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Abstract

Given an elliptic curve with supersingular reduction at an odd prime
p, lovita and Pollack have generalised results of Kobayashi to define even
and odd Coleman maps at p over Lubin-Tate extensions given by a formal
group of height 1. We generalise this construction to modular forms of
higher weights.

0 Introduction

Let f be a normalised eigen-newform of integral weight at least 2 and p an odd
supersingular prime for f (i.e. p divides a, but not the level of f). On the one
hand, the p-adic L-functions of f defined in [11] have unbounded coefficients.
On the other hand, the p-Selmer group over the Q., the extension of Q by
adjoining all p power roots of unity, is not A-cotorsion where A is the Iwasawa
algebra of Z,[[Gal(Q/Q)]], which can be identified with the set of power series
over Zp[Gal(k1/Qy)]. It makes the Iwasawa theory for f at p difficult.

Much progress has been made in this direction. In [13], Pollack has defined
the plus and minus analytic p-adic L-functions L;t, which have bounded coef-
ficients in the case a, = 0. When f corresponds to an elliptic curve E defined
over Q and p is as above, Kobayashi [8] defined the even and odd Selmer groups
SeljgE (F/Qs) by modifying the local condition of the usual Selmer group at p.
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These conditions are obtained by applying Honday theory to the formal group
associated to E at p. Kobayashi then used these conditions to construct

Col* : lim H' (k,, Tg) — A
<

where T is the Tate module of E at p and k,, = Q,(upn). It turns out that on
applying Col™ to the Kato zeta element defined in [6], one obtains L;t, which
can be used to show that Seli (F/Qu) are A-cotorsion. It is then possible to
formulate the “main conjecture” in the following form:

Conjecture 0.1. With the notation above, the characteristic ideal of the Pon-
tryagin dual of Selgt(E/(@oo) is generated by Lf,

On the one hand, the construction of Col® was generalised by Iovita and
Pollack [5] to Lubin-Tate extensions given by formal groups of height 1. That is,
we can replace k,, by extensions of @, obtained by adjoining torsion points of a
Lubin-Tate group of height 1 defined over Z,. On the other hand, Kobayashi’s
construction can be generalised to modular forms of higher weights by using
Perrin-Riou’s exponential map (see [10]). We will show that one can generalise
the construction of the former to higher weight modular forms as well by using
the Perrin-Riou’s exponential map constructed by Zhang [15].

As in [10], instead of defining the Coleman maps using local conditions
obtained from the formal group, we define the Coleman maps directly us-
ing the Perrin-Riou’s exponential. We then obtain our new local conditions
from ker(Coli), which turn out to agree with the ones given by Kobayashi and
Tovita-Pollack. We then use these conditions to define the corresponding Selmer
groups.

We now outline the construction of Col® here. Let V¢ be the Deligne p-adic
representation of Gg associated to f. Write V' = V;(1), the Tate twist of V;
and fix T" a lattice in V' which is stable under Gg. Then, the Perrin-Riou’s
exponential map enables us to define two elements

Env(pex) € Hig—1)/2 ® ﬁngl(ka)

where H(;_1)/2 denotes the set of power series over Q,[Gal(k;/Q,)] which are
of order logg“_l)/ 2. We then define

ﬁgi:lEﬂHl(kn,T*(l)) — H(k_l)/g
z = <Epyv(pe)z>

where <, > is a pairing on
(H(k,l)/z © lim Hl(kn,T)) % Tim HY (b, (1)) = Hgoy 2

On computing some of its special values, we show that L¢=(z) is divisible by
(k—1/2

» . This enables us

log];'f,€7 which is defined in [13] and has exact order log



to define
Col* : lim H'(k,, T*(1)) — Q®A
“—
z — Egi(z)/logik.

