ([MWS&4]). Let 6 =1 or ex. Then, for alla € Z/(p — 1)Z,
Charn,, vy ((H}(hoos 43))"") = ((Twa(To)") .
Proof. In view of , the results of Mazur—Wiles translate into
Charn,, 1y ((H}(Foe, 47)")™) = ((Twr(Zo))*").
Our statement then follows from (f)). O
Let
Ef _ ﬂwaLﬁ |
" aezienz Ty ([ch[a)

where [ﬁ ., describe the images of the plus and minus Coleman maps, as explained in the appendix. The
following theorem was proved by the second author.

Theorem 5.5 ([Leilll Section 6]). Assume Hypothesis [5.1, Then, for all a € Z/(p — 1)Z, the module

(H}’i (kom A ((r—i)(k — 1)))v>w is Mg, (I')-torsion and

Chary () ((H}i (koos A5, ((r — i) (k — 1)))V)w“> S ((Tw(r_i)(k_l)ﬂ(fi))”a) .

Moreover, Kato’s main conjecture for f; holds if and only if equality holds.
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For s € G, define

1 ~
~ ~ L. m even
Ly, = | [T ™o (LS%) R ’

Vm, (7,:0 ( )(k 1) fz ) {1 m Odd.

We are now ready to formulate the Main Conjecture of Iwasawa Theory for V,,.

Conjecture 5.6. For alls € S and a € Z/(p — 1)Z, we have equality
Chary (1) ( (H}* (koo 43,)") ) = ((Twi(Zy, ") -

We have the following result towards this conjecture.

a

Theorem 5.7. Assume Hypothesis . Then, for alls € & and a € Z/(p — 1)Z, (H}5 (kOO,A;‘n)V> is
Aq, (I')-torsion and

Charp (1) ((H}aﬁ (k;oo’Ajn)v)w“> > ((TVV1(E5"/M))W") .

Proof. Since
CharAE(p)(M1 D Mg) = CharAE(p)(Ml) D CharAQp(p)(Mg),

the theorem follows from Theorems [5.4] and [5.5] O

Remark 5.8. It is clear that Conjecture [5.6 holds if and only if the main conjecture for f; holds for each i.
In [PRO4], the main conjecture was proved for elliptic curves defined over Q and a = 0. As stated in op. cit.,
the same proof in fact works for all a. In [Leilll Section 7], it is shown that one could similarly prove the
main conjecture for all CM forms with rational coefficients under the assumption that K is of class number
1. Therefore, the main conjecture for Vy, holds when f is defined over Q and K has class number 1.

6. THE ADMISSIBLE p-ADIC L-FUNCTIONS

In this section, we construct p-adic L-functions for the symmetric powers of CM newforms for non-ordinary
primes, thus verifying the conjecture of Dabrowski—Panchishkin ([Dablll Conjecture 1],[Pan94, Conjecture
6.2]). In [Leil2], the second author used elliptic units to construct two p-adic L-functions for the symmetric
square lying in Hj,_1,5(G ), but only proved that they interpolate the L-values L(Sym?(Vy), 0=, 2k — 2)
(or equivalently L(Va,0~1 k — 1)). Here, we construct 2" p-adic L-functions for V,, and we show that they
have the expected interpolation property at all critical twists and the expected growth rate. We also relate
them to the mixed plus and minus p-adic L-functions Lj, introduced in Definition @ thus providing an
interesting analogue of Pollack’s decomposition of p-adic L-functions of non-ordinary modular forms. As in
[Har12], these p-adic L-functions are defined as products of p-adic L-functions of newforms and Dirichlet
characters as given by the decomposition in Corollary This approach was also taken by Dabrowski in
[Dab93] for Sym™ (Vy). We then go on to prove the exceptional zero conjecture for V;, using a recent result
of Denis Benois ([Benllb]).

