NON-COMMUTATIVE IWASAWA THEORY FOR ELLIPTIC
CURVES WITH MULTIPLICATIVE REDUCTION

by Daniel Delbourgo and Antonio Lei

Abstract: Let E g be a semistable elliptic curve, and p # 2 a prime of bad multiplicative
reduction. For each Lie extension Qpr/Q with Galois group Goo = Zy % L,y , we construct
p-adic L-functions interpolating Artin twists of the Hasse-Weil L-series of the curve E.
Through the use of congruences, we next prove a formula for the analytic A-invariant over
the false Tate tower, analogous to Chern-Yang Lee’s results on its algebraic counterpart.
If one assumes the Pontryagin dual of the Selmer group belongs to the My (G o )-category,
the leading terms of its associated Akashi series can then be computed, allowing us to
formulate a non-commutative Iwasawa Main Conjecture in the multiplicative setting.

1 Introduction

Fix a prime number p # 2, and let A > 1 denote a p-power free integer coprime to p.
For each integer n > 0, we set K, = Q(upn) and write Fj, = Q(ppn )" for the maximal
real subfield. We construct a p-adic Lie extension of Q by taking a union of the fields
L, = Q(upn, "VA), so that Qpr = U,,>1 Ln has Galois group

Gal(Qrr/Q) = (Zg le> < GLe(Zy)

which is a semi-direct product. In terms of a tower diagram for the various field extensions:

@FT

L,

p" > Z/p"ZL
K,

F, (z/p"2)*

L XLy
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It is proved in [12] that G := Gal(Qrr/Q) has a unique self-dual representation of
dimension p* — p*~1! for each k > 1, which is of the form

pr = pro = Ind% (x,.)

ok
for any character x,, : Gal(Ly/Ky) — p,yr (e.g. the map sending o — U(:;\/f) will do).

Setting po g = 1, then every irreducible representation of Gal(Qg7/Q) is isomorphic to
Pr,0 ® 1 for some k > 0, and some finite order character ¢ : Gal (Q(p=)/Q) — C*.

Let E be a semistable elliptic curve defined over the rationals; in particular, it is
modular by the work of Wiles. We denote by fr =Y~ a,(E) exp(2minz) the newform
of weight two and conductor Ng associated to E/q, so Ng is square-free as F is semistable.
In this article we shall assume that A is coprime to Ng, and throughout impose

Hypothesis(Mult): The elliptic curve E has bad multiplicative reduction at p.

Recall that for an Artin representation p over F', one can form the p-twisted L-function
L(E, p, s) by taking the Euler product

(i ®)eg0)" )

where 9, is a geometric Frobenius element for v, and I, the inertia group; this product
converges to an analytic function on Re(s) > 3/2. We write Q% for the real/imaginary
periods of a Néron differential associated to a minimal Weierstrass equation for E/Q.

L(E,p,s) = ] det <1 — Ngjg(v) ™0,

Theorem 1. Let p and B denote the primes of F,, and K, lying above p respectively,
define U™ := ker (Z; — (Z/p”Z)X), and write S for the set of places of Op, over A.
For every n > 1, there exists a unique element L,(E, p,) € Z,[[U™]] ® Q satisfying

LS(Ea Pn X 77[}717 1)
(QJEF QE)¢(p")/2

DL(Eop)) = LB (1 ay (B, (B 9) %

at all finite characters v of U™,

Here €p, (pn ® 1), denotes the local e-factor at p. The e-factor depends on the choice of
a local Haar measure and an additive character at p (see [24] for details). We choose the
Haar measure dz which gives Z, measure 1, and the additive character 7 : (Q,, +) — C*
given by 7(ap™™) = exp(2mia/p™) with a € Z, (these are the choices used in [4]).

Analogous p-adic L-functions were constructed in [2, 7] for the good ordinary case,
and we shall show that similar congruences to op. cit. hold in our setting, under the
following condition.

Hypothesis(x = 0): The analytic p-invariant of L,(E, p,) equals zero at each n > 0.

In particular the above condition immediately implies integrality of the p,-twisted p-adic
L-functions for E, and allows us to jettison some of the tedious technical assumptions
made in [7, 8].



We now choose a,, = L,(F, p,) for n > 1, and take ag € Z,[[U®]] ® Q to be the
Mazur-Tate-Teitelbaum p-adic L-function from [17], which exhibits p — 1 branches in
Z,[[T]]® Q. For integers j > i > 0, let N; ; : Z,[[UD]] — Z,[[UY]] denote the norm map,
and ¢ : Zp[[Z)]] = Z,[[Z,]] be the ring homomorphism induced by the p-power map on

Z). In particular N (ag) is the product H;’;g L,(E,w}), where w, is the Teichmiiller
character modulo p.

Theorem 2. Under the Hypothesis(u =0), for n > 1 there are “first layer” congruences

an = Non(ag) mod pr[[U(")]].

Coates et al [4] conjectured the existence of a non-abelian p-adic L-function when E has
good ordinary reduction at p — we will now give an analogous conjecture in our setting.
Let H = Gal(Qpr/Q%°) = F)f x Z;, where Q¥ means the cyclotomic Z,-extension of Q.
We denote by S the set

{z € Z,[|[Gx]] : Zp[[Gos]]/Zy[[G o]z is a finitely generated Z,[[H]]-module}

and write Z,[[Go]]s- for the localisation of Z,[[G]] at its p-saturation S* = J,,~, p"S.
One predicts there exists a special element -

L3 (B/Qrr) € Ky (Z,((Gaclls-)

whose evaluation at Artin representations p : Gg — Goo — GL(V) essentially yield the
p-twisted L-values L(F, p,1), up to some simple p-adic interpolation factors.