The structure of this paper is as follows. We will review results of [15]
in Section 1. In particular, we will state the properties of the Perrin-Riou’s
exponential map which we will need for our construction of the Coleman maps.
In Section 2, we will construct the Coleman maps using ideas from [10]. The
kernels and images of these maps will be described in Section 3 under certain
technical assumptions. In particular, we will define the even and odd Selmer
groups for some Z,-extensions of a number field using our description of the
kernels. Finally, we explain how the construction in Section 2 can be generalised
to relative Lubin-Tate groups in Section 4 using ideas of Kim (see [7]).
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1 Perrin-Riou’s exponential map over height 1
Lubin-Tate extensions

In [15], Zhang has generalised the construction of Perrin-Riou’s exponential map
defined in [12] to Lubin-Tate extensions. We review his results here.

We fix an odd prime p and 7 a uniformiser of Z,. Let a be the p-adic unit
in Z; such that m = ap. Let g be a lift of Frobenius with respect to =, i.e.
a power series over Z, such that g(X) = mX+(higher terms) and g(X) = X?
mod p. Then, g gives rise to an one-dimensional height-one formal group over
Z,, which is independent of the choice of g up to isomorphism over Z,. We
denote this formal group by F.

We write K = Q,, (reason being we want to replace Q, by a finite unramified
extension of Q, in Section 4), K, denotes the extension of K obtained by
adjoining the 7™th roots of F and G,, denotes the Galois group of K, over K
for 0 < n < oo. In particular, G,, = (Z/p")* and Go = G1 X Gal(K /K1) =
Z/(p—1) X Zp.

Let x be the character of Gk (the absolute Galois group of K) given by its
action on the Tate module of F. Then, ow = [k(0)]x(w) for all w € F[x>].
If x denotes the cyclotomic character of Gk, then £ = x1 for an unramified
character 1.

Let = denote the completion of the maximal unramified extension of Q,
and £ its ring of integers. Let 1 : G,, — F be an isomorphism between
the multiplicative group and F. Then n € O[[X]]. Moreover, n(X) = QX+
(higher degree terms), where Q is a p-adic unit. The lift of Frobenius g satisfies
gon=mn?o((1+X)? —1) where ¢ is the Frobenius of Gal(Q,"/Q,) which acts
on 7 by acting on its coefficients. In particular, Q¥ = af).



Definition 1.1. We define Z[[X]]¥ to be the set of power series f, defined over
Z, such that o f(X) = f((1+ X)¥@) —1)Vo € Gg.

In particular, [15, (1.13)] says that n € Z[[X]]¥. The significance of this set
is given by the following:

Lemma 1.2. Let f € Z[[X]]¥ and ¢ a p™th root of unity. Then f(( —1) € K,,.
Proof. By definition, o f(X) = f((1 + X)¥(®) —1) for any ¢ € Gg. Therefore,

we have

o(f(C=1)) = (@) -1
f@x(o)w(cﬂ —-1)

F(¢) =),

If, in addition, ¢ € Gk,,, then k(o) € 1+ p"Z,. Hence, o(f(( — 1)) = f({—1)
for any o € Gk, , so we are done. O

From now on, we fix a primitive p™th root of unity (,» for each positive
integer n such that Cg i1 = (pn. This determines an element ¢ € B}, (see [2,
Section III.1] for details). We also fix a crystalline (hence de Rham) representa-
tion V of Gx and write D(V) = Dyg(V) = Deyis(V) for its Dieudonné module
which is equipped with a de Rham filtration and an action of ¢. We denote the
ith de Rham filtration by D(V'). We write r(V) for the slope of ¢ on D(V).
Note that the action of ¢ extends to = ® D (V') naturally.

We write V (k) for the kth Tate twist of V. Then, D(V(k)) =t *D(V) as
Gk acts on t via x. Similarly, D(V(k*)) = t-*D(V) where t, = Qt since G
acts on t, via k by [15, Section 2]. Their filtrations are given by the following;:

Lemma 1.3. The de Rham filtrations satisfy
DY(V(x)) = D'(V(5)) = tz7 D™ (V).
Proof. Since Q) € K*, we have

DYV (r))

(t;"D(V)) Nt' B,
t7(D(V) Nt QI BYL)
t1(D(V) Nt Bl,)
t-IDI(V).