6.1. Definition and basic properties. Recall that each newform f; in the decomposition of Corollary [3.5]
has weight k; := (m — 2i)(k — 1) + 1 and let ¢; denote its Nebentypus. It follows from the proof of Lemma
that the roots of 22 + ei(p)p(m_%)(k_l) are £p(" D= if 1y i even and +ap""DE=D if m is odd.
Accordingly, we let

7 )
@ +apr=DE=D if m is odd.

Since h; = ord, (o +) < k; — 1, the result of Amice—Vélu (Theorem provides for each choice of i and +
a p-adic L-function Ly, 1 € H},, 5(Go) (which should not be confused with the notation for Pollack’s p-adic
L-functions L?) Recall th§ ?otation concerning elements of G as introduced in section Corollary
suggests the following definition.

+p(r=DFE=1) " if m is even,
QG 4 1=



Iwasawa theory for symmetric powers of CM modular forms at non-ordinary primes 15

Definition 6.1. For each s € &, define
r—1 . .

L if m is even,
8 L - T r—q — L . g . K
(®) Yims (11 =) ( f““) {1 if m is odd.

This gives 27 p-adic L-functions for V.

Theorem 6.2. For each s € S and each (0,5) € Cy,, where 6 has conductor p™, we have
L(Vin, 071, 5)

(9) GXJ(Lvm,s) = em,s(e,j) Qm(H ]) )

where

ecr.(60,7) m even,
em,s(0,7) = (Heflal 9J+(T—Z)(k—1))>‘{1K( m odd,

@((—1)"(1 — 07 p)p~I) (1+ 0P’ ))"

p
X (L4671 p)p~7) (1= 0(p)p ")) ecr(6,5)

= 1 _ . i—1 B
(OM“+1 (k— 1)T<r+”) ((_1)n. (1 =07 (p)ap™) (1 + %))5 m odd

x (1407 p)ap~) (1- 79(p)§j_1)>5+

m even,

and Q, (0, 7) is as in Definition [{.10

Furthermore,

(10) Ly,.c€H Goo)

(k-1 2=
unless 4|m, in which case
(0 = 100 = X)) Es € Hy_yy g 5(Goc):

Remark 6.3. When m > 2, Ly, s is not uniquely determined by its interpolation property. Indeed, an
element of H, needs to satisfy an interpolation property at 0x? for at least |a + 1| choices of j. When
m > 4 is even, (k — 1)% > 3(k — 1) is greater than the number of distinct j such that (0,7) € Cy,
(this number being 2(k — 1)). Similarly, when m is odd, the latter number is only k — 1 which is less than
(k—1) dg‘r >2(k—1). Whenm =2, (k— 1)d+2d7 = 2(k —1), but the parity condition on (0, j) implies that
only half of the j’s can be used.

Proof. One can easily verify that C,, is a subset of all the pairs (6, j) at which the elements Tw(, _;#—1) (Ly,.s;)
and Ler_satisfy the interpolation properties of Theoremsand respectively. The interpolation property
for Ly, s then follows immediately from its definition.

As for the growth condition, Theorems [£.2] and [£.1] tell us that

Tw(r—iyk—1) (Lfis:) € Him —iy(k-1),8(Goo)

(since the twisting operation does not affect the growth) and LE% € Frac(Hp). When taking a product, the
growth rates are additive; hence, the growth of Ly, . is

—o

— —1i)(k—1).

Z ( 2 Z) (k=1)

=0
A simple summation then gives the stated growth rate. The statements about being in H(k 1)t E(Goo)
rather than its fraction field follow by the corresponding statements in Theorems [4.2] and [£.1] O

Proposition 6.4. Let w® be a character of A. For each s, the w*-isotypical component of Ly, s is non-zero.

m

Proof. This follows from the same proof as Proposition [1.12] a
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6.2. A conjecture of Dabrowski—Panchishkin. We begin this section by computing the generalized
Hasse invariant hy,(Vi,) of Vi,. Recall that h,(V;,) := max(Py(dF, V,,) — Pg(d*, Vi) (see e.g. [Pan94, §5)).
We obtain the following from lemmas [3.8] and

