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1 Introduction

This is an essay about class field theory. Roughly speaking, the subject relates
intrinsic properties of a local field or a global field to its abelian extensions.
In this essay, we will mainly consider abelian extensions of local fields. A lo-
cal field will always be non-archimedean here (the theory for the archimedean
cases, namely R and C, are trivial). As we shall see below, we can classify their
abelian extensions intrinsically using open multiplicative subgroups.

First, we introduce some notations. For a local field K, we write K for a
fixed separable algebraic closure of K. An extension of K will always mean a
subfield of K containing K. The composite of two finite abelian extensions of
K is again a finite abelian extension of K (since the Galois group would em-
bed into the direct product of the two abelian Galois groups via restrictions).
Therefore, the union of all finite abelian extensions of K is also an abelian ex-
tension, denoted by K?. If kg is the residue field of K where |kx| = ¢, then
Frob denotes the Frobenius map z +— x?. The main theorems we will prove are
as follows.

Theorem 1.1 (Reciprocity Law) For any local field K, there is a unique
homomorphism
or : K* — Gal(K*®/K)

with the following properties.

(a) For any uniformiser = of K and any finite unramified extension L of K,
¢K(7T)|L = FI‘ObL/K.

(b) For any finite abelian extension L of K, N,k (L*) is contained in the
kernel of a — ¢k (a)|r, and ¢k induces an isomorphism

¢L/K : KX/NL/K(LX) — Gal(L/K)

(b) says that for any finite abelian extension L of K, we have the following
commutative diagram.

K% —— s Qal(K*K)

l lH

KX [Nyjse(L¥) 25 Gal(L/K)

where ¢,/ is an isomorphism. So, L corresponds to the multiplicative subgroup
Np/k (LX) of K* via ¢x. We call a group of this form a norm group. Norm
groups can be classified by the following.

Theorem 1.2 (Existence Theorem) Let K be a local field. A subgroup N
of K* is of the form Ny, (L*) for some finite abelian extension L of K iff it
1s of finite index and open.



There are several different approaches to the subject. We will follow the group
cohomology approach, mostly based on the treatments in [5], with some proofs
taken from [3] and [1]. We will develop the theory of cohomology in section 2.
The results will then be applied to local fields in section 3 which will enable us
to prove the existence in theorem 1.1. In section 4, we introduce the notion of
formal groups and prove theorem 1.2 and the uniqueness in theorem 1.1. Fi-
nally, in section 5, we will state without proofs how the theory is generalised to
global fields.

I would like to thank Dr Tim Dokchitser for suggesting the topic and his helpful
comments. I would also like to thank Alex Chmelnitkzi and Stefan Patrikis for
the inspiring discussions on the subject during our preparation for the part ITI
seminar series at the end of Lent term.

2 Group Cohomology

Group cohomology will prove to be a very powerful tool in this essay. To develop
the theory we need, we will assume familiarity of the language of category theory,
eg functor, exactness, left /right exact, etc. Most of the definitions can be found
in [4].

2.1 Definition of Cohomology

Ab denotes the category of abelian groups (or Z-modules). Given an abelian
group G, we define a contravariant functor Hom(—, G) :Ab—Ab as follows.
For a homomorphism f : G; — Ga, let f. be the map from Hom(G3,G) to
Hom(G1, G) given by f.(6) = 6o f. Tt is easy to see that f.f. = (f'f)« and
id, =id. Similarly, we can define the functor Hom(G, —).

Lemma 2.1 Hom(—,G) is a left exact contravariant functor.

Proof Assume G RN Gy L; G3 — 0isexact. We need to show that the sequence
0 —Hom(G3, G) L>Hom(G2, Q) f—*>H0m(G1, G) is exact. Since f'f = 0,
fefi =0, ie Imf. C ker fi.

If ¢ € ker f,, then ¢po f =0, so ker f/ =Imf C ker ¢. Therefore, we have

Vg.h € Gz, f'(9) = f'(h) = ¢(g) = ¢(h) (1)
Since f’ is surjective, we can define 1) : G3 — G by ¥(g) = ¢(g') where ¢’ € G2

is such that f’(¢’) = g. This is well-defined by (1). We have fl(¢) = o f =¢
and ¢ € Imf].

G —t-c,Lsq, 0
ol
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Therefore, ker f, CImf. and so ker f, =Imf.. Hence, this gives the exactness
at Hom (G2, G).

If 0 € ker f], then 6o f/ =0, so Imf’ C kerf. But f’ is surjective, so 6 = 0.
Hence f] is injective and so the sequence is exact at Hom(G3, G). O

Similarly, one can show that the functor Hom(G, —) is a left exact functor.

Definition 2.2 An abelian group is said to be injective if Hom(—, G) is exact.
An injective resolution of G is a long exact sequence

0-G—-1"=T1" —...

where the 1" ’s are injective abelian groups. We abbreviate this complex to G —
I.

In particular, by lemma 2.1, G is injective iff given any injective f : G; — Ga,
f+ : Hom(G3, G) — Hom(G1, G) is surjective, ie for any abelian groups G < G,
a homomorphism G; — G always extends to G5. The following equivalent
condition will allow us to show the existence of injective resolutions.

Lemma 2.3 G is injective iff it is divisible, ie for any non-zero integer n and
g € G, there exists h € G s.t. g =nh.

Proof (=) Let n be a non-zero integer and g € G. Define f : nZ — G by
n— g. Then f extends to Z, say f(1) = h. So f(n) =nh =g.

(<) Suppose G1 < G9 are abelian groups and f : G; — G is a homomorphism.
Consider the poset of (H, f’) where Gy < H < G and [’ extends f to H,
ordered by inclusion. By Zorn’s lemma, there is a maximal element, (H', F)
say. If H # Go, let h € Go — H' and define I = {m € Z|mh € H'}. This is
an ideal of Z, hence I = nZ for some n. The map I — G where m — F(mh)
extends to Z as G is divisible. Hence F' extends to H' + Zh, contradicting the
maximality. So f extends to Go. O

Example 2.4 Q is clearly divisible, hence injective. In fact, any quotients of
a divisble abelian group are divisible, eq Q/Z is injective. The same is true for
quotients of QX where X is any set.

Corollary 2.5 Any abelian group G can be embedded in an injective abelian
group.

Proof If X is a generating set for G, let f : Z¥ — G be the natural surjection.
Then G = Z* / ker f < Q% /ker f which is divisible, so injective by lemma 2.3.
Hence the result. O

Given a group G, a G-module is an abelian group together with an action
of G. This is an important notion for class field theory since a Galois exten-
sion L of K is naturally a Gal(L/K)-module. The category of G-modules is
denoted by Modg. For a G-module M, we write M© for the submodule on



which G acts trivially, ie MY = {m € M : gm = m Vg € G}. If M and N are
G-modules, then Homg (M, N) denotes the set of G-homomorphisms from M
to N, ie f(gm) =gf(m) for all g € G and m € M.

As with injective abelian groups, we say that a G-module M is injective if
Homg(—, M) is exact. We can define injective resolutions of G-modules as in
definition 2.2. Note that these definitions agree with 2.2 when we take G = Z.
As in representation theory, we can define induced modules as follows.

Definition 2.6 Let H < G be groups, M an H-module. Define Ind$ (M) =
{0:G— M|0(hg) = h0(g) Yh € H,g € G}. This is a G-module with (g0)(x) =
0(xg).

If f: My — M, is an H-module map, define f, :Ind§(M;) —Ind$(Ms) by

f«(0) = f o 6. From representation theory, this gives an exact functor from
Modgy to Modg.

Lemma 2.7 Given a group G. If A is an injective abelian group, the G-module
Ind$ A is injective.

Proof Recall Frobenius reciprocity says that if H is a subgroup of G, for any
G-module M; (which is naturally an H-module) and any H-module My, there
is a canonial isomorphism as follows.

Homg (My, Ind$ (My)) — Homp (My, Ms)

Hence, we have Homg (—,Ind{ A) = Hom; (—, A) = Hom(—, A). But Hom(—, A)
is exact as A is injective. Hence, Ind{ A is an injective G-module. O

Proposition 2.8 An injective resolution exists for any G-module M.

Proof Note that M is an abelian group, so there exists an injective abelian
group A s.t. M < A by corollary 2.5. So, we have Ind{'(M) —Ind{(A) as
G-modules. Ind{ A is injective by lemma 2.7. But M embeds into Ind{ (M) by
the map m — (g — gm), so M embeds into an injective G-module I°.

Let B! be the cokernel of the embedding, then we have an inclusion of G-
modules B! < I' where I'! is injective. So, 0 — M — I° — I! is exact.
Continue recursively, we obtain an injective resolution. O

Dually, we define projective modules and projective resolutions as follows.

Definition 2.9 A G-module M is projective if Homg (M, —) is exact. A pro-
jective resolution of M is an exact sequence

=P =P =P —-M-=0
where the P,.’s are projective. The complex is abbreviated to P. — M.

Lemma 2.10 M +— M gives a left exact functor from the category of G-
modules to the category of abelian groups.



Proof Note that Homg(M, N) = (Hom(M, N))¢ where G acts on Hom (M, N
by (g0)(m) = g-0(g~*m). In particular, if G acts on Z trivially, Homg(Z, M) =
(Hom(Z, M))¥ = M%. Hence, the left exactness of Hom gives the result. O

Remark 2.11 We can now give the definition of cohomology. The idea is to
measure the failure of —C from being exact. We will see how it works exactly
later.

Definition 2.12 Let M be a G-module and choose an injective resolution
0= M— 10 Lo &2 &
Consider the following complex.
0% (106 L (116 L (13)¢ L
The rth cohomology group of G with coefficients in M is defined to be the
abelian group H" (G, M) = ker(d") /Tm(d"~1).

It is not clear whether the H"’s are independent of the choice of I'. We will
show that they are well-defined by verifying that these groups are uniquely
determined by some elementary properties.

Lemma 2.13 For any G-module M, H°(G, M) = M¢

Proof As noted in the proof of lemma 2.10, Homg(Z, M) = MY. On the
other hand, 0 — M — I° — I'! is exact implies 0 — MY — (I")¢ — (IMH)¢
is exact by lemma 2.10. Hence, kerd® = M. But d~' = 0, so we have
H°(G,M) =kerd’/Im d~! = kerd’ = M%. O

Lemma 2.14 If M is injective, then H" (G, M) = 0 for r > 0.
Proof Note that if M is injective, 0 = M — M — 0 — 0 — --- is an injective

resolution. So, the complex in the definition of the cohomology groups becomes
0 — M% — 0 — ---. Hence the result. O

Lemma 2.15 For any {1}-module M, H"(1,M) =0 for all r > 0.

Proof An {1}-module is just an abelian group. Under the notations in the
proof of proposition 2.8, M is embedded in an injective (or divisible) abelian
group I°. As remarked in example 2.4, B! = I°/M is also injective. Hence, the
following is an injective resolution.

0—-M—I°=T1°/M -0—0—---

G = {1} acts trivially, so the complex in the definition of the cohomology groups
becomes 0 — I° — I°/M — 0 — ---. Hence the result. O

We saw in lemma 2.7 that Ind{'(A) is injective if A is an injective abelian
group. Hence H” = 0 for r > 0. In fact, this is true for any abelian group A.
To prove this, we will make use of Shapiro’s Lemma.



Lemma 2.16 (Shapiro) Let H be a subgroup of G. For any H-module N,
there is a canonical isomorphism H"(G,Ind$N) — H"(H, N).

Proof Let N — I' be an injective resolution. Since Ind$ is an exact functor
that preserves injectivity, Ind% N —Ind% 1" is an injective resolution.

If f € (IndGI")%, then f(x) = gf(z) = f(zg)V z,9 € G. Hence, f is a
constant map, say f(z) = m. But f(hx) = hf(z), so m € (I")7. We have
(Ind§G 1) = (I")H.

Therefore, we obtain the same complex when we take the H-invariants of N — I’
and the G-invariants of Ind% N —Ind$%I". Hence, H"(G, IndeN) ~ H"(H,N)
canonically for all r. O

Corollary 2.17 For any abelian group A, H"(G,Ind%A) =0 for all v > 0.

Proof By Shapiro’s lemma, H"(G,Ind{A) = H"(1, A). But the RHS is 0 for
r > 0 by lemma 2.15, hence the result. O

Remark 2.18 Note that Ind$7Z = Z[G), so H"(G,Z[G]) = 0 for all r > 0 by
above. Moreover, since direct sum preserves exactness, we have H" (G, M; ®
My) =2 H"(G, M) x H"(G, Mz). Therefore, H"(G,M) = 0 for all r > 0 if M
is a free Z|G]-module.

Proposition 2.19 If 0 — M; — My — M3 — 0 is exact, then there is a long
exact sequence as follows.

0— HY(G,My) — - — H"(G, My) — H" (G, M3) — H"™ (G, M) — -
Moreover, the association is functorial.

Proof (Sketch) Given a homomorphism « : M — N of G-modules, if we have
injective resolutions M — I- and N — J-, « extends to a morphism of complexes
from I to J-. We have the following commutative diagram.

0 0 0 0
0 M,y I° It I?
0 M, Jo Jt J2
0 M; KY K? K?
0 0 0 0

—G is a left exact functor by lemma 2.10, the construction of the long exact

sequence is then by diagram chasing. O



In particular, by combining lemma 2.13 and above, we have the following exact
sequence.
0— ME — MSE - MS — HY(G, M) —

This is what we meant by measuring the failure of —¢ from being exact in
remark 2.11. Continue with the long exact sequence, H? then measures how far
H' is from resolving this failure and so on.

Theorem 2.20 The H"’s are uniquely determined by 2.13, 2.17 and 2.19.

Proof Let M be a G-module, M’ = Ind%(M) and M” = M’'/M with M
embedded in M’ as in the proof of proposition 2.8. Hence, we have a short
exact sequence 0 — M — M’ — M"” — 0. So, we have a long exact sequence
of cohomology by proposition 2.19.

0— MY — M- M'® - H\(G,M) — H(G,M') — --- (2)

By corollary 2.17, H"(G,M’) = 0 for all » > 0. Hence, M'¢ — M"¢ —
HY(G,M) — 0 is exact. Hence, H'(G,M) = coker(M'® — M"%). That
means the H'’s are uniquely determined. The long exact sequence also gives
H™(G,M") = H™Y(G, M) for r > 1, hence all H"’s are uniquely determined
by induction. O

Remark 2.21 The isomorphism H" (G, M") = H"TY(G, M) relates properties
of cohomology in different dimensions which makes the induction work. This
technique is called dimension shifting and will be used again later.