Hence we are done. O

For r € R>, let B be a Banach p-adic space, then D,.(Q,, B) denotes the set
of tempered B-valued distributions of order r (in the sense of [2, Definition 1.4.2])
on the locally analytic functions with compact support in Q,. It is equipped
with a Galois action of Gk as defined in [15, (3.1)]. Similarly, if A is a compact
open subset of Q,, D, (A, B) denotes the set of tempered distributions of order
r on A with values in B.



When A = Z,, we write the Amice transform of y € D,(Z,,B) as A, €
B[[X]], i.e.

43 = [ (14 X)7uta).

P

We define D,.(Q,, 2@ D(V))¥ to be the subset of D,.(Q,, E®D(V')) consisting
of all the distributions p satisfying:

o (/Q fu) = /@p fW(o)z)n Vo € Gk.

Remark 1.4. Let y € D,.(Z,,Z® D(V)). Then, p € D,(Z,,E® D(V))¥ iff its
Amice transform is in Z[[X]]¥ @ D(V) (see [15, Proposition 2.4(i)]).

We define D, (Z),E® D(V)) to be im D, (Z),E @ D(V (x*))) where Tw is
<
Tw

the twist map given by p — (—tx)~1u, which is well defined by [14, Lemma 3.6].
We define D, (Q,,Z ® D(V)) similarly. In [15, Theorems 3.3 and 3.6], the gen-
eralised Perrin-Riou’s exponential is given by:

Theorem 1.5. Let h be a positive integer such that D~"(V) = D(V). Then,
there is a map

— —_ — GOO
E}LV : DT(QP7: ® D(V))¢D®¢ L HY (KooaDr+r(V)+h(Z;<7D(V)))

such that for k> 1—h

/2 2B (1)

X
P

/ 2 By, v (1)
14+pZ,

where € is as defined in [2, Section V.1] and exp, denotes the exponential map
for the p-adic representation V (k*) as defined in [1].

p Jux (—tx)*

(k+h—1)lexp, <§"n/z ‘ (pﬂ) “Zﬁ)k)

(k+h—1)lexpy ((1 )11 - (p;l) . > :

P

2 The construction of even and odd Coleman
maps

We construct Col® in three steps. First, we prove some elementary results
about distributions on Z) in Section 2.1. In Section 2.2, we explain how to
construct a measure pe € Do(Z),E ® D(V))? from a given { € D(V) and
compute some special values of Ep v (ue) using Theorem 1.5 and results from
Section 2.1 . Finally, in Section 2.3, we apply these results to a modular form f
by choosing two elements of D(V}), namely ¢£. We then proceed as explained
in the introduction to construct Col®.



2.1 Distributions on Z;

Let i € Dp(Zy, Z® D(V))¥, then p € Dr(ZS,E@ D(V))? iff

> A+ X)—1)=0.

¢r=1

On the space of power series satisfying this condition, D = (1 + X)% acts
bijectively. Moreover, for such u, we have

DH Ay (G 1) = [ K (&)t 1)

see e.g. [2, Section L.5].
Lemma 2.1. Any pu € D,(Z;, 2@ D(V))" can be lifted to

i € D (Qy, 2@ D(V))#PEe=1,

Moreover, the image of such a lift under Ep, v is independent of the choice of
the lift.

Proof. [2, Lemma IX.2.8 and Remark IX.2.6(iii)] and [15, Lemma 3.5]. O

Given any p € D.(Z),E® D(V))¥, we abuse notation and write Ey v (1) =
Ep,v(it) where i is a lift given by Lemma 2.1. The fact that op ® ¢(f) =

implies that
[ swi=e( [ remn) )

for any f and A C Qp. It allows us to compute some special values of .
Lemma 2.2. With the above notation, [, a*i = (1—pFp)~! (D¥A,(0)).
Proof. Since pig restricts to e on Z,', (1) implies that

/ xkﬁg:/ zkug = Dk.AH(O).
7 7

P

Hence, by applying (2) to the decomposition

/ xkﬁ=/ x’“m/ F,

Z, PZyp Zx

/ :L‘kﬁ = pkgp (/ aﬁkﬁ> + Dk.AM(O).
Z Z,

P

we have



Lemma 2.3. With the notation above,

| ( )w szklnuc C= 1)) (L - ) (DEAL(0)).