Lemma 6.5. For allm > 2,
dtd~
o (Vi) = (k= 1)
Proof. If m is even, Py(z,V,,) is identically zero, so hy,(V,) = max(—Pg(d*,Vas)). A simple computation
shows that

r(r+1
h;v(Vm) = _PH(T + 17Vm) = (k - 1)%’
as desired. When m is odd, we have d* =d~ =r + 1. Thus,

hy(Vin) = Pn(r+1,Vin) — Pa(r +1,Vi,) = (r + 1)% —(k— 1)%7

which yields the result. O

This lemma, together with of Theorem shows that Ly, s has the growth property predicted by
[Dab11l Conjecture 1(iv)] and [Pan94, Conjecture 6.2(iv)], and (9] of Theorem [6.2]shows that it satisfies the
expected interpolation property.

6.3. Decomposition into mixed plus and minus p-adic L-functions. We generalize the decomposition
of Theorem due to Pollack, to our setting. In other words, we decompose each of the 2" p-adic L-functions
Ly, s introduced in Deﬁnitionas a linear combination of the 2" p-adic L-functions Lj, ~given in Definition

43
Let

o= logzﬁ1 and ¢; = a; 4 log; 4.
Then, becomes,

) Lf, + +5iLf. _
S; iy is
(11) Ly = T7
and we have the following result.
Lemma 6.6. For all s € S, we have
(12) 20y LY, =Y asLy,.
tes

where
r—1
&, = T Twene— )
i=0

and asy € {+1,—1}. Moreover, as is given by (—1)%t where bs ¢ is the number of i € [0,7 — 1] such that
5; = fi = —.

Proof. On substituting into the definition of Lj, , we have

F_l . .
Ly + +s5;Ly, — L. if m is even
LS = Tw(, i f+f> ) L, :
v (1}) (oo 1)< 207 1 if mis odd.

Hence, upon expanding, we obtain . To find ag,¢, we observe that the sign in front of Ly, . is given by

71
11 =
i=0

i=

so we are done. O
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Let 2 be the 27 x 27 matrix (as,t)(s,)cex&-
Proposition 6.7. The matriz A is symmetric and has orthogonal columns and rows.

Proof. It is clear from the description of as ¢ in Lemma that 2 is symmetric. For the orthogonality, we
show that for t # u,

(13) H{5 €S g = o} =H#H{5 €S a5 = —a5,} =271,
which would imply that the (t,u)-entry
Z As t0s yu

s€6

of AAT is zero
Let I = {i:t; # u;}. By definition, #I > 1. Let s € & be such that as = asy. By Lemma [6.6]

(14) bs ¢ = bs y (mod 2).
For each i € I, either (t;,u;) = (+,—) or (—, +). Hence, each i € I such that s; = — contributes a “one” to
one side of the equation in , but not to the other side. But for i ¢ I, each s; = — would contribute a

“one” to both sides. Therefore, in order for to hold, #{i € I : 5; = —} must be even, but for i ¢ I, no
such condition is required. Hence, the number of choices coming from ¢ € I is given by

> (1) =

n even

and for i & I, there are 2"~ #! choices. This gives 2" ! choices for s such that Qs = Qs . Since this is half
of &, the other half must have as ¢ = —as,y. O

s

Corollary 6.8. The matriz 2 is invertible with inverse 277,

Proof. Since all entries of 2 are +1 or —1, the fact that 2 is symmetric and has orthogonal columns and
rows implies that 22 is a diagonal matrix. The (t,t)-entry of 22 is

doare=2,
s€S
hence the result. O

Corollary 6.9. For all t € &, we have an expansion

S 5
LV,”“t - E as’tgvm LVm .
s€6

Proof. This follows immediately from Lemma [6.6] and Corollary O

6.4. Exceptional zeros and L-invariants. In this section, we will use the main result of [Benl1b] to deter-
mine the (analytic) L-invariants of V;,,. It follows that these L-invariants are given by Benois’s (arithmetic)
L-invariant (as defined in [Benlla]). We also discuss a case that does not fit into the standard situation of
trivial zeroes, namely when 4|m we can say something at a couple of non-critical twists.