In [15] Kato reduced the question of existence for L2** into a sequence of congruence
relations, amongst the abelian p-adic L-functions {a, }n>o interpolating E over the false
Tate curve extension. More precisely, he constructed a theta-mapping

Oc...s+ : Ki(Zy[[Goo]ls+) Hen)- H Quot (Z,[[U™]])

and determined the image of ©¢_ s+ entirely through the use of p-power congruences.
Using the same arguments in [7, §3.3], we deduce from Theorem 2 the following

Corollary 3. Under the same Hypothesis(i = 0), the non-abelian congruences

a; ¢ON0 i_l(ao)>pi
N;,, . : =1 mod p"t'z,[[U™ hold for all n € N.
1§1:£n ’ (No,i(ao) ¢(ai-1) BT e 4

These congruences are necessary conditions to imply existence of L;nal(E /Qpr). If the
congruences could be strengthened from p™*! to p?", then these stronger versions would
also be sufficient to fully establish existence, using [15, Example 8.12].

Remarks: (a) Theorem 1 allows us to define p-adic L-functions for a number field F' C Qpr
by taking the product

LP(E/F7 T) = HLP(E7P7 T)

over irreducible sub-representations of Ind% 1, counted with multiplicity. We regard the
p-adic L-functions above as elements of Z,[[UM]] = Z,[[T]] via the inclusion U™ < UM,



(b) For example if F/Q is Galois, we have

LP(E/F7 T) = H Lp(Evp7 T)deg(p). (1)
p€lrr(Gal(F/Q))

(¢) If F = Q("™/A) for some n > 1, it is proved in [12, §5.2] that Indg 121 @?:1 pj
hence one obtains

L,(E/F,T) = Ly(E,u),T) XHL (B, p;, T

Let us define a non-negative integer ¢ := ord, (Ap_l - 1) — 1, depending only on p and A.
Theorem 4. If E has split multiplicative reduction at p, then
(i) L,(E,pyn) has a trivial zero at T = 0 if and only if n < 4.
(it) L,(E/Q("VA),T) has a trivial zero at T = 0 of order > §,, where &, denotes
the number of primes in Q( *V/A) lying above p.
However if E has non-split multiplicative reduction at p, there are no trivial zeros.
In the case n < 4, a trivial zero formula computing the value of L (E, p,) at T' = 0 should

be possible if one employs a deformation theory argument along the lines of [13, 9, 10].
Given a number field F' C Qp7, consider the integer

1 +ap(E).

TTF(E) == ordery—g (LP(E/F, T)) - #{plaees v of F over p} X 5

The term at the end is zero unless F has split multiplicative reduction at p, in which case
we need to offset the order of vanishing by each trivial zero contribution.

Conjecture 5. (BSD,) TTF(E) = dimg (E(F) ® Q).

For instance, assuming that the p-adic Birch and Swinnerton-Dyer Conjecture above holds
over F, the quantity r F( ) should correspond precisely to the Mordell-Weil rank of E(F).
In the followmg discussion, let A3 (E) be the number of zeros (counted with multiplicity)
of the function L,(E/F,T) on the open p-adic unit disk.

Theorem 6. (i) Under our Hypothesis(u = 0), for all integers n > 1

n an l+a (E) min(d,n
98 € s - (LY i,

(ii) Moreover for the non-Galois extensions F = Q( */A), there are similar bounds

T pni 1 an ]‘+G‘P(E) an
TQ( pr\w/Z)(E) S <p—1) X AQ(ILP)(E) — <2 X 6n + )\Q (E)



Chern-Yang Lee has derived inequalities analogous to those above, with the quantities

TL (E) and ’I“(g( o) (E) replaced by the associated Selmer ranks over the number fields.

In particular if § = 0 and the generic parity is odd, it is shown in [16, Theorem 1.11] that
corankz, Sel,~(E/Ly,) > p" — 1+ corankz, Sel,~ (E/Q(up))
while for the non-Galois extensions,
corankz, Selpe (E/@( p\/Z)) > n+ coranky Sely~(E/Q).

Note that Lee obtains lower bounds rather than upper bounds, as he is directly inputting
parity information derived from a root number formula of V. Dokchitser [12, Theorem 1].
Both Lee’s inequalities and our algebraic results below are dependent on various hypotheses
concerning the structure of the Selmer group over Qpr, which we now describe.

Let M = Hom,g (Selpoo (E/Qpr),Q/ Z) denote the Pontryagin dual of the p°>°-Selmer
group for E over the false Tate extension, and recall H was the Galois group Gal(Qpr/QY°).
We assume throughout that M belongs to the category My (Goo), so that M/M,= is of
finite-type over Z,[[H]]. Since G has no p-torsion, there is a surjective connecting map

aGoo : Kl(Zp[[GOOHS*) — KO (m’H(GOO))
and write £y for a (characteristic) element in K;(Z,[[Go]]s+) satisfying dg__ (Ear) = [M].

Notations: (i) For integers n > m > 0 we set Ly, ., := Q(y1pn, "v/A), and denote by reg, m
the regular representation of Gal(Ly, ,,,/Q). One can then define

; 1 E
Snm(E) = corankg Selpec (E/Lp m) + pmin@m) o %()

which is the p®°-Selmer corank for E over L,, ,,, increased by the trivial zero contribution
(indeed we shall show later in Section 3 that the quantity pin(m) coincides with the
number of places v of L, ,, lying over p).