Proof. Since Z, = Z; UpZ) U -+ Up"‘lZ; Up"Z,, we have
()
Z, \P
n—1 T x
= / e() a:ku—F/ e() e
—0 A pr P pn

1=

X ~
_ szk i </ 6( n_i> mkﬁb> _’_pnkwn/ l’k/L
p Z

P

where the last equality follows from repeated applications of (2). Hence the
result by (1) and Lemma 2.2. O

2.2 Computing some special values

With the notation above, we define
_ 1
7(X) =n(X) ==Y n(C1+X)-1).

P&

Then }.,_; 7(¢(1 + X) — 1) = 0. Moreover, we have:

Lemma 2.4. We have 7 € Z[[X]]¥.

Proof. Let o € Gg, and ¢ a pth root of unity. By [15, (1.13)], n € Z[[X]]*¥ and

on(X) = n((1 + X)¥(@ —1). If we replace X by ¢?(1+ X) — 1, we have
on(C(1+X)-1) = (en)(¢°(1+X)—-1)

n((¢7(1+ X)) —1)
N(¢HO (1 + X)¥@ — 1)

Hence, on summing over (P = 1, we have

o DonCa+X)-1)] = > o1+ X)-1)

¢p=1 ¢cp=1
3 (¢ 1+ X)PO) — 1)
¢r=1
= 3+ X)¥) —1) (as w(o) € Z).
¢r=1
Hence, the sum Y- ,_; n(¢(1 4+ X) — 1) € E[[X]]*, so we are done. 0O



Let £ € D(V), then 7(X) ® & defines an element pe € Do(Z),Z @ D(V))
with

X @e= | (1+X)ne

By Lemma 2.4 and Remark 1.4, ue € Do(Z,;, = ® D(V))¥. On applying the
Perrin-Riou’s exponential, we have:

Proposition 2.5. With the notation above, we have forn>1 and k> 1—h
| o Bule) = (ot b Dlexp, (0,4(6)
1+p"Zyp

where v, (€) is defined by

1% <i DR (G — 1) @ 0 (&) + (1— ) H(DF(0) £k>>
1=0

with &, = Et7F.

Proof. The result follows from combining Theorem 1.5 with Lemmas 2.2 and
2.3 and the fact that ¢(t) = pt. O

Our assumption on the eigenvalues of ¢ implies that there is an isomorphism

H' (Koo, Dy (2, V) = Dy(Goo) @ Hiy (V)

1+p™Zy n

where Hi_ (V) := 1iinH1(Kn,V) and D, (Go) = Dr(Goo,Qp) (see eg. [2,

cor

Proposition 2]). Under this identification, we have
En,v () € Dpyr(v)(Goo) @ Hyy (V).

Write Twy, : Hi, (V) — Hi, (V(k*)) for the twist map. Recall that Twy, (1) =
(—tz)~*u, so Proposition 2.5 implies that if n > 1 and k¥ > 1 — h, the nth
component of Twy(Ej, v (1)) is given by

(k+h = 1Dlexpy (vn.k(£)) (3)

where exp,, now denotes the exponential map K, @D(V (k*)) — H(K,,V (k¥)).
Recall that G = G1 x I where I' 2 Z,,. We fix a topological generator ~y
of T', then D, (G ) can be identified with the set of power series in v — 1 over
Qp[G1] which are O(logy,).
We now assume that V has a F-vector space structure where F' is a finite
extension of Q, and the action of Gx commutes with the multiplication by F'.