From now on, if m is odd and o = :l:p%7 then we fix the choice o = p%. We can read off the following
from Theorems 1] and .2

Lemma 6.10.
(i) The p-adic L-function Ler has no trivial zeroes.
(ii) If m is even, then Tw_;y -1y (L, +) (resp., TW(_iyk—1) Ly,,—) has a trivial zero at the critical
twist (0,3) if and only if j =1 (resp., j =0) and § = 1.
(iii) If m is odd, then Tw(,_ya—1) (L, +) (resp., TW_iy—1) Ls,,—) has a trivial zero at the critical
twist (0,3) if and only if j = 1%-1 (resp., j = %), 0 =1,k is odd, and o :p%.
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Proof. In all cases, § must be trivial, otherwise 6(p) = 0. For Ler , a trivial zero must occur at j = 0 or 1
and requires that €} (p) = 1. Since p is inert in K, we have e¢x(p) = —1, so 7 needs to be even. But for even
r, (1,5) & Cy, for j =0, 1.

For the f;, in all cases,

: ; Pt
15 )= —aap ) (11— .
(15 o (19) = (1= ) (1-2—)

For m even, @ tells us that this is equal to
ki—1 . . kytl
(12077 7) (13075

since (r —i)(k — 1) = ¥=L. Hence, Ly, _ has a trivial zero at j = k;

2
twist operation simply shifts these to the left by % When m is odd, the proof is similar. In this case, we

can write & = (p" 7 where ( is a root of unity. Then, using (7) shows that becomes

1

and Ly, , has one at j = % The

Ky k41

(1xo™ ) (15 %)

since (r —i)(k — 1) + E52 = Bi-LIf k is even, then k; is odd, so 23! & Z, so no trivial zeroes can occur.

Assume that k is odd. Then, ¢ must be 1, in which case we have fixed the choice ( = 1. In this case, Ly, _

has a trivial zero at j = k"z_ L and Ly, + has one at j = % The twist operation shifts these to the left by
ki—1 _ k=1 ]

2 7 -
For the character w® of A and an element L € Frac(Hoo(Goo)), We write
Lo(s) := (mya L)®

for the ath branch of L. This is a meromorphic function of s € Z, and for j € Z, L,(j) = w* I x7(L).
The following is a special case of the main theorem of [Benllb].

Theorem 6.11 (Theorem 4.3.2 of [Benllbl). Let f' be a newform of prime-to-p level, Nebentypus €, and

odd weight k' with a,(f’) = 0. Suppose o’ = p% is a root of x2 + 6/<p)pk/_1. Then, for a = % or %,

there exists Evf/,a/(l,a) € C, such that,

. Lf’ o a(S) 1 L(f/va)
lim ———~ = (1 1+-) ————.
S s—a /:Vf"a( 7CL)( +p) Qs (1,a)

Furthermore, Evf,ya/(l,a) is given by Benois’ arithmetic of L-invariant (Vjﬁ,a’) at (1,a) as defined in
[Benllal.

Proof. Here are some remarks that explain how the above statement follows from [Benllbl Theorem 4.3.2].
First, what we denote Ly, o (1, %) is denoted — %,/ (f’) by Benois. Since we assume that a,(f’) = 0,
we know that the other root of 22 + €/(p)p*~! is @ = —a/, hence ¢/(p) = —1 and ¢ acts semisimply on
Deris (V). What we write Ly o o(s) is denoted Ly, o (f,w®, s) in [Benllb|]. Finally, to obtain the statement
for a = % from [Benllbl Theorem 4.3.2], one uses the compatibility of Benois’ L-invariant with the p-adic
functional equation as discussed in [Benllbl §0.3, Remark 3]. O

Note that for a € Z/(p—1)Z, the p-adic L-function Ly, s .(s) is an analytic function of s € Z,, unless 4|m,
in which case it follows from Theorem that simple poles arise for Ly, s 1(s) at s =1 and for Ly, 50(s)
at s = 0. Translating C), into this setting, we obtain the following lemma.