2.2 Properties of Cohomology

We will now describe the cohomology groups in terms of cochains. This will
enable us to carry out explicit calculations. For r > 0, let P, be the free Z-
module with basis the (r + 1)-tuples (go, . .., g-) of elements of G. G acts on P,
via g(go, .- -, 9r) = (990, - - ., 99r). Therefore, P, is also a free Z[G]-module with
basis {(1,91,...,9r)|g: € G}. Now, consider the following complex.

PP P57 (3)

where d,(go, ..., 9r) = >io(=1)*(g0,-- -+ Gi»- .-, gr) and € sends each g € G to
1. It is not hard to check that d, od,; = 0.

Lemma 2.22 The complex in (3) is exact.

Proof Fix € G and define k, : P. — P41 by k-(go,---,9r) = (€, 90, -+, Gr)-

dry10kr(90y---s9r) = drp1(2,90,---59r)
= (905> 9r) = (%,91,- -, 97) + (¥, 90,92, -+ Gr) — -
= (go,.-.,gr)* ~1((g15 -+, 90) — (90,925 -+ -5 9r) + )
= (90s---,9r) = kr—1(dr(g0s - - -, 9r))



Hence, dyy1 0k, + kr—10d, = 1. If v € kerd,, then v = d;.1(k-(v)) €Im dy41.
Hence the exactness at P, for r» > 0.

If v=>"ngg € kere, then > - ny, =0. Sov=>"n4(g—1) => nydi(1,g) €lm
dy. Hence the exactness at Py. O

For a fixed G-module M, we can take Homg(—, M) on (3). We obtain a complex

0 2% Home(Py, M) 2 Home (P, M) 2 .. (4)
where 0, : Homg(P,—1, M) — Homg(P,, M) is given by the composition with
d,, ie given f € Homg(P,_1, M), we have 6,.(f) = f od,.

Proposition 2.23 With the notations above, H" (G, M) = kerd, 41 /Imd,.

Proof We verify the RHS satisfies the properties in theorem 2.20. The con-
struction of long exact sequences is the same and is omitted here.

Note that Py = Z[G]. If f € Homg(Py, M), f is uniquely determined by f(1).
By definition, (01(f))(g,h) = f(h) — f(g) = hf(1) — gf(1). So, 61(f) = 0 iff
f(1) € M%. We have keré; =2 M©. Since dy = 0, the RHS is M€ for r = 0.

If M = IndYN, then Homg(P,, M) = Hom(P,, N) by Frobenius reciprocity.
So, (4) becomes the following.

022 Hom(Py, N) & Hom(Py, N) 22 Hom(Py, N) — - --

But each P, is a free abelian group, so Hom(P,, N) = N*™(*) The complex
above is exact at every place after the first by the same agrument as in the proof
of lemma 2.22. Therefore, the RHS is 0 if M = Indi for r > 0. Hence we are
done by theorem 2.20. O

Note that §# € Hom(P,, M) can be identified with a function ¢’ : G'*1 — M
since 6 is uniquely determined by the values taken on the basis. If in addition
0 € Homg(P,, M), then we have the following additional condition.

0'(990,---+99-) = 9(0' (g0, - - -, 9,)) for all g, go,...g, € G (5)
This leads us to give the following definition in order to simplify (4).

Definition 2.24 C"(G, M) := {f : G"t' — M|f satisfies condition (5)}, this
1s called the set of homogeneous r-cochians of G with values in M.

If we identify Homg (P, M) with C(G, M), the boundary map becomes dr
C"(G,M) — C™(G, M) with

r+1

(@ )50, 901) = D (1) g0 G- 9r1)

=0

We have H"(G, M) = kerd"t'/Im d". In fact, we can simplify further by the
following definition.



Definition 2.25 Let C" (G, M) be the set of functions from G" to M with G =
1. This is called the group of inhomogeneous r-cochains of G with values in
M. Define d"+t:C"(G,M) — C™*Y(G, M) by ("1 f)(g1,...,Grs1) =

glf(f]?a cee ;gr+1) + Z(_l)zf(gla vy 9iGi41y - - agr+1) + (_1)T+1f(g1a cee 7gr)
=1

Proposition 2.26 0 N C°(G, M) 4 CYG, M) z, C*(G,M) — ---is a
complex and H"(G, M) = ker d" ™! /Tmd".

Proof Define 6 : C"(G, M) — C"(G, M) by

@f)g1,---,9-) = f(L,91,9192,- -, 91---Gr)

Note that for f € C"(G, M), f(go,.-.,gr) = gof(l,go_lgl,...,go_lgr). If we
let hy = galgl, hy = gflgg,...,hr = g;llgr, then the above expression be-
comes gof(1,h1,h1ha,...,hy...h). So f is uniquely determined by the val-
ues f(1,91,9192,...,91...g-). Hence 6 is a bijection. Moreover, d"(0(f)) =
0(d"(f)). So, the sequence of C"(G, M) stated above is the same as the com-
plex of C”(G, M), hence the result. O

We can now describe H' explicitly.

Definition 2.27 A map f : G — M is called a crossed homomorphism if
f(gh) = gf(h) + f(g). A map of the form g — gm — m for some fixed m € M
is called a principal crossed homomorphism.

Note that (d'f)(g1,92) = 91f(g2) — f(g192) + f(g1), so f € kerd" iff f is a
crossed homomorphism. If f € C°(G, M), then f(1) = m some m € M. So
(d°f)(g) = gm —m. Hence Im d° is the set of principal crossed homomorphism.
In particular, H*(G, M) = {crossed homos}/{principal crossed homos}.

Remark 2.28 In particular, if G acts on M trivially, a crossed homomorphism
18 just a homomorphism from G to M and a principal crossed homomorphism
is just the zero map. Therefore, H*(G, M) = Hom(G, M) in this case.

We will now construct some maps in cohomology between different modules.
This will enable us to derive some basic properties of H"’s. First, we need the
following definition.

Definition 2.29 Let M be a G-module and M’ a G'-module. Homomorphisms
a:G — Gand: M — M are said to be compatible if (a(g)m) = g(B(m))

Remark 2.30 If («,8) is compatible, then we have a homomorphism from
C"(G,M) — C"(G',M’") defined by f — [ o foa” where " is the natural
homomorphism from (G')" to G" defined by . In fact, this gives a homomor-
phism of complezes, hence homomorphisms from H" (G, M) to H"(G', M").

10



Given a G-module M and H a normal subgroup of G, M*! is a G /H-submodule.
Indeed, if m € M*, g € G, h € H, then h-gm = g(g~'hg)m = gm since
g thg € H. We have gm € M*¥ also. So, G/H acts on M naturally. This
leads to the following definitions.

Definition 2.31 Let H be a subgroup of G, a the inclusion H — G, ( the
identity map on a G-module M. The homomorphisms obtained as in remark
2.30 are called restriction homomorphisms, Res: H"(G,M) — H"(H,M).
If H is a normal subgroup, a the quotient map G — G/H, [ the inclusion
MY < M, the homomorphisms obtained are called inflation homomor-
phisms, Inf : H"(G/H, M%) — H" (G, M).

If H is a subgroup of G of finite index, let S be a set of coset representatives. Let
a : G — G be the identity map. For a G-module M, define a homomorphism
B:IndGM — M by f— > ses sf(s™h). This gives a map on cohomology Cor :
H"(G,Ind% M) — H" (G, M). If we identify H"(H, M) with H"(G,Ind$ M) by
Shapiro’s lemma, this gives a map from H"(H, M) to H" (G, M).

Definition 2.32 The homomorphisms Cor : H"(H,M) — H"(G,M) con-
structed above are called corestriction homomorphisms.

Similarly, we can give an alternative definition of Res. Let M —Ind$ (M)
be the homomorphism sending m to f,, where f,,(g) = gm. This defines a
homomorphism H" (G, M) — H"(G,Ind% M). Tt turns out to be the restriction
map if we identify H"(G,Ind% M) with H"(H, M).

Lemma 2.33 Let H be a subgroup of G of finite index, then Cor o Res is the
multiplication by (G : H).
Proof The map on cohomology

H™(G, M) 2% H7(H, M) = H"(G,Ind$, M) £ H"(G, M)

is induced from the map M —Ind§M — M withm — fy, — Y coSfm(s™!) =
> scs™ = (G : H)m. Hence the result. O
Corollary 2.34 If |G| = m < oo, then mH" (G, M) =0 for any r > 0.

Proof H"(1,M) = 0 for r > 0 by lemma 2.15. So, CoroRes=0 if we take
H = {1}. But this is multiplication by m by lemma 2.33, hence the result. O

Corollary 2.35 Let G be a finite group, M a G-module, p a prime. If G, is a
Sylow p-subgroup of G. Then Res: H"(G, M) — H"(G,, M) is an injection on
the set of elements of G whose orders are powers of p.

Proof (G : G,) is not divisble by p and CoroRes is the multiplication by
(G : Gp), hence the result. O

Lemma 2.36 Let H be a normal subgroup of G, and M a G-module. Then the

sequence

0— HYG/H,M") 2L g, M) 2 7Y (1, M)

18 exact.

11



Proof H! = {crossed homos}/{principal crossed homos}. ResoInf = 0 is clear
(even true on the level of cochains). So, Im(Inf) C ker(Res).

If f € ker(Res), then f : G — M is a crossed homomorphism whose restriction
to H is principal, so there exists m € M s.t. f(h) = hm —m for h € H. Define
f':G— Mby f'(g9) = f(g) — gm +m. Then f’ and f are in the same class of
HY(G,M).

But f'|i =0, so f’ factors through G/H. Since f’ is a crossed homomorphism,
f'(hg) =hf'(g)+ f'(h) = hf'(g) for any h € H,g € G. We have

hf'(g) = f'(hg)

= f(g-97" hg)
af' (g7 hg) + f'(g9) (f' is a crossed homomorphism)
= f'(9) (H is normal in G, so g~thg € H)

Hence, f’ takes values in M. Therefore, f’ comes from a crossed homomor-
phism G/H — M*" by inflation. We have ker(Res) C Im(Inf). This shows the
exactness at H'(G, M). Tt is clear that Inf is injective by considering cochains,
ie we have the exactness at H*(G/H, MH) also. O

We see from the proof above how the description of H'! using crossed homo-
morphisms enables us to carry out explicit calculations. The result can be
generalised as follows.

Proposition 2.37 (Inflation-Restriction Exact Sequence) Let H be a nor-
mal subgroup of G, and M a G-module. If r > 0 is s.t. H'(H,M) = 0 for all
0 <1t <r, then the sequence

0— H™(G/H, M7y 2% gr(G, M) 2 57 (H, M)

15 exact.

Proof We proceed by induction on r. r = 1 is just the lemma above.

For » > 1, assume the result for » — 1. As in the proof of theorem 2.20,
0—->M— M — M'/M — 0 is exact (either as G-modules or H-modules since
the action of G or H has nothing to do with exactness) where M’ =Ind{ M, so
we have H'(H, M'/M) = H*TY(H, M) for i > 0. Hence, H*(H,M'/M) = 0 for
0 < i <r—1. Our inductive hypothesis says that

0— H™NG/H, (M'/M)T) 25 H™N(G, M' /M) =5 H™'(H, M' /M)

is exact. But we also have the following commutative diagram.

0 ——= H'=N(G/H, (M’ [M)") ¥ H'=}(G. M' /M) = H"~! (H, M’ /M)

ie P

H™(G/H, M’ /M) —2 H™(G, M) —2S~ H"(H, M)

0

Hence the result. O
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Remark 2.38 Once again, we have used the technique of dimension shifting
mentioned in remark 2.21. This technique can in fact be generalised as follows.
If we have an exact sequence

0—-M-—J —... - J" = N—=0

where H" (G, J%) = 0 for all r,i > 0, we can break the sequence up into short
eract sequences
0—-M-—J - N -0

0—N'—J? = N3—=0

0 N1 J° S N-=0

So, long exact sequences of cohomology give H"(G,N) = H™ (G, N*71) =
- H™S(G, M) forr > 0.

2.3 Homology

Let G be a group and M a G-module. Mg denotes the quotient of M by
the subgroup generated by elements of the form gm — m, ie Mg is the largest
quotient of M on which G acts trivially. It is not hard to check that the functor
M +— Mg is right exact. Similar to cohomology, homology is defined so as to
to measure the failure of —¢ from being exact.

Definition 2.39 Let M be a G-module and P. — M a projective resolution.
Consider the following complex.

= (P B (P)e 2 (Py)e 20

The r*" homology group of G with coefficients in M is defined to be H,(G, M) =
kerd, /Imd, 1.

Lemma 2.40 For any G-module M, Hy(G, M) = Mg.

Proof If --- — P, — Py — M — 0 is a projective resolution, then by right

exactness, (P1)a 2\ (Po)g = Mg — 0 is exact. Hence e is surjective, Mg =
(Po)g/kere = (Py)g/Im dy. But this is Ho(G, M) because (FPy)g = kerdp.
Hence the result. O

Remark 2.41 If 0 — M; — My — M3 — 0 is a short exact sequence of
G-modules, it gives rise to a long exact sequence of homology.

-— H,.(G, M) — H.(G,M3) — H,_1(G,My) — --- — Ho(G,M3) — 0

Remark 2.42 Also, we have H.(G,M) = 0 for all r > 0 if M is of the form
Z|G] ®z A for some abeian group A.

13



Analogous to cohomology, homology is uniquely determined by properties 2.40,
2.41 and 2.42.

Similar to lemma 2.14, if M itself is projective, then H,.(G, M) = 0 for r > 0.
The following lemma gives a condition for determining whether a G-module is
projective or not.

Lemma 2.43 M is projective iff it is a summand of a free Z[G]-module.

Proof Note that to say M is projective, it means that Homg (M, —) is exact,
ie given a short exact sequence 0 — M; — My — M3 — 0, the sequence
0 — Homg (M, M) — Homg (M, M) — Homeg (M, M3) — 0 is exact also. But
0 — Homg(M, M;) — Homg (M, Ms) — Homg(M, M3) is always exact. So,
M is projective iff for any surjective f : My — M3 and any g : M — M3, there
exists h: M — My s.t. g = fh. Pictorially, we have:

Sk

M24>M3HO

(=) Assume M is projective. Let A be a generating set for M and F is the
free G-module on A. Then there is a natural surjection f from F' to M. Hence,
by the above remarks, there exists h : M — F s.t. fh = idj;. In particular,
h is injective. Hence, we can identify M as a submodule of F' and we have
F=kerf® M.