Denote the ring of integers of F by Op. Let A = Op[[Gs]] = liin Or[Gy], then

there is a pairing

<, >:Hi, (V) xHi, (V*(1) — Q®A

(Tn)ns (Yn)n) = (Z [x27yn]n‘7>

oeG, n

where [,],, is the pairing on H'(K,,,V) x HY(K,,V*(1)) = F. It extends to
(Don(Goe) @ HLL (V) x (Da(Goc) @ L, (VF (1)) = Dinn(Gox)
for all m,n € R>g. This enables us to define the following:

Definition 2.6. For a fized £ € D(V), we define a map

LEHL (V' (1) = Diwy+n(Geo)
z — <Epv(pe),z>.

Following the calculations of [9], we find that for n > 1, the nth component
of Twy, L¢(z) is given by:

(Twi £2(2)), = (h+k=1! > [expp(ynk(€)7), 2k nlno
oeGy,
= h + k — ]. Z Tn, k UU? Z eXPZ(ZZk,n)U_l]n
oceGy, ceG,

where z_, ,, denotes the image of z under
Hi, (V* (1)) = Hi (VF(1)(57%) = H' (K, V(1) (7))

and Twy, acts on D,y 44 (Goo) by 0 = K(0)Fo for o € Goo
Let 0 be a character on G, which does not factor through G,_;. Since
Dkpe' " ((pn-i — 1) € K,,_; by Lemma 1.2, we have

9<Zm o> —ZD 7 (G = 1)70(0) @ 97" (€)-

oeGp oeG,

Hence, as in [10, Lemma 1.4], we have

mﬁ“ﬂ(ﬁé(z»
— | D> DR (G — 1)70(0) @ 07 (ER), Y, expi(27y,,)0(0 )
oeGy ceGy,




2.3 Modular forms

From now on, we fix a normalised newform f = 3" a,,¢" of integral weight k > 2
with p a supersingular prime for f and a, = 0 (i.e. p divides a, but not the
level of f). We allow the character of f to be arbitrary, but for the sole purpose
of easing notation, we assume that the character of f takes value 1 at p. Let
V¢ be the Deligne representation of Gg defined in [3]. Let L = Q(ay, : n > 1)
be the field of coefficients of f and fix a place of L above p. Then, V is a two-
dimensional vector space over F' = L, and the action of Gg commutes with F'.
If we take V to be Vy(1), the Frobenius ¢ on D(V) satisfies
)
p
In particular, r(V) = (k — 1)/2 — 1 and the assumption that the eigenvalues of
@ on D(Vy) are not integral powers of p is automatically satisfied. On taking
h =1 in Theorem 1.5 and writing L¢ for Eg, we have Im(L¢) C Dp—1y/2(Goo)
for any £ € D(V).
The de Rham filtration of D(V}) is given by

, D(Vy) if i<0
D' (V) = D°(Vy(i)) =4 0 if i>k
F-w if 1<i<k-1.

where w is any non-zero element of D'(Vy) = D%(V). We fix one such w,
this corresponds to a choice of periods for f (see [6]). We have D°(V (j)) =
D(V(k!)=F-wfor0<j<k-—2.

Let v = k(u), then we can define logilC as in [13]:

log;”,C = H

(I)Qn u)

)

—: 7:1

>~ Q
|

(I)2nfl (’y_ju)

log ., = )
D,k P

I
<
Il
-

7 n

where ®,,, denotes the p™th cyclotomic polynomial. In particular, the zeros of
log;r’k are given by 70 where 0 < j < k — 2 and 6 is a character of G,, which

does not factor through G,,_1 with n odd, whereas those of log;’ & are characters
k=1
of the same form but with even n. Moreover, logf_ . have exact order log,?

We can now give a generalisation of [10, Lemma 2.2]:
Lemma 2.7. Let {7 = p(w) and £ = w, then logik |Lex(z) for all z €
Hp, (V*(1)).
Proof. We have ¢?"(w) € D°(V (k")) for all integers n and 0 < r < k — 2.
Therefore, by (4), we have

K'0(Ler(z)) = 0 if nis odd,

K'O(Le-(2))

0 if n is even

10



where 0 is a character of G,, which does not factor through G, _1. Hence, the
zeros of logik are also zeros of L¢+(z), so we are done. O

In particular, since L¢+(2z) € D(y—1)/2(Goo), We have Le+ (z)/logik =0(1).
Hence, we have:

Definition 2.8. The even and odd Coleman maps are defined to be

Col* : H}, (V*(1)) — Q®A
z Egi(z)/logik.