Lemma 6.12. An integer j is critical for Ly

ms

s,a if and only if

—(k—1)+1<3j<0 ifmis even and a and r have opposite parities,
1<j<k-1 otherwise.

Proof. Evaluating Ly, s.(s) at s = j is the same as evaluating w® 7 x?(Ly,, s). O
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)

If m is even, then for a = 0 or 1, let o, = sgn(a — %) and

4

(16)

r—1
Evmﬁ(l,a) = H Evfivai,s- (l,CLJr
=0

§5;=0q

If m is odd, with k odd and o = p%, then for a =0 or 1, let

T—1
k—1
£Vm75 <1’a’+ 2 ) = 1]0 c‘/fivﬂ’i,ﬁ,i (1’a+

5,=0q

ki—1

(17)

)

Theorem 6.13. Suppose j is critical for Ly, ¢ q($).

(i) If m is even, then

19

>st ifa=j=1 (andr is odd),
ords=; Lv,, s.0(s) s ¢ > s~ ifa=7=0 (andr is odd),
=0  otherwise.
Furthermore, for r odd,
Lv, o1(5) 1\° 1\ L(Vin,1)
lim =82 _9sm+1 (1 2 ) (142 . 1.1)- m
NP (1-5) (1) e G
and .
. Ly, s0(s) + 1\° 1\° L(Vy,0)
lim 2220 — sl (1 2 ) (14— ) - 1,0) ————=.
R, §5~ D +p Lv,n,(1,0) Q,,(1,0)
(ii) If m is odd, then
_ k+1
>st ifkisodd,azp%, anda:j:%,
_ k—1
) >s" ifkisodd,a:p%, anda=j=——,
ords—; Lv,, s.q(8) is i 2k
=7 ifkiseven, j= > and L <Vm,wga, 2) =0
=0 otherwise.
Furthermore, in the first two cases,
L m(s) _ 1 s 1 st k+1 L(Vp EHl
g o (3] () e (1) B
s B (5 — ki p p Q (1,%57)
and
Ly, o e-1(s) 1\ 1\° k—1\ L (V552
llm %:251»' (1—> . <1+) ’,Cvm’s (]_7 ) . ( m kzl)'
skt (5 — kSl p p 2 ) Qn(1,5)

In the third case, we can say that the p-adic interpolation factor does not vanish.

In all cases, Ly, <(1,a) is given by Benois’ arithmetic L-invariant as defined in [Benlla).

Remark 6.14. The inequalities in the theorem would become equalities if the corresponding L-invariants of

the newforms f; were known to be non-zero. When m is odd, k is even, and j = 3,

we are at a central point

which complicates matters since the order of vanishing of the archimedean L-function is a subtle point. Since

the p-adic interpolation factor does not vanish, it would be natural to conjecture that

ordszg Ly, sa(s)= ordszg L (Vm,wg_“,s> .
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Proof. Let Lis,; a(s) = TW(r—iy(k—1) Lf,,5:,a(5). Suppose m is even. The central point of the L-function of
Vin is at s = 1/2, so none of the values we are considering are central. Therefore, none of the archimedean
L-values we deal with vanish and all zeroes must come from the p-adic interpolation factor. Indeed, away
from the near-central points, the non-vanishing of the archimedean L-functions at critical integers follows
from their definition as an Euler product to the right of the critical strip 0 < s < 1 and by the functional
equation to the left of the critical strip (since we are only considering critical integers). At the near-central
points, the non-vanishing is a classical theorem for L(ek,s) and a result of Jacquet—Shalika for newforms
([IS76]). We have that