(ii) Under the assumption that M belongs to the category My (G ) the Pontryagin dual
of Selyee (E/Loo,m) is a cotorsion Z,[[U™]]-module, in which case one may define the

algebraic A-invariant A% (E) to be the A myn-invariant of Selyeo (E/Log m ).
Ln,m, ZP[[U ]] P ?

(iii) Lastly for an Artin representation p factoring through G, we will henceforth write
P Ky (Zp[[Goolls+) — Quot (Z,[[UM]]) * for the ‘evaluation-at-p map’ in [4, Eqn (22)].

Theorem 7. (a) There are inequalities sy, (E) < orderp—g (q);egn,m(gM)) < leg (E).

(b) If Selyoe (E/ Loo,m)" has a semi-simple A-structure, one has a higher derivative formula

L ar P ()

Tegn,m —
e = 6 X A e % deb ()
min(s,m) 11 (E) —2
x (pm? 7 x [[Lo(B 1) x [] Tamy(E/Lpm) % #E(Lnm)ions

v|A vtoo

H logzu(‘IE,u) Zf ap(E) =41

vlp ord, (¢E,v)

up to a p-adic unit, where the {-invariant (,(E) :=
1 if ap(E) = —1.



Applying the main theorem of [1], the ¢-invariant term is non-zero as the Tate period ¢g .
associated to a rigid analytic parametrization for E at each v | p of L,, ,, is transcendental.
In fact the order of vanishing in 7(b) above will become equal to s, ., (E), if and only if
(i) the p-primary part of the Tate-Shafarevich group M(E/L,, ,,,) for E over L, ,, is finite,
and (ii) the p-adic height pairing (—, =)z, . : E(Ln,m) X E(Lpm) — Q, constructed by
Schneider and Jones [19, 20, 14] is a non-degenerate form.

Conjecture 8. s, ,(E) = orderT:0(¢>;egn’m(§M)).

We have at least one small fragment of evidence in support of this prediction.

Theorem 9. If Selyc (E/Ly.m) is finite, then Conjecture 8 holds true.

In Section 3.3 we shall formulate a ‘Main Conjecture’ linking the characteristic element
&y with the abelian p-adic L-functions constructed in Theorem 1. In the non-split case
the conjecture is straightforward to state. However in the split case a,(E) = +1 not
only do we encounter extra powers of T caused by the exceptional zero condition, but
also dual factors Dy (p,T') occurring at those same Artin representations p which produce
exceptional zeros in Ly,(E, p) (note the D)-factors themselves are non-vanishing at 7' = 0).

A Numerical Exzample. Consider the elliptic curve E15al given by the Weierstrass equation
E:y’> +aoy+y = 2>+ 2% — 10z — 10, with non-split multiplicative reduction at p = 3.
Choosing A = 2 then § = ord3(2? — 1) — 1 = 0, while K; = Q(u3) and L; = Q(u3, v/2).
Evaluating L(E, p1,s) at s = 1 yields

L(E, p1,1) ~ 1.72104398080992

and then using in-built MAGMA functions, one calculates that

L(E, p1,1)/disck,

(205,0;,)3-D/2

L*(E,p1) = ~ 4.00000000000001.

Note that we make the approximation L*(E, p1) &~ 4 as we do not expect L*(E, p1) to be
divisible by large primes (for the small A’s occurring in our computations).

As f(p1,3) = 3 we know a3(E)/ (P13 = —1, and the local L-factor for L(E, p1, s) at the
prime 2 is given by P»(FE, p1,271) = 1. Using the Dokchitsers’ technique [11, §6.10] for the
local epsilon factors, one finds ep, (p1)s ~= —1.04520385168448F — 14 + 5.19615242270663¢

in which case ep, (p1)3 / \ /dich( y2) N % Compiling this information, one obtains

9(3-1)/2

V/ disco(92)

Let us now consider o = Ind%(l) >~ 1 ® w. Evaluating L(E,0,s) at s = 1, we compute
that L(E,0,1) ~ 0.322695746401859. Again exploiting the in-built MAGMA functions:

L(E,o0,1),/discp,

G—1

(20505) "7

Py (E, p1, 2-1)M ~ 44 0(3%).

1(Ly(E,p1)) = L*(E,p) x az(E)f(p1:3)

L*(E,o0) =

~ 0.125000000000000 = é




Furthermore ep, (0); ~ —2.66453525910038E —15+1.73205080756888i and \/FJ;& ~ 1,
isci

whilst Py(F,0,27') = 2. Lastly since f(o,3) = 1, one therefore has as(FE)f (73 = —1.

Putting all of this together, we deduce that

26-D/2 2¢p (0)3
V/discg, as(E)f(@3)

As a consequence 1(L,(E, p1)) =4+ 0(3%) =14 O(3%) = 1(L3(E, 0)) modulo 3, which
is equivalent to the first layer congruence a; = N 1(ap) modulo 3 at the trivial character.

1(Ls(E,0)) = L*(E,0)x Py(E,0,27") ~ 1+0(3%).

2 The Analytic Side

We begin by recalling some background facts from the theory of Hilbert modular forms.
Let F be a totally real field such that F/Q is abelian. Following the notation from [18],
set h = |CIT(F)| to be the narrow class number of F', and choose ideles ¢y, ..., t, such that
tx <t Op (the ideals generated by the t) are all prime to p, and form a complete set of
representatives for CIT(F). We also denote the different of F//Q by dp.