3 Kernel

In this section, we describe the kernels of Col™, generalising those given in [5]
and use them to define the even and odd Selmer groups. We first give some
elementary linear algebra results.

3.1 Linear algebra

For any positive integer n, we write 7, = 7% ((pn — 1). Then, g™ (r,) = 0
where ¢ = go-..0g. Moreover, g(mp) = mp—1 and K,, = K(m,). We
—

will from now on assume g to be a good lift of Frobenius in the sense of [5,
Section 4.1]. In particular, we will have to assume 7 € p(1 + pZ,) which would
exclude many Lubin-Tate extensions of Q,. However, if we start with a totally
ramified Z,-extension of Q,, then we can always assume that it is obtained
from such Lubin-Tate extensions (see [5] for details). For n > 1, let 7], =
Tp — %Trn/n,l(ﬂn) =7, +1and 7] =m — p%lTrl/O(wl) =m + pfl. Then,
Try,/p—1(m;,) =0 for all n > 1.

Lemma 3.1. Let K" be the kernel of the trace map from K, to K,_1, then
{7l7:0 € G,} generates K™ over K.

Proof. Let x € K. By [5, Proposition 4.4], we have z € K[Gy|m, + K,_1.

Since Try, /1 Tn € Ky—1, we can write v = ) o a,m,” +y for some a, € K

and y € K, 1. Since Tr, /12 = Try /177 = 0 for all o, we have y = 0.

Hence we are done. 0

Corollary 3.2. Let n > 0 be an integer and o = me: for some z; € K
i=0

with 7y = 1. Then, the k-vector space generated by {a : o € Gy} is given by

® K9 where S = {i: x; # 0} and K©) = K.

i€S

Proof. We proceed by induction on |S|. The case |S| = 1 follows directly from

Lemma 3.1.

11



n—1
Without loss of generality, we assume that x,, # 0. Let g = Z x;m,. Then,
i=0
by induction, {87 : 7 € G,_1}, generates @® K over K. Fix 7 € G,,_,
i€S\{n}
and consider the following p elements: o, 0|k, _, = 7. Then, their sum equals
pB7 + (Try /1 m,)" = pB7. Therefore, for any 7 € G,,_1 and o € G, 7 and
77 lie inside the K-vector space generated by a”. Hence we are done. O

3.2 Description of the kernels

We now fix a lattice Ty in V; which is stable under Gg. Write T = Ty (1) C
V = V¢(1). To describe the kernel of Col*, we will assume p > k — 1 as in [10].
This implies that (V/T(k™))%%» = 0 for any j and n as in [10, Lemma 2.5].
Therefore, H*(K,,T (k™)) injects into H(K,,, V (k™)) under the natural map
and we can treat the former as a lattice of the latter. In addition, the corestric-
tion maps between H'(K,,T (k™)) are surjective and the restriction maps are
injective (see [8]). We will treat H*(K,,,T(k™)) as a subset of H (K, , T(k™))
for n’ > n.

Let z € H] (T*(1)), then z € ker(Col®) iff z_,,,, is in the annihilator of
the Op-module generated by {exp,,(Yn.m(£¥)?):0 € G,} for all n > 0 and
0 <m < k —2. By [10, Proposition 2.7], this is in fact equivalent to the same
statement being true for all, n > 0 with one fixed m € {0,...,k — 2} (we will
take m = 0 below).

Instead of looking at the said Op-module, we study the F-vector space
generated by these elements inside H}c (K, V (k™)) first. We can then intersect
it with H}(K,,T(+™)) to obtain the kernel.