(<) Conversely, suppose M is a summand of a free G-module. First, we as-
sume M itself is free (on a set A say). Let f : My — Ms be surjective and
g: M — Mj. We can define a function h : A — My by h(a) = f~1(g(a)) for
some choice of f~! (exists since f surjective). By the definition of freeness, h
extends to M and g = fh.

In general, assume FF = M & N is free. Let f : My — M;3 be surjective and
g : M — Mj, we can extend g to F. By above, there exists h : F — M> s.t.
g = fh. We can then restrict h to M and hence the result. O

Note that this shows the sequence (3) is a projective resolution of Z. In fact,
we could have replaced (3) by any projective resolutions of Z and proposition
2.23 would still hold.

Definition 2.44 The augmentation map is defined to be Z|G|] — Z with
> ngg > ng. The kernel is called the augmentation ideal, denoted by I¢.

Remark 2.45 It’s not hard to see that Ig is a free Z-module with basis {g —
1lg € G}. Using I, we can describe Hy as M/IcM = Mg = Ho(G, M).

If G acts of Z trivially, it turns out that H;(G,Z) is just the abelianisation of
(. We will show this in two steps.
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Lemma 2.46 There is a canonical isomorphism Hy(G,Z) — Ig/I%. Also,
we have Z[Glg = Z.

Proof Note that 0 — I — Z[G] — Z — 0 is exact. Z[G] is a free Z|G]-module,
hence projective by lemma 2.43. So H1(G,Z|G]) = 0. The long exact sequence
arisen is as follows.

0= Hy(G,Z[G)) — H\(G,Z) — Ic/I% — Z|G)/IcZ|G) — Z/IgZ — 0

But I¢ < Z|G] induces a zero map I /1% — 7Z|G]/IcZ|G]. Hence the sequence
above gives 0 — H1(G,Z) — Ig/I% — 0 is exact. Hence, H,(G,Z) = Ig/I%. 1t
also gives 0 — Z[G]/I¢Z|G) — Z/IcZ — 0 is exact, so Z|G|¢ = Z|G] /16 Z|G] =
Z/IcZ = Z (as G acts on Z trivially). O

Lemma 2.47 There is a canonical isomorphism G/G¢ — Ig /1% where G is
the commutator subgroup of G (so G*® = G/G°).

Proof Define 0 : G — I¢/I% by 6(g) = (9 — 1) + IZ. Note that
0(gh) = gh =1+ 1% = (9= 1)(h = 1)+ (g = 1) + (h = 1) + I = 0(g) + 0(h)

since (g —1)(h — 1) € IZ. So 0 is a homomorphism. I¢/I% is abelian, so ¢
factors through G2P.
Let ¢ : Ig — G2 be the map that sends g — 1 to the class of g.

B9 =D —=1) =6((gh—1) = (9= 1)~ (h—=1)) =gh g - h7G° =1

Therefore, ¢ factors through Ig/I%. ¢ and 6 are inverse of each other. Hence
the result. O

Corollary 2.48 There is a canonical isomorphism Hy(G,Z) — GP.

Proof Combine the two lemmas above. O

2.4 The Tate Groups

In this section, we will assume G is a finite group throughout. For a G-module,
define the norm map Ng : M — M by m — dec gm. It is clear that
Ng(gm) = gNg(m) = Ng(m). Hence InNg C M. It’s also clear that Ng(m—
gm) = 0,80 IgM C ker Ng. Recall Hy(G, M) = M/IgM and H(G, M) = M¢
by remark 2.45 and lemma 2.13. Therefore, Ng factors through IgM and it
defines a homomorphism N[, : Hyo(G, M) — H°(G, M). So, we can relate the
cohomology groups and the homology groups as follows.

Definition 2.49 For G and M as above, the r** Tate group of G with coeffi-
cients in M is defined to be:

H"(G, M) r>0
MY /Ng(M) = coker(N}) =0
ker Ng/IgM = ker(N() r=-1
H_7-_1(G,M) r<-—1
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Given a short exact sequence of G-modules 0 — M; — My — M3 — 0, we have
a commutative diagram as follows.

res /> HO(G7 Ml) e Ho(G, Mg) —_— Ho(G, Mg) —0

S P

0 — HY(G, My) —> H°(G, My) —= H(G, M) — ---

By snake lemma, we have an exact sequence coker(Ng ;) — coker(Ng,) —
coker(Ng 3) — ker(Ng ;) — ker(Ng 5) — ker(Ng 3). So the norm map enables
us to combine the long exact sequences of cohomology and homology to obtain
the following long exact sequence.

o H;"(Gle) - HJT"(GaMZ) - H;(GvMS) - H’;’_H(Gle) —

Remark 2.50 Most of the results for H" are still true for Hy. For exam-
ple, Shapiro’s lemma and its consequences are true. Res, Cor and Inf are de-
fined for H}. and Res o Cor is the mulitplication by (G : H) and H5.(G, M) is
killed by |G|. Since we assume G is finite, IndS (M) = Z[G] ®z M. We have
Hi(G,Ind$ (M)) = 0 for all r € Z. In particular, the technique of dimension
shifting as mentioned in remarks 2.21 and 2.38 can be extended to all r € Z.

Sometimes we will drop the subscript T for simplicity. Although H° is not the
same as HY, we might abuse notations and write H° for HY. We will write Ng
for N{, too. Below are some explicit calculations of Tate groups.

Lemma 2.51 If we regard Q as a G-module where G acts trivially and consider
Z as a submodule of Q, we have the following.

(a) H(G,Q) =0 for all r;
(b) HY(G,Z) =Z/|G|Z and H*(G,Z) = 0;
(¢c) There is a canonical isomorphism from Hom(G,Q/Z) to H*(G,Z).

Proof (a) For a non-zero integer m, the multiplication by m on Q is an iso-
morphism. This induces an isomorphism from H7 (G, Q) onto itself, given by
multiplication by m. By corollary 2.34, multiplication by |G| is the zero map.
But this map is an isomorphism, so H}.(G,Q) = 0.

(b) Since G acts trivally on Z, Z¢ = Z and Ng is the multiplication by |G].
Hence HY(G,Z) = Z% /Ng(Z) = Z.]|G|Z.

By remark 2.28, H'(G,Z) =Hom(G,Z). But G is a finite group and the
only finite subgroup of Z is 0, so the image of G in Z is always 0. Hence,
Hom(G,Z) = HY(G,Z) = 0.

(c) Consider the short exact sequence 0 — Z — Q — Q/Z — 0, the correspond-
ing long exact sequence gives

H'(G,Q) — H'(G,Q/Z) — H*(G,Z) — H*(G,Q)
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where the first and last term are 0 by (a). So we have an isomomrphism from
HY(G,Q/Z) to H?(G,Z). As in (b), we have G acting on Q/Z trivially, so
HY(G,Q/Z) =Hom(G,Q/Z), hence we have the isomorphism as claimed. O

Proposition 2.52 If G is cyclic, then for any G-module M, there is an iso-
morphism HY.(G, M) — Hy (G, M) for all r.

Proof Let g be a generator of G. Then the sequence
07— 2Z[Gl 2 2[G) S 2 — 0

is exact where « is the augmentation map. The groups above are free Z-modules
and so is the kernel of «, ie the augmentation ideal. Hence, the sequence is
still exact when tensored with M. We have the following exact sequence of
G-modules.

0->M—->ZG e M-—-ZG @M —M—0

But H7.(G,Z|G)®z M) = 0 for all r € Z by remark 2.50. By dimension shifting,
we have the isomorphisms claimed. O

Therefore, for a cyclic group G, if we know what HY and HZ are, we know
everything about the Tate groups. This leads us to give the following definition.

Definition 2.53 Let G be a finite cyclic group, M a G-module. If H}.(G, M)
are finite for v = 0,1, the Herbrand quotient is defined to be h(M) =
|Hy (G, M)|

|HF(G, M)|’
Lemma 2.54 Let 0 - A; — Ay — --- — A, — 0 be an exact sequence of
finite groups, then |Aq| x |Ag| X -+ = |Ag| X |Ag| X ---.

Proof We can break up the sequence into short exact sequences 0 — Ay —
A1 —>01 —>O, 0— Cl —>A2 — Cg —>0,...,0—>OT_1 —>A7._1 —>A7. — 0
where Cz :coker(Ai_l — A7) = ker(Ai_H — A,j+2). Hence |A0|‘Cl| = |A1|,
|C1]|C2| = | As|, etc. Cancelling the |C;|’s gives the result. O

Proposition 2.55 Let G be a cyclic group and 0 — My — My — M3 — 0
an ezxact sequence of G-modules. If any two of the Herbrand quotients h(M),
h(Ms) and h(Ms3) are defined, then so is the third and h(Ms) = h(My)h(Ms).

Proof We truncate the long exact sequence of Tate groups into the follow-
ing. 0 - K — H°(M;) - H°(M,) — H°(M3) — H'(M;) — HY(M,) —
HY(M3) — K’ — 0 where we dropped the G’s in our notation for simplicity and
K =coker(H'(My) — H=1(M3)), K’ =coker(H"'(Ms) — H'(M3)). Hence, by
exactness, if two pairs of the H”’s and H'’s are finite, so are the other terms.
Hence the first part of the statement. By proposition 2.52, K = K’ since G is
cyclic. We obtain the second part of the statement by lemma 2.54. O
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Proposition 2.56 If G is a finite cyclic group, M a finite G-module, then
h(M)=1.

Proof Since M is finite, so are M and Mg. Let g be a generator of G, then we

have an exact sequence 0 — MY — M 975 M — Mg — 0. Hence |MC| = |M¢|
by lemma 2.54. Recall H°(G, M) = coker(Ng) and H (G, M) = ker(Ng). So,
we have

0— H NG, M) — Mg X% M% — HY(G, M) — 0

is exact. Agian, by lemma 2.54, we have |H°(G,M)| = |H"Y(G,M)|. By
proposition 2.52, |H=1(G, M)| = |H'(G, M)|. Therefore, we have |[H°(M)| =
|HY(M)|, hence the result. O

Corollary 2.57 Let a: M — N be a homomorphism of G-modules with finite
kernel and cokernel. If either h(M) or h(N) is defined, then so is the other and
they are equal

Proof Consider the following exact sequences.
0— a(M)— N — coker(a) - 0 and 0 — ker(a) > M — (M) — 0

By proposition 2.56, h(cokera)) = h(kera) = 1. If h(N) is defined, proposition
2.55 applied to the first sequence shows that h(aM) is defined and equals h(N).
Consider the second sequence, we have h(M) = h(aM), again by proposition
2.55. So h(M) = h(N).

Similary, if h(M) is defined, then h(aM) = h(M) from the second sequence and
h(N) = h(aM) from the first sequence. O

We will make use of Herbrand quotients to prove results on cyclic extensions
later. Now, we will prove Tate’s theorem. The version we use here is slightly
weaker than the one in [3]. Nevertheless, it is a very powerful result because it
relates the Tate groups of Z to a large class of G-modules which we will consider
later.

Theorem 2.58 If M is a G-module and H'(H, M) = H?(H,M) = 0 for all
subgroup H of G, then H"(G, M) =0 for allr € Z.

Proof We consider three cases.

Case 0: G is cyclic. The result follows immediately from the isomorphisms in
proposition 2.52.

Case 1: G is soluble. Let H be a proper normal subgroup s.t. G/H is cyclic.
|H| < |G|, so by induction H"(H, M) = 0 for all ». Hence, for » > 0, we have
the inflation-restriction exact sequence:

0— H™(G/H, M%) 2L g, M) 2 B (H, M)

HY(G,M) = H2(G,M) = 0, so H'(G/H,MH") = H2(G/H,M") = 0. But

G/H is cyclic, so H"(G/H,M*™) = 0 for all r by case 0. Hence the exact
sequence above implies H" (G, M) = 0 for r > 0.
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By remark 2.50, we have H"(H, M) = H"~'(H Ind{M/M) for all r and H.
Hence by the results for » > 0 applied to Ind{ M/M, we have HO(G, M) =
HY(G,Ind$ M /M) = 0. Using the same argument, we can show H" (G, M) =0
for all r < 0 inductively.

Case 2: G any finite group. Fix a prime p. Let G, be a Sylow p-subgroup of G.
Then G, is soluble. Case 1 implies that H"(G,, M) = 0 for all r. By corollary
2.35, elements in H"(G, M) of order of prime powers must be 0, so H" (G, M)
itself is 0. O

Theorem 2.59 (Tate) Let M be a G-module. Suppose that for all subgroups
H of G, we have

(a) HY(H,M) =0, and
(b) H?(H, M) is a cyclic group of order |H|.
Then there is an isomorphism from H"(G,7) to H™ (G, M).

Proof The idea is to extend M to another G-module M’ which satisfies the
condtions of theorem 2.58. Then H}.(G,M') = 0 for all r and we will then use
dimension shifting to relate H"72(G, M) and H" (G, Z).

By (b), H*(G, M) is cyclic of order |G/|. Let 7 be a generator of H?(G, M). For
a subgroup H of G, CoroRes= (G : H) = |G|/|H|. But H?(H, M) is cyclic of
order |H|, so Res(v) generates H?(H, M).

Let f be a 2-cochain in ker d® as in definition 2.25 representing the class of 7 in
H?(G,M). Let M’ = M & Z[X] where X = {z,4]g € G —{1}}. The action of G
on M extends to M’ by setting g - x5, = xgn — x4 + f(g, h) with z; = f(1,1). It
is not hard to check that this does define an action on M’ using the condition
on f € kerd>.

The inclusion M — M’ induces a homomorphism H?(G, M) — H?*(G,M'). Let
f’ be the 1-cochain which sends g to z,. Then (d?f')(g,h) = gf'(h) — f'(gh) +
f'(g9) = gz — xgn + x4 = f(g,h). Hence f: G* - M — M’ is in Im d*. So v
is mapped to zero in H2(G, M’).

Claim H*(H,M') = H?*(H,M') = 0 for all subgroups H of G.

Proof of claim Recall we have an exact sequence

0—-Ig—Z|G]—=Z—0 (6)

But H"(H, Z|G]) = 0 for all r by remark 2.50, so the long exact sequence of Tate
groups gives isomorphisms H(H, I¢) = H°(H,Z) = Z/|H|Z and H?(H,Ig) =
H'(H,Z) =0 (*) by lemma 2.51. In particular, |H*(H, I¢)| = |H| (1)

Define a : M' — Z[G] by a(m) = 0 for m € M and a(z,) = g — 1. Then we
have a short exact sequence of G-modules as follows.