Hilbert automorphic forms over F are holomorphic functions f : GLy(Ap) — C
satisfying certain automorphy properties (see [18] or [23] for details). They also correspond
to h-tuples (fi,...fn) of Hilbert modular forms on H?¢ where d = [F : Q]. If f € My (c, )
(the set of Hilbert automorphic forms of parallel weight k, level ¢ and character ¥) then

Inley = ¥() fa
for A\=1,...,h and all v € T'y(c), with

Ia(c) = {( ‘C‘ Z ) D bet ot c€taedp, a,d € OF, ad—bceo;}.

er(€z) =exp | 2mi Z £ 24

1<a<d

where z = (21,...,24) € H? &€ € F and 7, ...,74 are the distinct embeddings F' < R.
Then, each component fy has a Fourier expansion of the form

A=) = S an(©) er(€2)
3

where the sum is taken over all totally positive £ € £y and & = 0. If f is a cusp form, then
ax(0) = 0 for all A\. The set of cusp forms of parallel weight k, level ¢ and character 1) is
written Si(c, ). The form f itself also has Fourier coefficients C'(m, f) which satisfy

ax(€)Npg(tx) %/ if the ideal m = &£, ! is integral;
0 if m is not integral.

C(m,f) = {
We will employ certain linear operators on the space of Hilbert automorphic forms.

7



Definition 10. Let q be an integral ideal of O, and q an idele for which ¢ = q. We
define the operators q and U(q) on £ € My(c,9):

o (o(3 )

Vea@* X e (x( 1)

vEOFR/q

(£la) (=)

(£]U(q))(z)

These maps may also be described by their effect on the Fourier coefficients of f, i.e.
C(m,flq) = C(mg~",f)  and  C(m,f|U(q)) = C(mq,f).

We also use the operator J,, which is defined by

(£lJ0) () = ¢(det(x) ") £ (m ( ; é >)

Co

where cq is an idele with ¢y = ¢0%. Then f|J. € My(c,v 1), and f|J2? = f if k is even.
This mapping has the additional property

£l Jme = Nijg(m)*/? ([ Jc) m.

Further, when f is a primitive form in My(c, ), we have f|J. = A(f) f* where A(f) is a
root of unity, and f* is the form with Fourier coefficients C(m, f*) = C(m, f).

Remarks: (i) If fr € S§V(I'o(Ng)) is the newform associated to E/q, we write fg for the
base change of fg to the totally real field F', with trivial character and conductor ¢(fg).
Assuming F/Q is abelian, this is the Hilbert modular form whose L-series satisfies

L(s,fg) = [] L(E.¢,s) where G = Gal(F/Q).
ped

(ii) For each character x : Gal(Qpr/F,) — C*, we will write x' : Zr, — C* for the
character of ideals associated to y via composition with the reciprocity map; specifically
x' is normalised by x'(q) = x(Frob,) for all primes q of F,, where Frob, denotes an
arithmetic Frobenius element at q.

Let K/F be a totally imaginary quadratic extension. The following is due to Serre [21]:

Theorem 11. If p is an Artin representation over F which is induced from the Hecke
character x, over K, then there exists a Hilbert automorphic form g, over F such that

gy € Si1(c(gp), (det p)T) and
L(s,g,) = L(s, p).

Further, g, is primitive if and only if x, is a primitive character.

It is easily checked that the Fourier coefficients of g, are

Clmg) = Y xha).

a0,
aa=m



Also in the case F = Fj,, K = K and p = py, we assumed ged(A, Ng) = 1 which implies
that p~1c(fg) and c(g,,) are coprime ideals of Of,. The character (det p) satisfies

(det p)t(a) = Ok /r (a) XL(C‘OK)
where 0, p is the quadratic character of K/F, given on prime ideals of O by

1 if q splits in K/F
Ox/r(q) = { —1 if qis inert in K/F (2)
0  if q ramifies in K/F.

We use a non-standard normalisation [18, Chap 4, §1.4] of the Petersson inner product,

h
= z z kVZ
R = [ BN )

where F € Si(c,9), G € My(c,), d=[F: Q] and dv(2) =[], ;<4 yj_zdxjdyj.

2.1 Constructing the distribution

Let p be a 2-dimensional Artin representation over F' factoring through a subgroup of G.
For example, p might correspond to the representation induced from a Hecke character
over a CM extension of F' (e.g. character x,, in the Introduction) with theta-series g,,.
Consider the finite set of primes S = {v : v is a prime of F', v|A}; we shall study the
value at s = 1 of the normalised Rankin-Selberg product

&)\ 27
U(s,fg,8,) = <g701) Lc(2s — 1, (det p)") L(s, 5, g,)

where ¢ = C(fE)C(gp), and L(87 fEa gp) = Za C(aa fE)C(aa gp)NF/Q(a)_S'

We need a few preparatory lemmas, starting with a result on the epsilon factor ez (s, p).
The Artin L-function L(s, p) obeys the functional equation

Poo(s) L(s,p) = ex(s.p) Too (1 — 5) L(L — 5, ")

where pV indicates the contragredient representation, and I'w(s) := ((27)°I'(s))F Q.
The global e-factor at zero may be decomposed into an infinite product

EF(OMO) = H €F, (Pv»l/Ju,d%I)

all places v

where each local factor depends on the normalisation of additive characters v, and Haar
measures dz, (however the product does not).

Lemma 12. Setting ep(p) = ep(0, p), we have
(P —1/2
Agp) = i UNq(e(g,)0%) ~Per(p).

Proof. This is [7, Lemma 2.2] though there is a typographical error: ¢ should be ¢(g,). O



We will use the following integral representation, a special case of [23, Equation (4.32)].