Proposition 3.3. The vector subspace over F of H}(Kn,V(ﬁ)) generated by
the set {exp(vn,0(£%)7) : 0 € Gy}, is equal to

{z € H}(Kn, V) :cory/pmp1x € H}(Km,V)Vm even (odd)} .

Proof. Recall that by the proof of Lemma 1.2, we have o f(¢ —1) = f(¢*(9) —1)
for any f € Z[[X]]¥, ¢ € Gk and ¢ a p power root of unity. Therefore, for n > 1

D £ = 1) = Tr g f(Gn — 1).

¢r=1

If n =1, then
D F(CG = 1) = £(0) + Trip f(G — 1)

r=1

12



Hence, we have

P (€)= Zé 77" (Gt = 1) @ ™€) +7(0) ® (1 = )7 (€)
= _01 17" (Gri = 1) = ;g_jl " (s = 1) | @ 6TT(E)
+ [ n(0) -~ Cp}_jln(c D] el-97
_ g (ﬁ Lo m_i)) © ¢ = 2 Trlm) @ (1- )7 (©)
= Z:wiu D) - 7 ®E+ (1 —9) ()
Recall that ¢? = —pF~3, so we have

(1—p)! (1+ ).

Y

In particular, 7p7i1 ®&F + (1 — )7L () ¢ DO(V). Moreover, ¢"(w) € D(V)
iff r is even, hence {7,,,0(6¥)7} generates

<K+ > K“)) ® D(V)/D°(V)

ieS*

where S* = {m € [1,n] : m even (odd)} by Corollary 3.2. Hence the result by
[10, Lemma 2.8]. O

We write H } (K, V) for the vector space described in the proposition and
define H}(Kn,T)i = H}(Kn,T) N H}(Kn7 V)*. Then,
Hi(Kn, T)* ={z € H}{(K,,T) : corymy12 € Hf (K, T)¥m even (odd)}

and ker(Col®) is given by

Hiy 2 (T7(1)) = lim Hy (K, T* (1))

’ —

where H1 (K, T*(1)) is defined to be the annihilator of H}(Kn, T)* under the
pairing

HY(K,,T*(1)) x HY(K,,T) — OF.

The images of Col® can be found in the same way as [10, Section 3]. Namely,
Im(Col™) = (u—1)A+ Y A and Im(Col~) = A.
oceGy

13



3.3 The even and odd Selmer groups

Let E be a number field with [E : Q] = d. Then, the p-Selmer group of f over
FE is defined to be

Sel, (f/E) = ker (Hl(E, v/T) =[] gl Ev, WT))

(
(B0, V/T)

where v runs through all places of £ and V and T are as defined above.
Assume that p splits completely in E. Let py,...,pq be the primes of F
above p and E/FE a Z,-extension such that p; is totally ramified in Eo,. We
write E, for the nth layer. Note that E, is isomorphic to Q, fori =1,...,d.
By [5, Section 4.2], Ew p,/Ey, is contained in a Lubin-Tate extension for some
uniformiser 7 of Q, such that 7 € p(1 + pZ,). Therefore, the Col™ restrict
to liin H'Y(E,.p,,T*(1)) and it easy to check that the description of the kernels

generalise directly. For each n > 0, we can define

1
e =t (w901 T

and Sel; (f/Ew) = lim Sel>(f/En).

Unfortunately, unlike the cyclotomic case, Selff( f/Es) is not A-cotorsion
in general. However, they do satisfy a control theorem (cf [8, Theorem 9.3])
and their coranks can be used to describe those of Sel,(f/E,) (cf [5, Proposi-
tion 7.1]). Since the proofs for these results given in [5, 8] are purely algebraic
and do not involve properties of elliptic curves, they generalise to general f with
no difficulties.