0—-M-—-M %I5—-0 (7)

But HY(H,M) = H?(H,Ig) = 0 by (a) and (x), so the long exact sequence
arisen gives

0— HY(H,M") — H'(H,Ig) — H*(H,M) — H*(H,M') — 0
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is exact. As noted above, H?(H, M) is generated by Res(v), but 7 is mapped
to 0 in H?(G,M'). So, the map H?(H,M) — H?*(H,M') is 0 also. Hence
HY(H,Ig) — H?(H, M) is onto. Hypothesis (b) says that |[H?(H,M)| = |H]|.
But we have |H'(H, Ig)| = |H| by (f). So this map is an isomorphism. Hence
the kernel (H'(H, M')) and the cokernel (H?(H,M’)) are both 0. Hence the
claim.

With this claim, we can apply theorem 2.58 and get H"(H, M') = 0 for all r.
Now, if we combine the exact sequences (6) and (7), we have an exact sequence

0—-M-—M —Z|G —-Z—0

with H"(G, M') = H"(G, Z|G]) = 0 for all r. Hence, we have the isomorphisms
claimed by dimension shifting on Tate groups. O

2.5 Profinite Groups

It turns out that considering finite groups alone isn’t enough. For example,
Gal(K/K) is in general not a finite group. However, it can be constructed
from finite Galois groups since K = UL where L runs through the finite Galois
extensions of K. We will make this idea precise below.

Definition 2.60 Let I be a directed partially ordered set. Assume {G;|i € I}
is a set of groups together with homomorphisms ay; : G; — G for all i < j
satisfying

(CL) o = 1d Vi € I, and
(b) ;o ajr = cui, wheneveri < j <k.
The family (G, a;j) is called a inverse system.

Let (G, oj) be a inverse system. We would like to in some sense glue the G;’s
together. To be precise, we define the inverse limit of the inverse system to be
{(g:) € HGi|aij (95) = 9iVi < j}, denoted by lim G;. If each G; has a topology
iel

and all a;; are continuous, then the inverse limit is a closed subspace in the
product space. In fact, we can always give a discrete topology on the G;’s.
This is of particular importance if they are finite since each G; will be compact
Hausdorff, and so will be the inverse limit. We give the following definition.

Definition 2.61 A topological group is called a profinite group if it is the
inverse limit of an inverse system of finite groups (each equipped with discrete

topology).

Lemma 2.62 If G is a profinite group, then the open mormal subgroups of G
form a fundamental system of neighbourhoods of 1.

Proof Let G =1limG;. If m; : G — G; is the natural projection of the product

space restricted to G, m; is a continuous homomorphism. Hence, ker7; is an
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open normal subgroup of G. But the topology of G is induced from the discrete
topology on the G;’s, so an open neighbourhood of 1 contains a finite intersection
of ker 7;. Hence the result. O

Example 2.63 If K is a local field, then the ring of integers Ok is a profinite
group since it is isomorphic to lim Ok /1" Ok (x — (x + 7" Ok)n) where w is
a uniformiser. In particular, from the proof above, 7Ok form a fundamental
system of neighbourhoods of 0.

Conversely, if G is any topological group and {N;|i € I} is a set of normal
subgroups of finite index, the profinite group lim G/N is the completion of G

where the N;’s are ordered by reverse inclusion.

Back to Gal(K/K). Let K < L; < Ly be a tower of finite Galois extensions.
There is a natural map from Gal(Ly/K) to Gal(L;/K) by restriction. This gives
an inverse system of finite Galois groups. Let G be the corresponding inverse
limit. Moreover, Gal(K/K)/Gal(K /L) = Gal(L/K), this gives an isomorphism
G = Gal(K/K). Therefore, Gal(K/K) is a profinite group.

Analogously, we define direct system and direct limit as follows.

Definition 2.64 Let I be a directed partially ordered set. Assume {G;|i € I}
is a set of abelian groups together with homomorphisms a; : Gy — G for all
1 < j satisfying

(a) ay; =id Vi € I, and
(b) aujoay; = oy whenever i < j < k.
The family (G;, ;) is called a direct system.

Given a direct system (G, a;;), define an equivalence relation on UG; so that
g; € Gy is equivalent to g; € G; iff agi(g:) = au;(g;) for some k > i,j.
The corresponding quotient set is called the direct limit of G;, denoted by
lim G;. Given two direct systems (G, o;;) and (H;, 3;5), with homomorphisms

fi 1 Gi — H; s.t. fjo = Byifs for all ¢ < j, these f;’s define a homomorphism
f:limG; — lim G;.

Let (Gi,aij), (Hi,ﬁij), (Kif)/ij) be direct systems with Gi ﬁ Hi &> Ki ex-
act for all ¢ € I. Then we can define lim G; 4 lim H; 2 lim K;. It turns out to

be exact. A similar statement can be made about inverse limits.

Remark 2.65 Therefore, the formation of direct limits commutes with the pas-
sage to cohomology in complexes.

We refine our definition of G-modules for a profinite group as follows.
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Definition 2.66 Let G be a profinite group. A G-module M is an abelian
group equipped with the discrete topology, together with a continuous action of
G on M.

We can define cohomology groups H! (G, M) by taking injective resolutions,
just as before. The groups can be calculated using continuous cochains, ie con-
tinuous maps from G” to M. We denote the set of such cochains by C7 (G, M).
We have d"+! : CT (G, M) — CIt (G, M) as before. Tt turns out that the co-

homology of profinite groups is just the direct limit of the cohomology of finite
groups. It can be shown by the following lemma.

Lemma 2.67 Let f be a continuous r-cochain, then f arises from an element
in C"(G/H, M™) for some open normal subgroup H of G by inflation.

Proof Let f : G — M be a continuous r-cochain. Then f(G") is compact
because G" is. But M is discrete, hence f(G") is finite. The stabliser of a point
in M is an open normal subgroup of G. So f(G") is contained in Mo where
Hj is the intersection of the stablisers of elements of f(G"). Note that Hy is
open normal in G.

f~1(m) is open for each m € f(G"), hence contains the translation of some
HY . where H,, is an open normal subgroup of G. Let H; be the intersection
of these H,,’s. Then H; is open normal and f factors through (G/Hy)". If
H = HyN Hy, then f arises by inflation from an r-cochain on G/H with values
in MH. O

Proposition 2.68 The maps Inf : H"(G/H, M") — HT, (G, M) realise the
group HI, (G, M) as the direct limit of the groups H"(G/H, M*") as H runs
through the open normal subgroups H of G.

Proof If H; < H, are open normal subgroups, we have the natural map
G/H, — G/H, and inflation map C"(G/Hy, M) — C"(G/Hy, M) since
(G/H1)/(Hz/Hy) = G/Hy. So, we get a direct system. Lemma 2.67 implies
that the corresponding direct limit is indeed C7, (G, M). Now, take cohomology
and we obtain the result by remark 2.65. O

We sometimes drop the cts subscript for simplicity. What the proposition says
is that H"(lim Gy, M) = lim H" (G, M). Tf M itself is a direct limit, we have

the following.

Proposition 2.69 Let G be a profinite group, and let M be a G-module. If
M = lim M; where M; are submodules of M ordered by inclusion, then we have
H"(G,M) =lim H" (G, M;).

Proof As before, if f is a continuous r-cochain, its image is finite. Hence it’s
contained in some M; as the M;’s form a direct system ordered by inclusion (for

any M;, ,M,,,..., M, , there is M; containing all M;,, M,,,..., M;, by induc-
tion).
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Therefore, C"(G, M) = lim C" (G, M;). Hence by remark 2.65, we have the re-
sult. O

Finally, we introduce a result on cohomology triviality. The idea is that we
can show a G-module has trivial cohomology via filtration. We will use this
result later on.

Proposition 2.70 Let G be a finite group, M a G-module, M’,z >0 a de-
scending chain of submodules s.t. M® = M and M = lim M/M". If r > 0 and

H™(G,M*/M") =0 for all i, then H" (G, M) = 0.

Proof If f is a r-cochain € ker d"*! with values in M, there is a (r — 1)-cochain
g1 s.t. f = d"g; + fi1 where f; takes values in M' since H" (G, M/M*') = 0.
Inductively, we construct f,,gn s.t. fn = d"gns1 + fne1 where f, € kerd™+!
with values in M"™ and g, is a (r — 1)-cochain with values in M"~1. Let g =
g1+ g2 + - - -, this converges by the assumption on the inverse limit. It defines a
(r — 1)-cochain with values in M and f = d"g by continuity. Hence f € Imd",
so H'(G,M)=00O

3 Reciprocity Law

In this section, we will use cohomology to prove the existence in theorem 1.1.
Throughout this section, unless otherwise stated, K will always be a fixed local
field. Og denotes the ring of integers and My denotes the unique maximal
ideal of Ok. Results on local fields can be found in [2].

Given a finite Galois extension L of K, if G = Gal(L/K), G acts on L and
L*. So, L and L* are natuarally G-modules. Note that the norm map Ng
we used in the last section to define the Tate groups now become T,k and
(Np K )|~ respectively. We will see that H'(G, L*) is always trivial, so we will
be more interested in H2(G, L*). To simplify notations, we write H?(L/K) for
H2(G,L”).

3.1 Cohomology of Local Fields

Using the description of H! by crossed homomorphisms in the previous sections,
we can show that H!(G, L*) = 0 as claimed above.

Theorem 3.1 (Hilbert’s Theorem 90) Let L/K be a finite Galois extension
with Galois group G, then H'(G,L*) = 0.

Proof Recall H!(G,L*) = {crossed homos}/{principal crossed homos}. Let
f : G — L* be a crossed homomorphism, ie f(¢'g) = (¢'f(9))f(g") for all
9.9 €G.
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Forae L™ letb=73%" ¢ f(g9)~(ga). For a fixed ¢’ € G, we have

gb = D (g f(9)  (g'ga)

geqG

fg) Z f(g'9)"(¢g'ga) (since f is a crossed homo)
geG

= f(g")b

By the independence of characters, there exists a s.t. b # 0. Hence f(g) = g-b/b,
ie f is principal. Therefore, H'(G,L*) =0. O

This is a very useful result as we will see later on. Our first application is
to apply it to he inflation-restriction sequence to say something about H?Z.

Lemma 3.2 If E O L DO K is a tower of Galois extension, then there is an
Inf Res

exact sequence 0 — H*(L/K) — H*(E/K) — H?*(E/L).

Proof By the fundamental theorem of Galois theory, H = Gal(E/L) is a
normal subgroup of G = Gal(E/K) and G/H = Gal(L/K). By theorem
3.1, H*(H,E*) = 0. Hence, by proposition 2.37, there is an exact sequence
0 — H*(G/H,(E*)!) - H*(G,E*) — H?*(H,E*). This gives the exact se-
quence claimed since (E*)H = L* by the Galois correspondence. O

In fact, the cohomology of L is even simplier than that of L*. H°(G,L) =
LY = K as usual. For cohomology in positive dimensions, we have the follow-
ing.

Proposition 3.3 Let L/K be a finite Galois extension of a local field with
Galois group G, then H"(G,L) =0 for all r > 0.

Proof By the normal basis theorem, there exists « € L s.t. {galg € G} gives a
basis of L over K. So L = K[G] as a G-module. But we have K[G] =Ind{' K,
so H"(G,L) = H"(1,K) = 0 for r > 0 by Shapiro’s lemma and lemma 2.15. O

We now turn our attention to unramified extensions. Recall from local fields,
we have the following.

Theorem 3.4 If L/K s a finite unramified extension, then O = Okla] for
any a s.t. a generates kr, over kg .

Lemma 3.5 Let L/K be a finite unramified extension, then L/K is Galois iff
kr/kk is Galois. Moreover, in this case, Gal(L/K) = Gal(kr/kk).

If L/K is a finite unramified extension inside K (recall K® is a fixed separa-
ble algebraic closure of K), then L/K is Galois and Gal(L/K) = Gal(kr/kk).
Since kg is finite, and ky, /kk is a finite extension, G = Gal(L/K) is cyclic, gen-
erated by the Frobenius map x — 27 where ¢ = |kx|. We denote this element
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by FI‘ObL/K.

We write Uy, for the group of units in L and U ém) =14+ 9M7. Recall from

local fields that we have UL/US) =~k and Uém)/UémH) = kr, as G-modules.
As shown below, both have trivial Tate groups.

Lemma 3.6 With the above notations, Hy.(G,k;) =0 for all r. In particular,
the norm map ki — kj; is surjective.

Proof By theorem 3.1, H}.(G, k;) = 0. Note that G is cyclic. By proposition
2.56, h(ky) = 1. So H%(G,k;) = 0 too. Hence, by proposition 2.52, all the
Hi’s are 0.

HY(G,k}) = (k})9 /Ny k (k) by definition. But (k)% = k). So HA.(G, kf) =

0 implies N/ : kj — kj is surjective. O

Lemma 3.7 With the above notations, H}.(G,kr) = 0 for all r. In particular,
the trace map kr — ki s surjective.

Proof As in the proof of proposition 3.3, we can show that H" (G, kr) = 0 for
all » > 0. Hence proposition 2.52 proves the first statement. Similar to the
proof of lemma above, H% = 0 implies the surjectivity claimed. O

Using these two results, we can show that Uy itself has trivial cohomology
in positive dimensions by proposition 2.70. In fact, all Tate groups are trivial.
We prove this in two steps.

Proposition 3.8 For any finite unramified extension L/K, the norm map re-
stricted to Uy, NL/K :Up — Ugk 1s surjective.

Proof Let u € Ug. Then by lemma 3.6 and UK/UI(Q) &~ k., there exists
vo € Up s.t. N/ (vo) =u modUl((l).

Note that under the isomorphism U ém) /U émﬂ) =k, multiplication on the left
corresponds to addition on the right. So the norm map on the left corresponds
to the trace map on the right, which is surjective by lemma 3.7. Hence, there

exists v € US) st. Npjx = u/Np /i (vo) modUg). Continue inductively, we

have a sequence (v,,) where v, € Uén) and u/Np k(v ---vn) € UI(?H). Let

v = lim Hvi. Then u/Np/k(v) € UI(?) for all m, hence it can only be 1. So
i=1
NL/K(’U) =u. O

Proposition 3.9 Let L/K be a finite unramified extension with Galois group
G. Then H}.(G,Ur) =0 for all r.

Proof If 7 is a uniformiser of K, it’s also a uniformiser of L. So, L* = Uy, x 7%

and G acts trivially on 7% = Z. By remark 2.18, H"(G,L*) = H"(G,UL) x
H" (G, 7%). By theorem 3.1, H'(G, L*) =0, so H'(G,Ur) = 0. By proposition
3.8, HY)(G,Uy) = Uk /N k(UL) = 0. But G is cyclic, hence the result by
proposition 2.52. O
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Remark 3.10 If L/K is an infinite unramified extension, H"(G,Ur) = 0 for
all r > 0 by taking direct limit in proposition 3.9. This enables us to work out
H"(G,L*) as below.