r—1
LVm,s,a(S) = Le;(,a(s) : H Li,si,a(5)~
=0

We know from Lemma that Ler o(s) has no trivial zeroes at critical j and similarly for L; s, o(s) when
(si,a,j) # (+,1,1) or (—,0,0). This shows that the order of vanishing of Ly, s .(j) is zero away from these
two exceptional cases. Note that the exceptional cases do not correspond to critical j when r is even, so we
may assume 7 is odd from now on. For a = 0, 1, we get from Benois’ result (Theorem that near s = a,

k’i — 1 1 L(f,»,a) .
Lio a = —a)l L 17 — 1 =) high der t .
oaa(8) = (s—a) Vi, wa( a+ 5 ) ( +p> Q. (1) + higher order terms
Since ( )
L €EK,Q
Le, ola) =2
el =2 (10
and -
L (3] o=
Lio,aa) =2 (1 _ 1) M
p Qr,(1,a)

the statements in part (i) hold.

Now, suppose m is odd. If k is even, we know from Lemma that no trivial zeroes occur. But
j= g € 7 is the central point and the order of vanishing of the archimedean L-function at j can be positive.
If it is, we have no knowledge of the order of vanishing of the p-adic L-function, but if it isn’t, we know
the latter is non-vanishing at the central point. Outside of this case, we are at non-central points so the
archimedean L-values are non-zero as explained above. We may therefore assume k is odd. Using Lemma
again, we know that the order of vanishing of Ly;, s, is zero away from the two exceptional cases

(a,85,a,7) = (p%, +, %, %) and (p%, -, %, %) The rest of the proof proceeds as in the case of
even m.

We know from [Benlla] that the Ly, o, (1,a) are equal to Benois’ arithmetic L-invariants. That the
Ly, s(1,a) are as well follows from the fact that Benois’ L-invariant is multiplicative on direct sums of
representations of G. O

An interesting phenomenon occurs for 4|m. In this case, each of the twisted p-adic L-functions of the f;
has a trivial zero at (1,1) or (1,0), but V, itself is not critical at these characters because of the presence
of the p-adic L-function of €}, = 1. However, this latter p-adic L-function is given by (,(s) (resp. (p(1—s))
at the corresponding branches. Here (,(s) is the p-adic Riemann zeta function of Kubota-Leopoldt and we
know its residue at s = 1.

Theorem 6.15. If 4|m and j = 0,1, then
>st—1 ifa=j=1,
ords—; Lv,, s5.a(8) s { > —1 ifa=j=0,
=0 otherwise.

Furthermore,

Ly, 51(s) - 1\* ™ L(Vin, 1)
lim (s—1)s 1 2 - |1=- Ly, s(1,1) 57—
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and .
. Ly, eo(s) o AR L(Vi, 0)
iﬂ%ﬁ“Q : 1_1; 'EVm,s(lvo)'m~
The inequalities would become equalities if the corresponding L-invariants of the f; were known to be non-zero.

Proof. The proof is along the same lines as the previous theorem noting that near s =1

1 1
Cp(s) = (1 — p> ) + higher order terms.

APPENDIX A. PLUS AND MINUS COLEMAN MAPS

This is an erratum to [Leilll Section 5]. We review the definition of plus and minus Coleman maps in op.
cit. and describe their images explicitly. Our strategy here is based on ideas in [LLZ1I].

Let f be a modular form as in Section with a, = 0 but not necessarily CM. Let H} (Q,,Vy) =
Q, ® T&nHl(Qp’n, Ty) (note that V; in this paper is defined to be the Tate dual of the V; in [Leill]). The
plus and minus Coleman maps are Ag (G )-homomorphisms

Col* : HE (Qp, V) = Ar(Go),
which are defined by the relation
(18) Tw, (logf_,) Col* = L+,
where
Lot HE (Qp, V) = Hip—1)/2,5(G0)
are the Perrin-Riou pairing associated to n* € ]]S)CriS(Vf*(—l)). Here, n~ € Fil' ﬁ)cris(Vf*(—l)) and nt =

e(n™).
Let z € HL,(Qp, V) and write z_; ,, for its natural image in H*(Q, ,, V¢(—j)). For an integer j € [0, k—2]
and a Dirichlet character 8 of conductor p™ > 1, we have