4 Relative Lubin-Tate groups

We now assume K to be a finite unramified extension of @, of degree d. For a
fixed m € Z, with p-adic valuation d, let g be a lift of Frobenius with respect
to 7 in the sense of [4, Section I.1.2], then ¢’(g) is also such a lift for any
integer i. To ease notation, we will write g; for ©’(g). Each g; gives rise to an
one-dimensional formal group over Og which we write as F,,. For any positive
integer n, we write

g =" Hg:) 09" 2(gi) 0+ 0 g = Gitn—10Gitn—2°" 0 g
Let W, be the set of zeros of ggn) in K and write K,, = K(W}') which is
independent of the choice of g and i. Moreover, if w € W7 \Wg’ifl, then
K, = K(w). Let ; : G,, — F,, be an isomorphism, then 7; € O[[X]] and
- \ Wil (see [4, Section 1.3.2]). Note that g;

i =0 (G —1) € W
sends Wgi  to W;:}LH? we define the Tate module of Fy, to be

1 n
Tgi - {El ng—n'

9i—n
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Since 7); satisfies g; on; = 1y ((1 + X)P — 1), we have (wpi)n € Ty, .

The character k of G on Ty, is independent of i by [4, Proposition I.1.8].
As in the case of absolute Lubin-Tate groups, x can be decomposed as k = x1
where x is the cyclotomic character and v is an unramified character.

Results of [15] hold in this context with the obvious modifications, especially

Theorem 1.5. In particular, for any & € D(V') and i an integer, we can define

a measure ,uéi) on Z; whose Amice transform is given by 7;(X) ® £ where 7; is

defined in the same way as 7 in Section 2. We can then define L’g) as before.
For V =V;(1) and F = Q, (so Op = Z,), we define

Col : H}, (V*(1)) — Qo A?
2 o (£8(2)/108],)

i=0, ,d—1

We now follow [7, Section 3] to find the image of Col™. In particular, we
assume that g is a polynomial of degree p and the coefficient of X?~! is (yp
where (o is a root of unity in K such that Ox = Z,[(o].

Lemma 4.1. With the above notation, (Eh,v(,ué)))o, 1 =0,---,d—1, is

linearly independent over Q.

Proof. By Theorem 2.5, we have
(i) !
(Eh,v(ug—))o = exp ((1 -9t <1 - p> 7:(0) ® 5) :
We first simplify the expression (1 —¢)~1(1 — @T?l). Recall that ¢ satisfies

@ +p=0 and (1—¢)7! (1+ ).

T L4

-1
_ @
1- 1(1—)
(1—) )
1 gp‘l
= — 1N (1 -2—
1+pk*3<@+ )( p>
1 ot 1
= ———|p-T—+1--
14 pk=3 (<p P p)

- ! 1+ p+1—-
T 11 pk3 2 ) 0]

We write A = (p>~% +1)/(p* =2 + 1). Since ¢~ =w € D°(V), we have

Therefore,

-1

1) (1 - “"p) 7(0)® € = Mi#(0) ® p(w) mod D(V).
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But 7;%(0) equals to
1 .
nf (0) — v Z 1y (¢ —1) = ¢ (Co)
¢r=1

since the summands are the roots gf. By definition, (o, ¢(¢o) - - L ot(¢o) s a
Z,-basis of Ok, so we are done. O

Corollary 4.2. The image of Hi_(T*(1)) under Col™ is isomorphic to A°.

Proof. By [10, proof of Lemma 3.11], there exists an integer r such that
" (Bny () € H'(K,T)\pH' (K. T)

for all ¢. Hence, as in [7, proof of Proposition 3.9], their linear independence
over Z, implies that

—r p(3) . 1 _ d
{(p 'Cﬁ*(z))izo,...,d_l .z e HY(K, T)} =z

But the image of log, ; in Z, is a p-adic unit (see [10, Section 3.2]), so we have

p " Coly (H'(K,T*(1))) = Z{.

But the following diagram commutes (see [10, proof of Theorem 3.10]):

e - -
P ﬁs*,m (log,, ;) 1

Qp [Gm] E—— Zp [Gm]

|- |-
(log, )"

Qp[Ghl Zp|Gn]

HY (K, T*(1))

\LCOY
—rﬁ(i)
P e

HY(K,,T*(1))

n

where m > n, hence the result by Nakayama’s lemma. O
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