Lemma 3.11 Let L be an unramified extension of K (possibly infinite), G =
Gal(L/K), then H (G, L*) =2 H"(G,Z) for all T > 0.

Proof As above, H"(G,L*) = H"(G,UL) x H"(G,7%). But we have shown
that H"(G,Ur) = 0 for all > 0, hence the isomorphisms claimed. O

3.2 The Invariant Map

We will now define the invariant map for an unramified extension which we
will extend to a general extension later. It will eventually enable us to define a
map which satisfies the conditions in theorem 1.1 proving the existence of ¢x
as claimed.

We noted in the proof of lemma 2.51 that Hom(G, Q/Z) = HY(G,Q/Z) for any
G acting on Q trivially. For L/K an unramified extension, with G = Gal(L/K),
G is generated by o =Frobg, the Frobenius map. Hence, we have a homo-
morphism from Hom(G,Q/Z) to Q/Z by sending f to f(o). On the other
hand, we showed that H"(G,Q) = 0 for all r, so the long exact sequence
arises from the short exact sequence 0 — Z — Q — Q/Z — 0 gives an
isomorphism & : H(G,Q/Z) — H?*(G,Z). Finally, we have an isomorphism
0 : H*(L/K) — H*(G,Z) induced by ord;, by lemma 3.11. Putting all these
together, we have the following definition.

Definition 3.12 The composition map from H*(L/K) to Q/Z defined below is
called the invariant map of L/K.

H*(L/K) % H*(G.,2) ~ H'(G,Q/Z) = Hom(G,Q/2) "1\ @z

We denote this map by invy x : H*(L/K) — Q/Z.
Since G is cyclic of order n := [L : K], generated by o, the valuation map

1
Hom(G,Q/Z) — Q/Z is injective with image EZ/Z' Since ¢ and 6 are both

isomorphisms, invy, /g defines an injective homomorphism with the same image.

Note that the composite of two finite unramified extensions of K is again un-
ramified (as the value group will stay the same). Hence, the union of all finite
unramified extensions of K is an infinite unramified extension of K. We de-
note this field by K"". Now, consider the corresponding residue field kgun. It
is the union of all the finite extensions of kg, hence it’s just kx. Morcover,
Gal(K"/K) ~Gal(kk /kx) = (Frobg )% where Frobg : @ — 29.

Remark 3.13 Ezplicitly, we have K™ = Uy, K (1) where p = char(kg).
By the following lemma, we can in fact extend the invariant maps of finite
unramified extensions to K™
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Lemma 3.14 There is a canonical isomorphism invy : H*(K"/K) — Q/Z.

Proof Let £ D L O K be a tower of unramified extensions. Since all the maps
in the definition of inv are compatible with Inf, the following diagram commutes.

invL/K

H*(L/K) —5Q/Z

H(E/K) =% Q/Z
As remarked above, if [L : K] = n, then H?(L/K) is isomorphic to its im-
age under invy g, %Z/Z inside Q/Z. So, by taking direct limit, we have the
isomorphism claimed. O

Definition 3.15 The map invg defined above is called the invariant map of
K.

Given an extension L/K, we can relate the two invariant maps invx and invy,
as follows.

Proposition 3.16 Let L be a finite extension of K of degree n. There is a
commutative diagram as shown below.

HQ(KUH/K) ﬂ HQ(Lun/L)

\Lian iinvL

Q/Z - Q/Z

Proof Since K" and L™ are obtained from adjoining roots of unity, we have
L"™ = L. K". Hence 7 — 7|guw defines an injection from Gal(L"™/L) to
Gal(K""/K). This gives the homomorphism Res in the diagram.

For simplicity, write G =Gal(K"™/K) and G =Gal(L"/L). Let e and f be
the ramification index and the residue degree of L/K respectively. Consider the
following diagram where the horizontal rows are just the invariant maps invg
and invy, respectively.

HX(K™/K) ~'> HY(G,Z) —> H(Gk,Q/Z) —> Q/7

iRes \LeRes \LeRes ln

H(L"™ /L) ——> H*(G1,Z) ——> H(G1,Q/Z) — Q/Z

The first square commutes because it can be obtained from the following com-
mutative diagram.
Z
le
ordy,

(Lun) X S Z

(Kun) X OrdKE
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The second square commutes because the restriction map commutes with the
boundary map (ie ¢) in the long exact sequence. For the third square, consider
the following.
d—(o)
Hom(Gg,Q/Z) ——=Q/Z
\L¢'—'¢>|GL f
(o)
Hom(Gp,Q/Z) ——=Q/Z
where o denotes both the Frobenius map of K and L. Since |kr| = |kxl|/,

(Frobr)|x :Frob{(. The above diagram commutes. By multiplying e, we have
the third square commutes as well. This proves the proposition. O

3.3 Extending the Invariant Map

In this section, we will extend the invariant map invg : H?(K"/K) — Q/Z
defined above to H?(K?®/K). To do this, we show that H?(L/K) lies inside
H?(K"/K) for any finite Galois extension L/K. In other words, H?(K""/K)
is in fact H2(K® /K). We establish this embedding in several steps.

Lemma 3.17 If L/K is Galois of degree n, then H?>(L/K) has a subgroup of
order n.

Proof Consider the following diagram.

0 — ker(Res) — H2(K"™/K) —=> H2(Lw /L)

l | |

0 —> H(L/K) — H*(K* /K) —=> H?(K? /L)

Since the two vertical inflation maps are injective (by considering continu-
ous cochains), the first vertical map is injective also. Consider the commu-
tative diagram in proposition 3.16. invk and invy are both isomorphisms, so
ker(Res) = 17/7Z. But it is embedded in H?(L/K). This proves the lemma. 0

Lemma 3.18 Let L/K be a finite Galois extension with G = Gal(L/K). Then
there exists an open subgroup V' of U, which is also a G-module s.t. H"(G,V) =
0 for all r > 0.

Proof Let € L be s.t. {gx|g € G} gives a basis for L over K. If d is a common
denominator of these gzx’s, then we can replace x by dzx, ie we may assume this
basis is in Op. Let A = > Ok(gz). It is stable under the action of G and is
open in Or. 0 € A, so there exists n s.t. 770r C A by example 2.63. Hence,
7O C Aasordp(mg) > 1. Let M = W}L(HA, then V := 1+ M is an open
subgroup of Uy, which is stable under G.

It remains to show that H"(G,V) = 0 for r > 0. The strategy is to apply
proposition 2.70, so we define a filtration by V? := 1 + 7% M for i > 0 and we
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need to show Vi/Vi*+l has trivial cohomology. Define 6 : V' — M /7 M by
0(1 + 7. 3) = B+ mx M where 8 € M.

Claim 6 is a homomorphism.

Proof of claim If 81,08, € M = 75T A C 77Oy, then 318y € 7220 C
W?(“A = mx M. Hence, we have:

01+ 7)1+ 7 Ba) = 01+ mi(Br+ Bo+ miP152))
Br+ B2+ T P1B + Tk M

Br+ B+ M

= (1 +7iB) + (1 + i Ba)

Hence the claim.

Note that (1 + 7% 3) = 0 iff B € mxgM iff 1 + 73 € VTl s0 kerf = Vitl,
Hence, V¢ /ViTt 2 M/mi M.

But M = 7)"'A, so M = A and M/nrgM = A/rgA as G-modules. A =
S Ok (gz), so AJrg A =S ki (gx) = kiG] = Ind® (kk). Therefore, we have
H"(G,M/nxM) = H"(G,V?/Vitl) =0 for all r > 0 by corollary 2.17. Hence,
we are done by proposition 2.70. O

Lemma 3.19 Let L/K be a cyclic extension of degree n, then h(Ur) = 1 and
h(L*) = n.

Proof Let V be an open subgroup of Uy, given by lemma 3.18. So, HL(G,V) =
H2(G,V) = 0. But G is cyclic, so HX(G,V) = H2(G,V) = 0 by proposition
2.52. Hence, h(V) is defined and is equal to 1. Since Uy, is compact, Ur/V is
finite. Apply corollary 2.57 to the inclusion V' — Uy, we get h(Ur) = h(V) = 1,
ie first half of the lemma.

Consider the exact sequence 0 — U — L* a7 0, we have h(L*) =
h(UL)h(Z) by proposition 2.55. By lemma 2.51(b), we have h(Z) = n. Hence,
h(L*)=mn. O

Lemma 3.20 Let L be a finite Galois extension of K of ordern, then H*(L/K)
has order n.

Proof If G is cyclic, then by proposition 2.52, H?(L/K) = HY(G, L*). Lemma
3.19 says that h(L*) = |[HX(G, L*)|/|HH(G, L*)| = n. Theorem 3.1 says that
H1.(G,L*) =0, hence |[H%(G,L*)| = |H*(L/K)| = n.

For a general G, we proceed by induction. Since K is a local field, Gal(L/K)
is soluble. If L/K is not cyclic, there exists a tower of Galois extensions L 2
K’ D K. By lemma 3.2, we have an exact sequence

0— H*K'/K) — H*(L/K) — H*(L/K')
Hence |H?*(L/K)| < |H*(K'/K)||H*(L/K')| = [K' : K][L : K'] = n by in-

duction. By lemma 3.17, H?(L/K) has a subgroup of order n. Hence equality
holds. O
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Remark 3.21 In particular, the subgroup of order n of H*(L/K)obtained in
lemma 3.17 is in fact the whole group. So, H*(L/K) C H?*(K"“/K) as we
claimed earlier. We can now extend invg as follows.

Theorem 3.22 There exists a canonical isomorphism invg : H*(K*/K) —

Q/z.

Proof If L/K is a finite extension, the subgroup H?(L/K) of H?(K*/K) is
contained in H?(K"/K) by remark 3.21. But H*(K®/K) = UH?(L/K) where
L runs through all finite extensions of K, so the inflation map H?(K"/K) —
H?(K*/K) is an isomorphism. Hence the invariant map extends as required.
O

Remark 3.23 By the diagrams in lemma 3.17 and lemma 3.16, if [L : K] = n,
the following diagram commutes.

0 — H2(L/K) — H*(K*/K) =~ H*(K" /L)

linvL/K linv}( linVL

0 SZ|Z Q/zZ - Q/Z

3.4 Reciprocity Law

We have seen that if L/K is a Galois extension of degree n, H*(L/K) is cyclic
of order n. It is identified with +Z/Z inside Q/Z via invy . We will look into
how the generators for a tower of extensions are related to each other.

Definition 3.24 With the notations above, we write ur x for the element in
H?(L/K) corresponding to tmod Z. This element is called the fundamental
class of the extension L/K.

Lemma 3.25 Let E O L O K be a tower of finite Galois extensions. Then
Res(up/k) = ug/, and Inf(ur k) = [E: Llug/k.

Proof Recall we have an exact sequence

Inf Res

0 — H*(L/K) = H*(E/K) == H*(E/L)
from lemma 3.2. If we combine this with the commutative diagram in the proof
of lemma 3.14 and the second square in the diagram of remark 3.23, we have

the following commutes.

0 —= H*(L/K) —"> H2(E/K) —=> H*(E/L)

linvL/K iinvE/K \LiHVE/L

[L:K]
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1 1 1 1
But [L:K].[E:K] = F I and T K] :[E:L]ombythetower

law, so Res(ug k) = ug/r, and Inf(ur k) = [E : Ljug/x. O

In lemma 3.11, we described the cohomology of L* by that of Z if L/K is
an unramified extension. In fact, the same can be done for a general finite
Galois extension as shown below.

Lemma 3.26 Let L/K be a finite Galois extension with Galois group G. For
all v there exists a canonical isomorphism HY.(G,Z) — Hy (G, L*).

Proof If H is a subgroup of G, then H'(H,L*) = 0 by theorem 3.1. The
isomorphism invy ,x shows that H?(L/L*) = H?(H, L*) is cyclic of order |H|.
Hence, by theorem 2.59, for all r, there is a canonical isomorphism H%.(G,Z) to
HIP2(G, LX),

Corollary 3.27 There is a canonical isomorphism G* — K* [Ny i (L*).

Proof Take r = —2 above. By corollary 2.48, there is a canonical isomorphism
from H;%(G,Z) to G*. By definition, HA(G,L*) = K*/Np,k(L*). Hence
the result. O

In particular, if G itself is abelian, G® is just G. The map above gives the
isomorphism stated in theorem 1.1(b).

Definition 3.28 For a finite abelian extension L/K, define the local Artin
map o/ K* /Ny, (L*) — Gal(L/K) to be the inverse of the isomorphism
in corollary 3.27.

Proposition 3.29 If E O L D K is a tower of finite abelian extensions of K,
then vg/k(a)|L = o1 Kk (a) for all a € K*.

Proof This can be checked directly from the definition of the local Artin
maps. Note that the map g/ (-)|L corresponds to inflation from Gal(L/K) =
Gal(E/K)/Gal(E/L) to Gal(E/K) in cohomology. The Galois group is just
H~2 which is isomorphic to H?, a cyclic group as in definition 3.24. We have
Inf(ur k) = [E : Llug/kx by lemma 3.25, so ¢g/k(-)|r identifies Gal(E/K)
inside Gal(L/K) as required. O

This enables us to give the following definition.

Definition 3.30 Define g : K* — Gal(K*"/K) to be the homomorphism s.t.
for every finite abelian extension L/K, vk (a)|L = ¢r/k(a) for alla € K*.

When L/K is unramified, ¢, maps every uniformiser of K to Froby,x by
the definition of the invariant map. So, this together with corollary 3.27 proves
the existence of theorem 1.1.
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4 The Local Artin Map

In this section, we will define formal group laws and use them to construct the
local Artin map in a different way. This will enable us to prove theorem 1.2 and
the uniqueness in theorem 1.1.

4.1 Power Series

Let R be a commutative ring with 1. Given two power series f,g € R[[T]],
fog(T) is in general not defined because we might not have convergence when
adding infinitely many elements. However, if the constant term of g is 0, we
don’t have this problem anymore and f o g(T') is well-defined.

Lemma 4.1 For all f € R[[T]] and g,h € TRI[T]], fo(goh)=(fog)oh.

Proof It is clear that (fif2) og = (f10g)(f20g) for any fi, fo € R[[T]]. So
g" oh = (goh)"” for any n. Therefore, the statement is true for f = T™. By
linearity, it is true in general. O

Lemma 4.2 If f =Y., a;T", then there exists g € TR[[T]] s.t. fog="T iff
aq s a unit. In this case, g is unique and go f =T.