Proposition 13. Let F, G be HMFs such that ¥ is a cusp form and G has character w.
If the Op-ideal ¢ C ¢(F)c(G) then

U(1,F,G") = Dy *n~ U (F* v(0))

c

where D denotes the field discriminant of F/Q, and V(0) := G".K9(0;¢, Op;w™1t) with
K the Eisenstein series given in [18, Chapter 4, (4.1)] whose A-components are

K905 ¢, 0p;w)a(2) = NF/Q(tNA)l/2 Zsign(NF/Q(d)) w*(dOF) Npjg(cz + d)~t
c,d

Note that the sum is taken over the set of equivalence classes

L:ADFC x O

(¢,d) €

~

where the relation ~ is defined by (c,d) ~ (uc, ud) for all u € OF.

It is useful to convert K to an Eisenstein series which has a user-friendly Fourier
expansion; we can do this via the involution .J.. If w = (det p)' then using [18, Chapter 4,

(4.6)],
Dy *Ni s (e(g,)0%)1/

Here E; is the Eisenstein series in [18, Chapter 4, (4.13)], with A-components

K9(05¢,0p; (det p)T )| Je = E1(0, ¢, (det p)T ).

 Npp(h)™2Di% \ o
E1(0, ¢, w)a(z) = (=m0 Z&gn(NF/Q(c))w (cOF) Npjg(cz +d)
c,d

so that w is viewed an ideal character modulo ¢, and the sum ranges over

Op x 05!

~

(¢,d) €

The Fourier expansion of each A-component is computed in [18, Chapter 4, Prop 4.2],
namely

E1(0, ¢, (det p)T ")\ (2) = Npjglta) /2 Z ax(§)er(éz)
0k Eety

with each coeflicient

() = Y (detp) (@)

For a finite place v of F that is coprime to ¢(fg), we label roots a(v), o/ (v) of the polynomial
X? — C(v,f5) X + Npjo(v) = (X — a(v))(X — o'(v));

we also define a(p) = a,(E) and o/ (p) = 0. From these definitions, we extend a(m), a/(m)
multiplicatively to all ideals m of Op.

10



Definition 14. Set [y := Hq|A q. Then the ly-stabilisation of fg is defined to be
fo := Y _ M(a)o/(a)fzla
allp

where M is the Mobius function on ideals.

Following [18, Chapter 4, (3.14)], define
Zo.pl, = Z M(n).g,|U(n)on.
nlpl,
In particular, g, 1, € Mi(c(g,)p?1Z, (det p)T) where ¢(g,) was the conductor of g,,.

Set ¢g = loe(fg); we shall choose Op-ideals m’ and [ such that m’ is a power of p,
supp(l') = supp(lp) and ¢(g,)p*l3|m'l". Clearly fo € S2(co) C Sa2(c(fg)m’l'), in fact

o, € Ma(e(go)p®G, (detp)’) C Ma(e(fp)m't', (det p)).
Now the associated contragredient Euler factor is defined by

Eulyy, (p¥,5) =[] (1=’ (©)B0)N(0)7*)(1 - /()5 (0)N(v)~*)

vlply
x (1=a  (v)BE)N(@)* (L —a (v)f (v)N(@©)*)
where we have factorised the Hecke polynomial for g, as
X2 = C(v,80)X + (det p)T(v) = (X = B(v))(X = 5'(v))

and likewise the dual Hecke polynomial via

—_— -1
X2~ C(v,8p)X + (det p)' (v) = (X = B(0))(X = F'(v)).
Lemma 15. There is an identity of Rankin-Selberg L-functions
w'l’
C(gp)

(fp)m/ 1\ /A
\I](S7f07gp,p[0’Jc(fE)m’[’) = NF/Q <c(g)) A(gp) «@
y)

x Eulp, (p¥,s) x (s, fr,g,)

) Clete) te)

Because we assumed that F is semistable over Q, the coefficient
C(e(fe),fe) = (-1)*TF £ 0

where T3¢ denotes the set of finite places where E has non-split multiplicative reduction.

Proof. Recall that fg|Jme = Npjg(m)*/2(fg|J.)|m. Since c(gppi,) divides c¢(g,)p?}, it
follows that

c(fg)m’l’ 12 c(fg)m’l’
8r.oto| Jettiymy = Nirjg (c(g)p% (golesome) |y

11



To avoid cramping our equations, we will write f = fz and h = g, 4, ‘Jc

(g,)p212 SO that
c(F)m't \ /2 (f)m'r
U(s, f, w) = Negl|—2—s] O(sfoh|l—2r
(5:So:8pty | Jeymv) e (C(gp)lﬁ% I PP
c(f)m'v>1/“ ( (c(f)m’[’) )
= Npjg | -4 U (s, 6|U(—-—2== ), h
e (a(gm?% 17 \elgo)p?8

c(f)m’r 1/2=s N m'r )
Nr/o (c<gp>p2r3) <c<gp>p2ra> Cel0) £) ¥ (5, fo, b

Here we have exploited the fact that L (s, fo, g:,|a) = Ngsg(a)™* L (s, f|U(a), g,,) for any
ideal a, and also the formula

c(f)ym'r ) ( m'l’ )
oo (S22 ) — o (-1 ) o), B) 5
ol () = () 005
which follows by construction of the ply-stabilisation fy. Note C(c(f),f) = a,(E) x C(n,f)
where n is the (square-free) tame conductor of E/F, and moreover

U(s,fo,h) = Npjg(p?1)' > a(p?(5) Algp) Eulyi, (07, 5) ¥(s, £, 8,).