(19) V(Lys(@) = J [(1—"‘;) (1= ) 0" (s0)|
(20) 0Ly @) = s 3 07 o) [ ) e (),
oeGy

Here, 77;:-1 denotes the natural image of n* in ﬁcris(Vf* (7)) and [,],, is the natural pairing on

Qp.n @ Deris(VF (7)) X Qpin @ Dexis (Vy (=) = Qpn & -
Proposition A.1. The Ag(Gs)-homomorphism
Col: Hiy(Qp, Vy) — Ap(Goo)®
z +— (Colt(z),Col (z))
has determinant H;:é (X" (y0)y0 — 1).

Proof. The §(V)-conjecture of Perrin-Riou ([PR94, Conjecture 3.4.7]), which is a consequence of [Col98]
Théoréme IX.4.5] says that the determinant of the A (G )-homomorphism

Hi (@, Vy) = Hi—1)2,5(Goc)®?
z — (Ly(2),L,(2))
is given by Hf;g log, (X7 (70)70)- But we have

k—2

k—2
1 1og,(x 7 (70)70) = logi_; xlog;_; x [T (x 7 (30)70 — 1)
=0 =0
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by definition. Hence the result follows from . O

Theorem A.2. The image of Col is given by
S ={(F.G) € Ap(G)®*: (e(p) '™ F +p 7 )X (F) = (1 = p~ )N (G), 07 (F) = 0
for all integers 0 < j < k — 2 and Dirichlet characters 8 of conductor p}.
Proof. Since the set S has determinant Hf;g (X7 (70)y0 — 1), in view of Proposition we only need to

show that Col(z) € S for all z € H[, (Q,, Vy).
Fix an integer j € [0,k — 2]. If 0 is a Dirichlet character of conductor p, (20)) says that

0x? (L,y+(2)) = T(gl_l) Z 6~ (o) [@71(77;;1)»@)(1)*(23]',71)]

n"

oeG,
But _
<P_1(77;r+1) = p]+177;+1 € Fil° Dcris(V;(j))
and
(21) (531, exp7(27,,)], = 0.

Hence 0x?(L,+(z)) = 0.
On Deyis (V7 (4)), we have ¢? 4 €(p)p*~217% = 0, so [LLZI1} Lemma 5.6] implies that
. (1—p) ! = (L+elpp* ) +elp)p* > 3(p-1)
e(p)p"—2-2(1 + ¢(p)p~—2-3) :
We write §; = e(p)p*~2=2(1 + e(p)p*~2~3), then and imply that
4!

X (Lye(2) = 5 xe@p™ = 1) x [nf41,ex0" (250)]
J
_ J 1+ e(p)ph2 i}
X (Ly-(2z) = 5 X 24‘1 X [0y, exp (7-3.0)], -
J

Therefore, we indeed have

(ep) ™" TE T TN (L (2)) = (1= p7 )X (£y- ()

as required. 0

Note that e(p) ~!p'T/=% 4 p=9=1 £ 0 unless e(p) = —1 and j = k/2 — 1. We therefore deduce that
im(Col™) = {F € Ap(Gso) : Ox?(F) = 0 for all j € [0,k — 2] and Dirichlet characters § of conductor p}

and
im(Col™) = {F € Ap(Goo) : X*?*71(F) =0} if e(p) = —1 and k is even,
- Ap(G) otherwise.
IfacZ/(p—1)Z, let

.= I G7(ow-1
0<j<h—2
j#Za (mod p—1)
and
R X2 ()0 — 1 if e(p) = —1, k is even and a = k/2 — 1 (mod p — 1),
fa 1 otherwise.
Then,

im(Col™)*" = Ag(T)I},.
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