Proof If g = 2121 b;T*, then the coefficients of f o g are given by a1by, ai1bs +
asby, etc, the nth one is given by ayb, + (poly in as, ..., apn, b1 ...,b,_1). Hence
there is a g with f o g(T) =T iff ay is a unit. If this is the case, all the b;’s are
uniquely determined recursively. In particular, a1b; = 1 and by is a unit. So,
there exists h s.t. go h(T') = T. But then

(M) =foT = fo(goh(T)) = (fog)(WT))=NT)
Hence, go f(T)=T. O

In general, if f € R[[X1,...,X,]] and ¢1,...9, € R[[Y1,...,Y]], then, as
in the one-dimensional case, f(g1,...,gn) is well-defined if the constant terms
of all the g;’s are zero. We would like to define abelian groups with operations
given by substitutions into symmetric power series in two variables. Explicitly,
we have the following.

Definition 4.3 Let R be a ring, a formal group law is a power series F' €
R[[X,Y]] s.t.

(a) F(X,Y) =X 4 Y+terms of degree > 2;
(¢) F(X,)Y)=F(,X).

Lemma 4.4 If F is a foraml group law, then it’s of the form F(X,Y) = X +
Y + Z CLinin.

4,521
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Proof Take Y = 0 in (a), write f(X) = F(X,0) = X +deg > 2. f(0) =
F(0,0) =0. Put Y = Z =0 in (b), we have F(X, F(0,0)) = F(F(X,0),0) or
f=F(X,0)=F(f,0) = fof. By lemma 4.2, there is a g s.t. fog(X)=X.
Therefore, fo fog= fogand hence f(X)=X. F(X,0) =X and F(0,Y) =Y
similarly. Therefore, F' is of the form claimed. O

Given the conditions we have so far, we can construct an inverse series as shown
below.

Lemma 4.5 If F is a formal group law, then there exists a unique ip(X) €
XR[[X]] s.t. F(X,ip(X))=0.

Proof By lemma 4.4, we have F(X,Y) = X +Y + Y a;; X'Y7. Set ip(X) =

i,7>1
—X +> b XF, then F(X,ip(X)) =Y X + ) a X' (=X + ) b X*).
k>2 k>2 ij>1 k>2
The cofficient of X* is by + (poly in @ij,ba2,...,bg—1). So we can solve for by

uniquely and get F(X,ip(X))=0. O

Let K be a local field. Take R = Og. If F(X,Y) =Y a;; X'Y7 € Og[[X,Y]],
then a;;jz'y’ — 0 as i,j — oo for any z,y € Mk. So, F(z,y) converges by
completeness. Therefore, if we define x +py = F(z,y), (Mg, +r) is an abelian
group (by axiom (b), (c) and lemma 4.5). Also, F' turns X R[[X]] into an abelian
group by setting f+rg = F(f, g). Roughly speaking, a formal group law defines
a group by substitutions.

Definition 4.6 Let F and G be two formal group laws, a homomorphism
from F to G is a power series h € TR[[T]] s.t. h(F(X,Y)) = G(h(X),H(Y)).
If in addition, there exists a homomorphism h' : G — F s.t. hoh'(T) =
B oh(T)=T, we say h is an isomorphism. A homomorphism h: F — F is
called an endomorphism.

Note that the above definitions agree with the ordinary notions of morphisms
when the formal group laws actually define groups concretely by substitutions.
In fact, such homomorphisms form a group also.

Lemma 4.7 Let F' and G be formal group laws. Hom(F, Q) is an abelian group
with addition f +¢ g. Moreover, End(F) is a ring with multiplication f o g.

Proof Let f,g €Hom(F,G) and h = f +¢ g.

MEX,Y)) = (f+e9)(F(X,Y))
= GU(F(X,Y)),g(F(X,Y))
G(g9(X)

= GG(f(X), f(Y)),G(g(X

= (f(X) +e f(Y)) +c (9(X) +6 g(Y)) (definition of +¢)
) +a (f(Y)

(

) (definition of +¢)
,9(Y))) (f, g are homomorphisms)

= (f(X)+gg(X) +6 9(Y)) (+¢ abelian, associative)
= h(X)+4¢ h(Y) (definition of h)
= G(h(X),h(Y)) (definition of +¢)
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Hence, h €Hom(F, G). Similarly, one can show that i¢ o f €Hom(F, G), which
is the inverse of f. So we have the first part of the lemma.
To show the second part, we need to show that the distributitive law holds. Let
f,9,h €End(F).
folg+rh)(X) = [f(F(g9(X),h(X))) (definition of +p)

F(f(9(X)), f(h(X))) (f is an endomorphism)
F(fog(X),[foh(X))
(fog+r foh)(X) (definition of 4+ )

Hence the distributivity. Finally, X is the identity. O

4.2 Lubin-Tate Group Laws

We now fix a uniformiser 7 of K and let ¢ = |kx|. We will define a formal group
law using w. This will eventually enable us to give the alternative definition of
the local Artin map we mentioned earlier.

Definition 4.8 F, is defined to be the set {f € Og[[X]] |f(X) =7X + deg >
2, f(X)=X%mod 7}.

Lemma 4.9 Let f,g € Fr and ¢1(X1,...,X5) a linear form with coefficients
in Ok. Then there is a unique ¢ € Ok|[[X1,...,X,]] s.t.

(a) ¢ = ¢1 +deg > 2;
(b) f((b(Xla .- 7Xn)) = ¢(Q(X1)7 s 7g(Xn))

Proof We will show by induction that for any r > 1, there is a unique polyno-
mial ¢,.(X1,...,X,) of degree at most r s.t.

(a) ¢r = 1 + deg > 2;
(b) f(Pr( X1,y Xn)) = ¢r(9(X1), ..., 9(Xy)) +deg > 7 + 1.

For r = 1, it is clear that ¢, satisfies these conditions since f and g agree on
the linear terms.

Suppose we have defined ¢,. By the unqgiueness of ¢,., ¢,11 must be of the form
¢r + @Q where @ is homogeneous of degree r + 1. Now, we only need to consider
condition (b) for r + 1. LHS is given by

f(QSTJrl(Xl, e ,Xn)) = f(¢T(X1, e 7Xn)) + FQ(Xl, ey Xn) + deg 2 T + 2
Similarly, the RHS of condition (b) is given by
dr(g(X1)y. o, 9(X0)) +Q(n Xy, ..., 7wX,) +deg >r+2

Q is homogeneous of degree r+1, hence Q(7X1,...,7X,) = 7" Q(X1, ..., X,).
So in order for (b) to hold, it is necessary that

flor(Xq,.. ., X0n)) — &r(9(X1), ..., 9(Xp))

artl —

=Q+deg>r+2
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Hence @ is uniquely determined. However, we have to make sure @) has co-
efficients in Og. First note that 7" — 1 € Uk, so we only need to show the
numerator above is divisble by 7. By the definition of F,., we have on one hand,

f(o-(X1,..., X)) = &r (X7 ..., Xpn)9modm
On the other hand, we have

or(9(X1),.-,9(Xn) = (XY, ..., X)modr
= ¢ (Xy...,Xpn)%modr (kg is a finite field of order q)
Hence, @ is indeed defined over Q. To finish the proof, we take ¢ to be the

power series given uniquely by ¢ = ¢, + deg > (r + 1). ¢ clearly satisfies the
conditions of the lemma and ¢ is unique because the ¢,’s are. O

We will see throughout this section that the uniqueness above is a very use-
ful tool to prove two power series to be equal.

Proposition 4.10 For any f € Fr, there is a unique formal group law Fy €
Ok[[X,Y]] s.t. f € EndFy.

Proof By taking f = g in lemma 4.9, there is a unique power series F s.t.
() Fr(X,)Y)=X+4+Y +deg > 2;
(b) f(Fp(X,Y)) = Fr(f(X), f(Y)).

So we only need to check this Fy is a formal group law.

Let G(X,Y) = F¢(Y, X), then G(X,Y) = X +Y +deg > 2. On the other hand,
FGOXLY)) = F(Fy(Y, X)) = Fy(f(Y), f(X) by (b). But G(f(X), /(V)) =
Fr(f(Y), f(X)) by the definition of G. So, f(G(X,Y)) = G(f(X), f(Y)). By
the uniqueness of Fy, we have G = Fy, ie Fy(X,Y) = F¢(Y, X).

Let G1(X,Y,2) = Fy(X, Fy (Y, Z)) and G2(X,Y, Z) = Fy(F¢(X,Y), Z). Again,
we can use the uniqueness of lemma 4.9 to show that G; = G. Hence F) satisfies
the conditions in definition 4.3. O

Definition 4.11 A power series is called a Lubin-Tate formal group law if
it’s of the form Fy for some f € F, where 7 is a uniformiser of K.

In fact, there is only one Lubin-Tate formal group law up to isomorphism. Given
f,g9 € Fr, we can construct an isomorphism using the following two results.

Proposition 4.12 For f,g € Fr and x € Ok, let [z]f,4 be the unique element
of Ok|[T]] given by lemma 4.9 s.t.

(a) [2]5,4(T) = 2T + deg > 2;

(b) folzlpg=[zlfg09

Then [z]y,4 is a homomorphism from Fy to Fy.
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Proof If we write h = [z]f 4, we need to show h(Fy(X,Y)) = Fr(h(X),h(Y)).
We will again use the uniqueness of lemma 4.9. It’s clear that both sides equal
xX + 2Y + deg > 2, so condition (a) in the lemma is satisfied.

F((Fy(X,Y)) = foh(Fy(X,Y))
= hog(Fy(X,Y)) (by the definition of h = [z]} )
= h(g(Fy(X,Y)))
= h(Fy(9(X),g(Y))) (by the definition of Fy)

Hence, this gives the condition (b) for h(F,(X,Y")). Similarly, we have

fFEr(W(X), M(Y))) = Fp(f(h(X)), f(h(Y))) (definition of FY)

Hence condition (b) for Fy(h(X), H(Y)). O

Proposition 4.13 For any z,y € Ok, f,g,h € Fr, we have [z + yl;q =
[@]1.g +F; Wrg and [xylyn = (25, 0 [Y]g,n-

Proof In each case, the power series on the right satisfies the conditions char-
acterising the power series on the left. O

Corollary 4.14 For f,g € Fr, we have Fy = F.

Proof If we take z = 1 in proposition 4.12, by proposition 4.13, we have
1]fg0[1lg,r = [1l,¢. In fact, [1];#(T) = T by the uniqueness in proposition
4.12. Similarly, [1]4.5 0 1]7,4(T) = [1]4,¢(T) = T. Hence [1];4 and [1], ; are
isomorphisms. O

As claimed above, a uniformiser w of K determines a unique Lubin-Tate formal
group law up to isomorphism. In fact, O acts on such a group law by the
following.

Corollary 4.15 Fiz x € Ok and Fy a Lubin-Tate group law, there is a unique
endomorphism [z]; : Fy — Fy s.t. [z]p(T) = 2T + deg > 2 and [z]; commutes
with f. The map = — [z]; gives a ring homomorphism from Ok to End(FYy).

Proof Take g = f in proposition 4.12, then [z]; := [z];,; has the properties
claimed. This gives a ring homomorphism by proposition 4.13 and [1]; acts as
the identity. O

4.3 Construction of K

As we have seen before, K" is fairly easy to understand via extensions of the
residue field. In order to study K?P, we will have to consider ramified extensions

36



also. To do this, we will construct a totally ramified extension K (7 a fixed uni-
formiser of K) using Lubin-Tate group laws. It turns out that K*® = K, - K",
so we only need to understand the structure of K in order to understand that
of K2b.

The valuation | - | of K extends uniquely to any finite extenstion L of K, hence
it extends uniquely to K®. We write O% for the set {x € K®| |z| < 1} and
omal for the set {x € K| |z| < 1}. Fix a uniformiser  of K. For any f € Fy,
we have an Ox-module structure on M3 with addition +p, and z-a = [z] ().
We denote this module by Ay and define A,, to be the submodule killed by [r]}.
It’s not hard to see that on taking f = ¢g and x = 7 in proposition 4.12, f
satisfies conditions (a) and (b), so [7]f = f by uniqueness. Hence A,, consists
of the roots of f(") = fo---0f. K, is defined to be U,K(A,). We will now
—_—

n
derive some properties of K.

Lemma 4.16 Let M be an Ox-module, and let M, = ker(z" : M — M).
Assume My has q = |kk| elements and 7 : M — M s surjective. Then M, =

OK/(T(”).

Proof We proceed by induction on n. The assumption on M; implies the result
for n = 1 by the isomorphism theorem.

Note that M; C M, so we have an inclusion M; — M,,. If a« € M, _1, then
a"~1. o = 0. By the surjectivity of m, there exists 8 s.t. -3 = a. Hence
™ .8 =0,ie § € M,. Hence m : M,, — M,_1 is surjective. Therefore, the
sequence 0 — My — M, 5 M,,_1 — 0 is exact.

By induction, M,,_1 = O /(7" 1), hence it has ¢"~! elements. By the exact
sequence above, M,, /My = M, _; and M, has ¢" elements. Since Ok is a prin-
cipal ideal domain with only one prime ideal, every finitely generated torsion
Ok-module is of the form Ok /(7") @ --- @ Ok /(7""). Since each summand
of M, contains a non-trivial element of M, in order for M; to be cyclic, M,
must be cyclic itself. So M,, =2 Og/(x™). O

Recall from local fields, we have the following.

Theorem 4.17 If f € Ok[X] is an Eisenstein polynomial, then L = K[X]/(f)
1s totally ramified over K, and the root of f in L is a uniformiser of L.

We can now derive the structures of A,,.

Proposition 4.18 A,, = Og/(7™), hence we have Endp, (A,) = Og/(7™)
and Auto, (A,) = (O /(™).

Proof We will show A,, satisfies the condition of lemma 4.16. Note that any two
F; and Fy are isomorphic by corollary 4.14, wlog, we may take f(X) = nX+X1.
f(X)/X is an Eisenstein polynomial of degree ¢ — 1, so f(X)/X is separable by
theorem 4.17. Hence, f(X)/X has ¢ — 1 distinct non-zero roots in M3 and f
itself has ¢ distinct roots in ML, ie [A1| = q.
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It remains to show that the multiplication by 7 is surjective. Note that for any
o € M3, there exists B € K2 s.t. [7]4(8) = f(B) = a.

Claim 3 € 93l

Proof of claim 1 > |a| = |39 + wf]. If |3%| = |70, then |B]97! < 1, s0 |B| < 1.
Otherwise, |89 + 78| = max(|8?], |73|) < 1, so |8] < 1. Either way, |8] < 1,
hence the claim. O

We will need the following general result to derive further properties of K(A,,)
we want.