Combining the two equations together yields the required result. O

We introduce the trace map Tréf=)™' . Ma(c(fg)m'l') — Ma(co) by

<o
c(fg)m’l’ 1 0
(H’TrcgE) >(a:) = ZH(x( cv 1 ))
veT

where c is an idele such that ¢ = ¢g, and T is the coset representatives for ¢Or / c(fg)m'l’.
This map has the property that for every F € Sy(cq),

(F,H), ymr = <F,H‘Tr§ng)m [> . 3)

co

Furthermore, from [18, Chapter 4, (4.11)] we have the formula

H|Te™Y = H|J 6y

UTigh) | Je. (4)
The latter arises from the definition of these operators, and the matrix identity
< 1 0>:(Cm)1< 0 1><1 v ><0 1)
cv 1 cm 0 0 m c 0
which holds for any ¢, m and v. If H = <I>|Jc(fE)m/ v, applying Equations (3) and (4) yields

o' H) gy = (Fol H ™) = (6!, @[U (w015 )| e,

co

()

co

The following definition differs slightly from its counterpart in [7] in that the periods we
quotient by are motivic rather than automorphic.

12



Definition 16. We define a C-linear functional Lr on the complex vector space

<f0L,@|JC0>c0

Ma{elfz)m'Y) @

U(m'[’lgl) by the rule Lp: © —

Let n > k be integers with n > 1 and k& > 0, and put F,, = Q(pp»)" and Fi = Q(upe) ™
as in the Introduction. We shall consider the Hilbert automorphic form g,, /r,, i.e. the
base change of g,, to F,, —in a slight abuse of notation, we have elected to write py/F,
as shorthand for the Artin representation Resp, (pr) = Indf(”; (Resk, (Xp.))-

Let us denote by G,, the topological group Gal(FfLLPS /F,), where F2% is the maximal

n,
abelian extension of F,, unramified outside S U {p} = {v : v|plp} and the infinite places.

Fix a multiplicative character ¢ : G, — C* of conductor fy; as in [7, Definition 2.10] we
introduce the automorphic form over F = F),:

ot = M (pr/F @ 1), c(fp)m'l)
= (pn/Frovpty) - E1(0, c(fe)m'l, (Resp, (det ,ok)f1 ®1p?)
where we assume m’ and I satisfy ¢(g,)(plofy)?|m'l’.
It follows from Proposition 13 and Equation (5) above that
(—4i)F:Q
Nr, jo(c(fp)m'(%)

Combining this with Lemma 15, we obtain the following relationship between @z’k and
the Rankin-Selberg L-function.

\Il(la va gpk/Fn®7/),p[0 ’Jc(fE)m/[’)
(05 2)1F@ |

o5 Lr, (5 UMmTGY) =

Proposition 17. For all integers n > k,

—4q)¢(@™)/2 N ¢ 02, )1/2
(// Z) EFn (¢Z,k|U(ml[/lal)> _ Fn/Q( (gpk/Fn@)dJ) F,L)
a(m'C(c(fs), ) a(c(gp, /7, 0u))
\I/(lafEag:;k/FnQ@q/;)

x Ny /Foew) x Bulyy(pr/Fp, @y~ 1) —
Pr/ plo (QEQE)[F"Q]

Furthermore, the Fourier coefficients of each A-component of @:Z’k are given by

RO = D Y (o Nm)@ vl &)
£=€14E€2 a0k,
uﬁ=515;1
x> ((etpr)f o Np )@ U072
go=be,
CEOFH,
bety

One defines an algebraic-valued distribution on G,, by
—44)[Fn:Ql

/w'd”E”’ TN e £p).f

Gn F./0r)a(mV)C(c(fp), fp)

with respect to the finitely additive functions 1. Note that the above proposition implies
the right-hand side is independent of the choice of ideals m’ and ['.

Lr (@Z’kw(m’[’[al))

13



Let us now specialise to the situation of the Introduction. Recall our elliptic curve
E was semistable over F), with bad multiplicative reduction at p, so that a(p) = a,(E)
whilst o/(p) = 0. The Euler factor in the above proposition at the primes dividing [y can
be shown to equal 1, via the same argument as was outlined in [7, proof of Lemma 3.5].
It follows that

Bulyi, (or/ Fn 0 97"5) = (1= ap(E)S0)Y™ (0)p" ™) (1= ap(E)B (o) (0)p ).

The latter factor always equals 1 unless v is the trivial character and Resg,, (x,,)(B) =1
where 3 is the unique prime of K,, above p, in which case

Eulp[o (pk/an 5) =1- ap(E)p871'
The above term vanishes at s = 1 when a,(E) = +1 (this causes the trivial zero in

L,(E, pr/F,) for small values of k).

Remark: Assume 9 is ramified only at the prime above p. Applying an identical argument
to [7, proof of Theorem 3.2], one obtains the following formula linking the HMF @Z"k with
Artin-twists of the Hasse-Weil L-function of E/p, :
ihen (—4q)2P")/2
oz(m’[’)C’(c(fE), fE)

an(pk/Fn ®'(/1)
ap(E)!(pr/Fn®v.p) Hq\A ag(pn)
LS(Evpk/Fn ®w_17 1)

-1
x  Eulpy, (pk/Fn ®y,1) x (QEQE)[FTL:Q] (©)

L (@Z’kw(m’[’[gl)) -

where hp, denoted the narrow class number of F,.

2.2 Proof of Theorems 1 and 2

We will now prove that after embedding 7, : Q— @p, we obtain a bounded p-adic measure.
Let ¢ be a character of G,, = Gal(Fs}’S/Fn); we define for integers n > k the integral

ihrn (—4g)®@")/2
a(m'C(c(fr), fr)

D) = 7 (15" <Lr, (23U h)) @

z€Gn
nk ._ qu aZ’("") :
where v~ = T, cm(on/Fy and the Hilbert modular form
v#p n njv
ot = "R (o /F, @, c(fp)m'l)

= (8p/Fooup) X B1 (0, c(fg)m'l', (Resp, det pp)f ~' @ T 72)
was as in the previous section.

n7

Proposition 18. (i) The above distribution uE,]; yields a p-bounded measure on G, .

1) For characters 1 on G, of p-power conductor, the special values of d, k() at equal
HEp

€F, (pk/Fn & ¢)p XEUlp[O(pk/Fn@)@b_l, 1))( LS(E7pk/Fn ® ’(/J 3 )

(2)dpigy () = F(or/Fn@t,p) () [Fa:Ql
zEG, ap(E) e (QpQp)En

(iii) The corresponding power series L, (E, pp/F,, T) = |, (1+T)pn71$d,ug’l;(x) belongs

TELyp
to the algebra Z,[[(1+T)P" —1]]® Q= Z,[[U™]] @ Q.

n—1

14



Proof. To show that p} 7. 18 bounded, it suffices to check the Kummer congruences — the
argument is the same as [7, proof of Proposition 3.3], which proves (i). Part (ii) follows
from (6) and (7). Finally (iii) is a consequence of [3, Theorem 4.2] which implies that all

special values 7, 1 (¥(L,(E, pr/F},))) are Aut(C)-equivariant. O
D P

In particular, choosing k = n in parts (ii),(iii) above yields Theorem 1 as a consequence.

We now explain the link between Ny, ,, (Lp(E7 pk/Fk)) and L, (E, px/F,), where Ni ,,
is the norm map Z,[[U®)]] — Z,[[U™)]] for n > k. Let ¢ : Gy — C* be a multiplicative
character; by Artin formalism, there is an equality of complex L-functions

H L(E,Pk/Fk & (771:[})717 5) = L(Evpk/Fn Y (ReSFnd})ilv 5)
n:Gal(F,, /Fr)—CX

and those characters 7 in the product may be identified with characters on U®*) JU (),
Similarly the inductivity of e-factors, conductors, Euler factors and the motivic periods
(via the Artin formalism) implies that analogous base-change relations hold for the other
terms in the interpolation formula; it follows that

11 ) (Lp(E, pi/Fy)) = /RGSUW(Q/J)'dM’]E’,]; = Y(Lp(E, pr/F))
n:U®) /UM Q)

at every character ¢ : U®) — @;7 whence Ny, (Ly(E, pi/Fy)) = Ly(E, pr/F,) (for
k =0, the element L,(E, po/F,) coincides with the norm of the p-adic L-function of [17]).

In order to prove Theorem 2, we must establish the system of p-adic congruences
L,(E, px/F,) = Ly(E, pn/F,) mod pZ,[[U™)]] for all n > k. In fact after evaluating at

each character 1), it is sufficient to establish them modulo the maximal ideal of C,. This

requires a detailed study of the Fourier expansion of the Hilbert modular form CD” k

By Atkin-Lehner theory, the linear functional L£r, decomposes into a finite linear
combination of the Fourier coefficients, so there exist finitely many ideals n; and fixed
algebraic numbers /(n;) € Q such that

0) = C(n;,0)l(n)

i"Fn (—4q)*@™)/2 L . .
Therefore putting u := % which is a p-adic unit, we have
Ce(f),Ha(m’T)

ZBbw [ vt = UBZ% cr, (oMU mrEh)
:z@Z%ZCMWk WG im)

= uz wa (na'Cl5 ", %) | Bl(n;).

By the same reasoning as [7, proof of Lemma 3.5], it suffices to show the congruences
C(m, @) = C(m, @) mod M, (8)

hold amongst the Fourier coefficients, for all m and .
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Fixing an ideal m = «ff;l and applying the second statement in Proposition 17, we
have congruences

C(m, ®3*) = Z > (b o Nk, )@ ¢t (ad) > ((det i)t o Np, ) (&) ¢7(6) 2
Bt T 2o
bety
= Y SN wfaa) Y (Ok.ym 0 Neyyr )@ ¢ (@)™ mod Me,,
£1,62 @ c

where 0, /p, is the quadratic character as defined in (2), and

Cmay™) = > >y (@¢f@a) DY (detpr)TH(@)wT(e)

§1+€2=¢ 90k, £,=bs,

aﬁ:&lf;1 cebzzin,
= > > Vi) ZGK”/FH (&)~ mod M,
1,62 a

Lastly since 0k, /r, © Np, /r, = 0K, /r, the congruences (8) are immediately established,
and Theorem 2 is proved.

2.3 Proof of Theorem 4

From our discussion directly after Proposition 17, the Euler factor in the interpolation
formula for L,(E, pi/F,,) is given by

Bty (p1/Fa ©07"5) = (1= ap(B)Resic, (x,) ()0 (p)p" )

which vanishes at the critical point s = 1 if and only if a,(E) = +1, 9 is the trivial
character, and Resg, (x,,)(B) = 1.

Lemma 19. If § = ord,(AP~! — 1) — 1 then

0 ik <0
ordy <fReSKn(xpk)) = { k—o—1 ;

2Xp otherwise.