Lemma 4.19 Let L/K be a finite Galois extension, with G = Gal(L/K). For
any F € Okl[[X1,...,X,]] and a1 ..., € My, we have Foay,...,oa,) =
oF(ay,...,ap) forallo € G.

Proof Since |o;| < 1, F(ay,...,a,) converges as L is complete. Note that o
perserves norm, so F(oay,...,ow,) converges in L also. The lemma is trivial
when F' is a polynomial. But o is continuous since it preserves norm. Hence
the lemma is true by taking limit. O

Theorem 4.20 Let K., = K(A,), we have the following.
(a) Kxn/K is totally ramified of degree (g — 1)g" 1.

(b) The action of Ok on A, defines an isomorphism from Aute, (A,) =
(O /M™M)* to Gal(Ky n,/K).

Proof We may let f(X) =7X + X9 as above. Since A,, is set of roots of f(),
K(A,,) is the splitting field of f(™ over K. Note that [7]} - a =0 where r <n
implies [7]% - @« = 0, so we have inclusions A,, D A,_1 D --- D Ay.

As stated above, f(X)/X is an Eisenstein polynomial over K. So, if i is a root
of f(X)/X, then K(a;1)/K is a totally ramified extension of degree ¢ — 1 with
uniformiser a; by theorem 4.17. Now, f(X) — «; is an Eisenstein polynomial
over K(ay), so K(aj,as)/K(ai) is a totally ramified extension of degree ¢
with uniformiser «y. Continue similarly, we have K(A,) 2 K’ O K where

K' = K(ay,...,ay,) is a totally ramified extension of degree (¢ — 1)g™ ! over
K and f(o;) = a1 for i = 2,...,n. In particular, [K(A,,) : K] > [K': K] =
(¢—1)g" .

On the other hand, Gal(K(A,)/K) can be identified as a subset of Sym(A,,).
Under this identification, an element in the Galois group will correspond to
an element of Autp, (A,) in Sym(A,) by lemma 4.19. But Aute, (A,) =
(Ok /(m™))* by proposition 4.18. Hence |Gal(K(Ay)/K)| < [(Og/(7m™)*| =

(¢—1)g" .
Therefore, we must have equality since |Gal(K (A,,)/K)| = [K(Ay,) : K]. So, (a)
is true. We have equality throughout, hence the isomorphism in (b). O

Corollary 4.21 With the notations above, T € Ng(a,)/x (K (An)™).
Proof Let ¢(X) = f(X)/X and f = go fo--of =m+ -4 X D"
—

n—1
With the notations in the proof above, we have fI"(ay,) = fI" " U(a,_1) = - =
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fM(ay) =0. K’ = K(a,) as K'/K is totally ramified and o, is a uniformiser
of K'. So, [K(ay): K] = (¢—1)¢" " and f[" is the minimal polynomial of
over K, hence Ng(a,)/ K (an) = (—1)(‘1_1)’1"7171 This is just 7 unless ¢ = 2 and
n = 1. The case n =1 is trivial. Hence the claim. O

Corollary 4.22 The action of Ok on A, induces an isomorphism from Oy to
Gal(K,/K).

Proof By theorem 4.20, the action induces an isomorphism from (O /(7™))*

to Gal(K(A,)/K). But K, = U,K(A,,), so Gal(K,/K) = lim Gal(K(A,)/K).
On the other hand, Og = lim O /(7") and O = lim(Ok /(7"))*, hence the

result. O

Example 4.23 If K = Q, with m = p, then we have f(X) = (X+1)P -1 € F),.
F(X) = (X +1)P" =1, so K, in this case is just Qp(fipe) = UpQp(tpn ).

4.4 Construction of ¢,

For a uniformiser = of K, we want to define a map ¢, : K* —Gal(K, - K" /K)
to establish our alternative definition of the local Artin map. Since K, N K" =
K, for a € K*, it suffices to describe the actions of ¢ (a) on K, and K" sepa-
rately. If a = 7w where n € Z and u is a unit, we let ¢ (a) act on K" as Frob}
and it acts on K, with ¢ (a)(a) = [u™!];(a). We will show that K- K" = Kb
and this definition of ¢, is independent of the choice of w. To do this, we will
relate F and F, for two uniformisers m and 7’ of K via the completion of K",

We write K™ for the completion of K", |- | extends to K™ and we write
9 for its ring of integers. Note that Frobg extends to K"", denoted by o.

Lemma 4.24 Define a homomorphism from O to itself by x — ox — x. This
is surjective with kernel Oy . Similarly, the homomorphism from O with x +—
ox/x is surjective with kernel O .

Proof Let R be the ring of integers in K" with maximal ideal n. Then
lim R/n™ = O. The residue field R/n = k.

Claim 0 — O /9% — R/n™ Z=3 R/a™ — 0 is exact.
Proof of claim We proceed by induction on n. For n = 1, it’s clear since

(0 —1)(z) = 27 — z and this charactrises k- in kr. So assume the sequence is
exact for n — 1. Consider the following diagram.

0 R/n R/n"HR/n”_l —0
\Lo—l J{a—l \Lo—l
0 R/n R/n" —— R/n""1 ——=
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where the first and third vertical maps are surjective with kernels Og /Mg and
Ok/ SUZ?{I respectively. By the snake lemma, we have an exact sequence

0 — O /My — ker(y,) — O /M — 0 — coker(y,) — 0

where -, denotes the map o — 1 : R/n™ — R/n". So 7, is surjective and the
kernel has ¢" elements. But Og /9% lies inside the kernel and |Og /9% | = ¢",
so in fact ker(y,) = Ok /9. Hence we have the exactness for R/n™. This
proves the claim.

We obtain the result for ¢ — 1 by taking inverse limit. The proof for the second
half of the lemma is similar. O

Using this lemma, we can relate elements in F,; and F, for two uniformisers m
and 7/. We will do it in several steps.

Proposition 4.25 Let m and 7’ be uniformisers of K with #’ = urw. If f € Fx
and g € Frr, then there exists e € O s.t. oe = ue and there exists 6(T) € O[[T]]
s.t.

(a) (T) = €T + deg > 2;
(b) o6 =00 [u]y.

Proof By lemma 4.24, there exists € € 9% sit. oe/e = u, ie e = eu. We
construct a sequence of polynomials 6, satisfying the following.

(1) If r > 1, then 0,(T) = 0,_1(T) + bT" for some b € O;
(2) 00, =60 ulf+deg >r+1.

Let 61 (T) = ¢I'. Then 061(T) = euT = e(uT + ---) + deg > 2, so condition (2)
is satisfied. Now, assume 6,. has been chosen. Let 6,,1(T) = 0,.(T) + ae"t1T7+1
for some a € 9. Thus, condition (2) says the following.

00, (T) + (ca)(oeT) ™ = 6, o [u] (T) + a(euT)" ™ + deg > r + 2

So, for this to be true, we need (ca — a)(eu)"** = ¢ where c is the coefficient
of T in 6, o [u]f — 0f,. Such an a exists by the surjectivity of o — 1 from
lemma 4.24. Hence, we can take 6 to be the power series defined by these 6,.’s. O

Note that € is a unit in O. By lemma 4.2, these exists 7! € TO[[T]] s.t.
o0 1 (T)=6"100(T)="T. This enable us to choose # to be an isomorphism
from Fy to F, as shown below.

Proposition 4.26 With the notations above, 8 can be chosen so that we have
the following.

(a) O(FF(X,Y)) = Fy(6(X),6(Y));
(b) 0l = [al, o 0.

40



Proof Let 6 be any power series with the properties in proposition 4.25. Let
h=cfofof L

Claim h has coefficients in Og.

Proof of claim Proposition 4.25(b) says that o6 = #o[u]f, so h = o[u]fo fof L.
By the definition of [u], [u]; commutes with f. Hence, h = 6o f o [u]f o071
Note that f and [u]; have coefficients in Ok, so they are fixed by o. Hence
oh=o0cbo folulfooch .

On the other hand, fo[u]f o™ (T) = c0oc0 " (T) =T, s0 07! = [u]focfL.
Substituting this into the equaion for oh, we have ch = oo fof~! = h. Hence
the claim.

Recall oe/e = u, we have h(T) = oe-m- e T + -+ = unT + deg > 2 =
7'T + deg > 2. Furthermore, we have

WT) = obofol NT)
= 000 (07 H4(T)modMg (since f € Fy)
= 00(c0 N (T?))modM (by definition, o : z s x7)
= T9modMg

Therefore, h € F.. We can then relate f and g as follows.

Take 6’ = [1]44 o 0, then clearly it satisfies the conditions of the previous
proposition since [1]4 5 has coefficients in Ox. So, we can replace § by 6" and
gt o f o 0/*1 — [1]g,h oho [1];2 =g.

0 (Fr(0'~1(X),0~1(Y)) = F,(X,Y) since the LHS satisfies the conditions char-
acterising Fy in proposition 4.10. Hence, on replacing (X,Y") by (6'(X),0'(Y)),
we have (a). Similarly, we can show that ¢’ o [a]; o #'~! has the properties
characterising [a]4, hence (b). O

Corollary 4.27 With the notations above, 0 : Fy — Fy is an isomorphism.

Proof Condition (b) in proposition 4.26 says that € is a homomorphism. As
noted before, condion (a) in proposition 4.25 implies #=1 € O and so 6 is an
isomorphism. O

Finally, we can prove that K, - K" and ¢, are independent of the choice
of 7 as claimed earlier.

Theorem 4.28 K, - K" is independent of the choice of m.

Proof We use the notations above. Recall that [7]; = f and [7'];, = g. We
have:

(@0)of = (ob)o[r]s
0o [u]so[r]s (property (b) of proposition 4.25)

o [r']; (proposition 4.13)

[7]4 0 0 (property (b) of proposition 4.26)
= g (0] 0
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Therefore, f(a) = 0 implies g(fa) = 0 and g(a) = 0 implies f(0~(a)) = 0.
Recall Ay and Ay 1 are the sets of zeros of f and g respectively. Hence we
have:

kun(Ag,l) — Xun(e(Af,l)) C Kun(Af,l) — Kun(g—lAg’l) C Kun(Ag,l)

So we have equality I%'un(Af,l) = K“”(Ag’l). By taking intersection with K?!,
we have K" (Ayq) = K"™(Ag1). Similarly, K" (Ay,) = K"™(A,,,) for all n.
Hence, K™ - K, = K" -K,. O

Theorem 4.29 ¢, defined in the beginning of this section is indepedent of the
choice of .

Proof Again, we use the notations as above. ¢, (7') and ¢, (7') both act as
Frob on K"". Now consider their actions on K.

By definition, ¢,/ (7') acts as the identity on K. Let 6 be the isomorphism
from F; to F, in propositions 4.25 and 4.26. We have ¢, (7') = ¢ (u)d(7),
¢x(u) acts as the identity on K" and it acts as [u™!]; on K, whereas ¢ (m)
acts as Frob= ¢ on K" and as the identity on K. Therefore, if @ € K, we
have:

Or(m)(00) = dr(u)dx(m)(0)
= 00(¢x(u)(a)) (since 0 has coefficients in K™)
= ab([u"]f(a))
= 6O« (by property (b) of proposition 4.25)

Therefore, ¢ (7') and ¢.(7’') agree on K. Hence they are equal. But 7’ is
arbitrary, so given any uniformisers m; and 72, ¢, and ¢, take the same values
on any uniformisers, hence they take the same values everywhere. O

4.5 Existence Theorem

Fix a uniformiser 7y of K. Write K’ for K, - K"*, and let ¢/ = ¢,,. We have
seen that they are indepedent of the choice of my. Let ¢ : KX —Gal(K?"/K)
be the map constructed in definition 3.30. We will show that it coincides with
¢

Lemma 4.30 For alla € K*, ¢(a)|x = ¢'(a).

Proof Let 7 be a uniformiser of K. By corollary 4.21, 7 is a norm from K ,,, so
by property (b) of ¢ in theorem 1.1, ¢(7) acts trivially on K, ,. By definition,
@' (7) = ¢x(m) acts trivially on K ,,. On the other hand, both ¢(7) and ¢'(m)
act as Frob on K", But 7 is arbitrary. Hence the claim since K’ = UK, - K".
O

To prove the Existence Theorem, we will need to derive some properties of
the norm subgroups. First, we introduce some notations.
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If we write K, for the unramified extension K of degree m, then we have
d)ﬂo(aﬂKwoyn.Km =id for a € (1 + M%) < 7§* >. Let Ky, = Ky - Ky and
Unom = (14 D)+ < 7 >

Lemma 4.31 With the above notations, Uy m = Nk, . /k (K} )-

Proof Since ¢r,(a)|k, ,, = id for all a € U, ,,. We have ¢(a)|k, ,, = id for
all @ € Uy, m by lemma 4.30, hence U, ,, C Nk, ,./x (K} ,,) by property (b) of
theorem 1.1.

(K™ 2 Upm) = (U:14+Mg)(<mo>:< 7wy >)
(a—1)g" -

[Kron : K|[Kp : K] (by theorem 4.20 and definition of K,,)

= [Knm: K] (as Kryn N Ky, = K)

= |Gal(Kp,m/K)|

= (K™ : Nk, k(K),,)) (by property (b) of theorem 1.1)

m

Hence we have equality. O

For a general norm group, we have the following.

Lemma 4.32 Let L be a finite Galois extension of K, and assume Np,/x(L*)
is of finite index in K*. Then Ny, (L*) open in K*.

Proof Uy, is compact, Ny k is continuous, so N,/ x (Ur) is closed in K*. Note
that the norm of a unit is a unit and that of a non-unit is a non-unit, so we have
an embedding Uk /Ny, /x(Ur) < K* /Ny k(L) which is finite by assumption.
Hence Ny, x(Ur) is closed of finite index in Uk, so its complement in Uk is
a finite union of closed subsets. Therefore, Ny, x(UL) is open in Uk, hence in
K. There is an open neigbourhood of 1 inside Ny, /x(L*), hence it’s open by
translation. O

Corollary 4.33 K*® = K, - K" and ¢/ = ¢.

Proof If L/K is an abelian extension, (K* : Ny /x(L*)) = [L : K] by property
(b) of theorem 1.1. By lemma 4.32, Ny, /x(L*) is open in K*. So, it contains
Un,m for some n,m > 0. For a € K*, we have the following by theorem 1.1(b).

¢(a) fixes the elements of L < a € NL/K(LX)
¢(a) fixes the elements of Ky, < a € Np/x(K, ) = Unm
But Ny g (L*) 2 Unm, so ¢(a) fixes K, n, implies ¢(a) fixes L. Note that
LKy, s K* — Gal(L - Ky /K) is onto, hence L C Ky, .
Therefore, for any abelian extension L of K, we have L C K,, , € K, - K"" C

K®. But L is arbitrary, hence we have K* = UL = K., - K. Lemma 4.30
shows that for all a € K*, ¢(a) and ¢'(a) act as the same map on this field,
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hence they are equal. O
Finally, we can finish off our proofs for the main theorems.

Proof of the Existence Theorem

We have to show that every open subgroup H of K* of finite index is a norm
group. As we have observed, every such group contains U, ,, for some n and
m, and U, m = Nk, ,./x(K; ;). Let L be the subfield of K, ,, fixed by
bk, . k(H). Then H is the kernel of ¢ : K* —Gal(L/K), and so equals
N,k (L*) by the property (b) of theorem 1.1.

Uniqueness of ¢

Let 7 be a uniformiser of K. For any n, we have 7 € Ng_ /x(K,,) by corollary
4.21. So condition (b) implies that ¢(m) acts as the identity on K . Therefore,
o(m) acts as the identity on K,. ¢(m) acts as Frob on K" by condition (a).
K® = K. - K" so ¢(r) is uniquely determined. But 7 is arbitrary, hence the
claim.

4.6 Consequences

Using the main theorems we proved, we can now translate results from Galois
theory into statements on intrinsic properties of the local field.

Corollary 4.34 The map L +— Np,k(L*) is a bijection from the set of finite
abelian extensions of K to the set of open subgroups of finite index in K*.
Moreover, we have the following correspondence.

LiCLy & Npyk(Ly)2 Np,k(Ls);
Np,pyx(L1-L2) = Npx(L1) N Np, r(La);
Niapx(LiNLy) = Npyx(Li)-Np,/k(Lo).

for any finite abelian extensions Ly and Lo of K.

Proof By theorem 1.2, every open subgroup of K* of finite index is of the
form Ny g (L) where L/K is a finite abelian extension. Given a finite abelian
extension L of K, Gal(L/K) is identified with K* /Ny, k(L) via ¢x. More-
over, if L' is an intermediate field, then L’ is the fixed field of Gal(L/L’). By
theorem 1.1, we have for any o € Gal(L/K), o € Gal(L/L") iff ¢ (0)|L' = id
iff o corresponds to an element in Nz, ;(L'*). Hence, we have the inclusion
reversing correspondence claimed.

The last two equalities follow immediately from the Galois correspondence. O

Recall K, denotes the unramified extension of K of degree m. Using the local
Artin map, we can describe Nk, /i (k) as follows.

Lemma 4.35 Nk, /x(K}) = Uk- 7% where 7 is a uniformiser of K and U
is the set of units in K.
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Proof Let v € Ug. Note that ¢ (7)|gun is the Frobenius map. But mu is also
a uniformiser of K, so ¢ (mu)|gm = ¢ (m)|xm. We have ¢pg (u)|gu = id.
Hence, ¢ gun /g (7"u) = Frob™. Therefore, ker(¢,, /i) = Uk -7™% which equals
Nk, kx (K}) by theorem 1.1. O

We can also say something about Gal(K®"/K). Define an alternative topol-
ogy of K* by its open subgroups of finite index. These are just subgroups of
the form Ny, g (L*) where L is an abelian extension of K. Then the completion

of K* wrt this topology is just K* = lim K> /Np/k(L™). However, we have
isomorphism ¢,/ x : K* /N (L*) — Gal(L/K). On passing to inverse limits,
we have K* = Gal(K*’/K).

Finally, we can prove the Local Kronecker-Weber Theorem using what we have
got so far.

Theorem 4.36 (Local Kronecker-Weber) Let L be a finite abelian exten-
sion of Qp, then L is contained in a cyclotomic extension of Q.

Proof Let K = Q,, then p is a uniformiser. We have L C K®® = K, - K" by
corollary 4.33. But K" = Up,,Qp(pn) by remark 3.13 and K, = Q,(pp~) by
example 4.23. Hence we are done. O

5 Global Class Field Theory

We will state without proof the main theorems in global class field theory here.
Throughout this section, K denotes a number field for simplicity although some
of the results we state will hold for finite extensions of F,,(T") also.

Given a number field K, the localisation of O at a prime ideal induces a discrete
valuation on K. An embedding of K into C gives a non-discrete valuation of
K. To simplify terminology, we have the following definition.

Definition 5.1 A prime of K is an equivalence class of non-trivial valua-
tions of K. Those identified with prime ideals of Ok are called finite primes,
whereas those identified with embeddings into C are called infinite primes. We
say that an infinite prime is real if it can be identified with an embedding into
R and say it is complex if it is identified with a conjugate pair of embeddings
into C.

The completion of K with respect to a prime v is denoted by K,. The embedding
K — K, is denoted by a — a,. Sometimes we write p instead of v. For any
ideal a of Ok, Na denotes the numerical norm of a, namely (O : a).

5.1 Ray Class Groups

To make sense of the statements of the main theorems in global class field theory,
we need the notion of ray class groups. First, we introduce some notations. Let
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I be the group of fractional ideals in K and C' the ideal class group of K. For
a finite set S of primes of K, I° denotes the subgroup of I generated by the
prime ideals not in S. K denotes the set {a € K*|(a) € I°}, ie it’s the set of
elements in K* with 0 valuation at the finite primes of S. There is a natural
map i : K¥ — I’ with a — (a) = aOg. From now on, i will always denote the
map that sends a to (a).

Lemma 5.2 With the notations above, the following sequence is exact.
OHUKHKSHISHCHO
where Uk denotes the set of units in Ok .

Definition 5.3 A modulus for K is a function m : {primes of K} — Z s.t.
(a) m(p) > 0 for all primes p, and m(p) = 0 for all but finitely many p;
(b) if p is real, then m(p) =0 or 1;

(c) if p is complez, then m(p) = 0.

We write m = Hpm(p). We say a modulus m divides another modulus n if

m(p) < n(p) for all p.

We can write m = m,,mg where m., is a product of real primes and mg is a
product of powers of prime ideals. Let S(m) = {primes dividing m}, ie the set
of primes p with m(p) > 1, or just the support of m.

Let K1 = {a € K*|ordy(a — 1) > m(p)¥p € S(mp) and a, > 0Vp € S(mso)}-
Ifa € Ky and p € S(mg), then ord,(a —1) > 0 =ord,(1). If ord,(a) # 0, then
ordy(a — 1) = min(ord,(a),0) > 0 which is impossible. So, ord,(a) = 0. Note
that the definition of I°(™) ignores the infinite places, we have a € K1 implies
i(a) = (a) € I(™). This enables us to give the following definition.

Definition 5.4 Given a modulus m, the ray class group modulo m is given
by Coy = I [i( Ky 1).

We write Un,1 = Uxk N K1 and Ky, = KS5m), Then, we have the following
theorem.

Theorem 5.5 For any modulus m, there is an exact sequence
0—Uk/Uns — Kn/Kng— Cn —C —0

and canonical isomorphisms

Kn/Knm1 2 [T {4} x JT /e 2 T {4} % (Oxc/mo)*.

leoc leO p‘moo
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Corollary 5.6 C., is a finite group of order

_ 270hAN(my) 1
fom = (U : Un) [Ta- NTJ)

plmo

where 1o is the number of real primes dividing m and h is the class number of

K.

Definition 5.7 Let L/K be a finite Galois extension with Galois group G. If
p is an ideal of K, and let P be an ideal of L lying over it, ie Plp. The
decomposition group D(P) is defined to be {o € G|o'P = P}.

There is an isomorphism D(P) —Gal(Ly/K,). If P is unramified over p, then
the action of Gal(Ly/K,) on Of, induces an isomorphism on the Galois groups
Gal(Lyp/Ky) —Gal(kry, /kk,). The group on the RHS is cyclic, generated by
the Frobenius element x +— 29 where ¢ = |kg,|. The corresponding element on
LHS is called the Frobenius element (B, L/K) at B. In fact, it is the unique
element of o € Gal(L/K) s.t.

(a) o € D(P), ie 0P =P;
(b) for all @ € O, ca = a?modPB, where ¢ is the number of elements of the
residue field O /p =k, p=PNK.

We will now give some properties of the Frobenius element.

Lemma 5.8 With the above notations, let g € Gal(L/K) with g8 be a second
prime dividing p. Then D(¢B) = gD(P)g~ ! and (¢B,L/K) = g(B,L/K)g~* .

With the notations above. Given two primes B, Po of L dividing p, there
exists g € G s.t. g1 = Pao. So, {(P,L/K)| Plp} is a conjugacy class in G,
denoted by (p, L/K). When L/K is abeian, this class has one element only. We
will regard this as an element of G.

Lemma 5.9 Consider a tower of fields

M 9
|
L P
|
K p

where 9 is unramified over p. We have (Q, M/L) = (Q, M/K)I¥/*) where f
denotes the residue degree. Moreover, if L/K is Galois, then (Q, M/K)|L =

(B, L/K).
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5.2 Statements of Main Theorems

Definition 5.10 Let L/ K be an abelian extension, let S be a finite set of primes
of K containing all primes that ramify in L. Define a homomorphism ¢k :
IS — Gal(L/K) by pt* ---pl — [[(ps, L/ K)™. This is called the global Artin
map.

Proposition 5.11 Let L be an abelian extension of K, and let K’ be an inter-
mediate field. Assume S is a finite set of prime ideals of K containing all those
that ramify in L and the set of primes of K' lying over a prime in S. Then the
following diagram commutes.

P ’
18, =5 Gal(L/K)
Nir/k linclusion

YLK
—_—

I Gal(L/K)

where Ng/ /i is the norm map from I to I (this is defined to be the unique
homomorphism s.t. for any prime B of K', Ng:/x(B) = pf(B/P) where p =
BN Ok).

Corollary 5.12 For any abelian extension L of K, NL/K(IE) C ker k.

Therefore, the Artin map factors through vy x : Iy /Ny /x(If) — Gal(L/K)
by an abuse of notations.

Definition 5.13 Let S be a finite set of primes of K, G any group. We say
that a homomorphism 1 : I° — G admits a modulus if there exists a modulus
m with S(m) C S s.t. Y(i(Km,1)) =0.

Theorem 5.14 (Reciprocity Law) Let L be a finite abelian extension of K,
and let S be the set of primes of K ramifying in L. Then the Artin map ¢ : I® —
Gal(L/K) admits a modulus m with S(m) = S, and it defines an isomorphism

1™ fi( K1) - Ny (I (m) — Gal(L/K).

Definition 5.15 With the notations as in the theorem above, we call the mod-
ulus m a defining modulus for L.

We write I} for the group of S(m)-ideals in K, and I} for the group of S(m)’-
ideals in L, where S(m)’ contains the primes of L lying over a prime in S.

Definition 5.16 We say a subgroup H of I} is a congruence subgroup mod-
ulom if It D H D i(Kn1).

Theorem 5.17 (Existence Theorem) For any congruence subgroup H mod-
ulo m, there exists an abelian extension L/K s.t. H = i(Ky 1) - Np/(IT).
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For H and L as above, by the Reciprocity Law, the Artin map induces an
isomorphism 7°(™ /H — Gal(L/K). Therefore, for a fixed m, there is a field
Ly, s.t. Cy = Gal(Ly,/K) via the Artin map.

Definition 5.18 With the above notations, Ly, is called the ray class field
modulo m.

5.3 Examples

We will now give some examples to illustrate some of the theory in the previous
section.

(1) Let K = Q, L = Q[\/m] where m is a sqaure-free integer. Let S be the
set of finite primes of K that ramify in L. So S consists of the primes divid-
ing m if m = 1(mod4) and the primes dividing m together with 2 otherwise.
Gal(L/K) = {1,0} where on/m = —/m. If p € IS, ¢ ) (p) = (p, L/ K).

To find (p, L/K), we can take 5 = (p) in the definition. We have (p, L/K)a =
aPmodp for all « € Op. But O = Z[(1 + /m)/2] if m = 1(mod4) and Z[/m]
otherwise. Therefore, we have (p, L/K) = o if m is not a square modp and 1
otherwise. If we identify o with —1, ¢,k (p) is just (%), the Legendre symbol.
In general, by multiplicativity, ¥r,/x is just the Jacobi symbol.

(2) Let K = Q, L = Q[¢] where ¢ is a p'" root of unity and p is a rational
prime. Then the only prime ramifying in L is p itself. Gal(L/K) is identified
with (Z/pZ)*. Similar to above, for any rational prime ¢ other than p, we have
(¢,L/K) = (¢ — (?), corresponding to g(modp) in (Z/pZ)*. The Artin map is
just IS — (Z/pZ)* with (r/s) +— rs~!(modp).

(3) Let m be a modulus and L a subfield of L. If we write N(Cpwm) =
i(Km,1) - Npyg(I7)modi(Ky 1), similar to local class field theory, we have a
corollary to the Existence Theorem which relates the abelian extensions of K
to the norm groups.

Corollary 5.19 Fiz a modulus m. Then the map L — N(CpL w) is a bijection
from the set of abelian extensions of K contained in Ly, to the set of subgroups
Ch. Moreover, the correspondence is inclusion-reversing and we have:

N(CLng,m) = N(Clq,m) N N(CLQ,m);
N(CrinLom) = N(Crym) N(Crym)

for any intermediate subfields L1 and L.

(4) Let L/K be an abelian extension with Galois group G. By the Reciprocity
Law, there is a modulus m with support the set of primes of K ramifying in L
s.t. the Artin map 11, /k takes the value 1 on i(Ky ;). Consider the map in
theorem 5.5

(Ok J5™ D) s Ky [ Ky 5 C 25
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There will be a smallest integer f(p) < m(p) s.t. the map factors through
(O /p/®))*. The modulus §(L/K) = mq, [[p/®) is then the smallest modulus
s.t. 1 Kk factors through C;. We call this the conductor of L/K. The conduc-
tor f(L/K) is divisible exactly by the primes ramifying in L.

The subfields of the ray class field L, containing K are those conductor fm.
Every abelian extension of K is contained in Ly, for some m.

Take K = Q. Let m be a positive integer which is odd or divisble by 4. We have
a modulus m which is just the factorisation of (m) into prime ideals of Z. The
ray class field for (m) is Q[Cn + (m], and the ray class field for co(m) is Q[Cn]
where oo denotes the embedding Q <— R. Thus the Reciprocity Law implies the
Kronecker-Weber theorem: every abelian extension of Q has conductor dividing
oo(m) for some m of this form, and therefore is contained in a cyclotomic field.
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