Proof. We decompose A into ¢ x (14d) where ¢ € p,—1 and d € pZy, thus 6+ 1 = ord,(d).
Recall that if z,y € Qp(ppn), the p™-th norm residue symbol (x,y) is the p"-th root of

unity satisfying
0(y) (Vz) = (z,y) "V
where 6 is the local Artin map Qp(pipn )™/ (Qp(Lipn )™ )pn — Gal (Qp (1pn, V&) /Qp(ptpn)).
Indeed we have . .
o p\/Z) o p\/W)
T

ReSKn (ka)(O') = pm =

so locally, the character Resk, (X, ) is simply the p"-th norm residue symbol (Apnfk, -).

But A?" " = #" " x (1+d,, 1) for some d,, . € pZ,, therefore by [5] (also [22, Theorem 8])
0 if n < ord,(dn.k)
d ( es ) = v ’
ordsy (Fresre, (xor) {2 x pn=ordp(dnk)  otherwise.

16



n—k

However 1+d,, ; = (1+d)pn7k and ord,, ((1 +d)P - 1) =n—k+ord,(d) =n—k+0+1,
which produces the stated formula. O

Without loss of generality, we assume that F has split multiplicative reduction, so that
ap(E) = +1. Then the first statement in Theorem 4 follows immediately, as Euly, (pn, 1) =
0 precisely when Y, has trivial B-conductor, which by the above lemma occurs if and
only if n <. To establish Theorem 4(ii), we use the decomposition
L,(E/Q("VA),T) = Ly(E,w’,T) x [[Lp(E, p;, T)
j=1

which yields a trivial zero contribution of order 1+ j:ir{(é’") 1 = min(6+1,n+1). Moreover

n—1
Pyo Pl PEEY L opr Y ifn<o

(n);n

—1 pp(p—1) -yt
('P(n),opfm’l'P&;Q e an)75 P ) ifn>94

RN

for distinct prime ideals P, ; € Spec((’)Q( ”:L/Z)) by [16, Lemma 2.2]; hence min(6+1, n+1)
coincides with the number of primes ideals lying above p, namely §,, as asserted.

2.4 )-invariants and the Proof of Theorem 6

Let A**(E, p,) be the number of zeros of L,(E, p,) counted with multiplicity, where we
view the latter as an element of Z,[[UM]] = Z,[[T]] via the inclusion U™ s UM,
Likewise A" (E,w’) is the A-invariant of the w’/-th branch of the Mazur-Tate-Teitelbaum
p-adic L-function Ly,(E,w’) from [17].

Proposition 20. If we assume Hypothesis(u = 0), then for all integers n > 1:
(a) There is a linear growth formula N**(E,p,) = p" 1 x Z?;g N (B w);

(b) Over each Ly, = Q(uyn, 'V/A), one has A (E) = p* ! x prg A(E w).

J:
Proof. Applying [6, Lemma 2.1], the congruence in Theorem 2 implies that the elements
on both sides share the same A-invariant. Now by definition,

p—2
Nom(ao) = Nip | [[Lo(E.«”)
j=0

and if F € Z,[[UM)]] then the A-invariant of Ny ,,(F) equals that of 7 multiplied by p"~*,
therefore (a) follows directly. To establish part (b), we know that

AP (E) = > deg(p) x A*"(E,p)  from Equation (1).
pelrr(Gal(L,/Q))

However, one can decompose the irreducible representations into the disjoint union
Irr(Gal(Ly /Q)) = {0 : Gal(K, /@) = Q" Ju{pi @ 6 ‘ 1<t<n 0 Gal(K,/Ky) > Q" }

so the result follows from (a), together with some direct calculations. O
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Remarks: If the curve E has split multiplicative reduction at p, then the right-hand
side of Proposition 20(a) will be positive because of the trivial zero in L,(F,w"), hence
one must have A\**(E,p,) > 0; however when n > ¢, the corresponding p,-twisted p-
adic L-function does not satisfy the trivial zero condition. If it were then the case that
corankz, (Selye(E/Ly)?") > 0, this would suggest (assuming the BSD conjecture) the
vanishing of L(E, p,,s) at s = 1 for integers n > ¢, even if the root number in the
complex p,-twisted L-function is +1.

We now explain how to deduce Theorem 6 from the previous proposition. Firstly

o ol Y itn<s
p-YL, = ns—1,
fil p’()z)7i A R )

by [16, Proposition 2.4], so there are precisely pin(dn) prime ideals of O L, lying above p.
Therefore one concludes

1 E
TTLn (E) = orderp—g (LP(E/L,L,T)) — #{places v of L, over p} X Jr%()
< [0 U] xoam (g) - prinn o L2 0(E) ‘IQP(E )
by 20(b) =2 1+ a,(E)
y 2V 1-n 2n—1 an j min(d,n) P
= N, Wl ) _
P X (p X JZ::O (E,w)) = p X —

and Theorem 6(i) follows as a consequence.

To prove the second statement, observe that

TI@( p%)(E) + (HC;I’(E)) X 0p = orderT:()(Lp(E/@( PVZ),T))

= orderp—g (Lp (E, W, T)) + Z ordery—q (Lp (E, Pj T))

IN
T
©5
—
5
+
>
o
=}
P
&=
<
S—
|
T
©5

(B) + X P A, (B)

J=1 Jj=1

and summing up the geometric progression, clearly Theorem 6(ii) must also hold true.

3 The Algebraic Side

We now study the behaviour of the Selmer group of E over Qpp. Throughout we fix
a number field K = L, = Q(ppn, "VA) for integers n > m > 0, so that K/Q is
a finite Galois extension contained inside Qgr. As in the Introduction, one assumes
M = Selp (E/Qpr)" belongs to the My (G )-category, and denotes by regy the regular
representation of Gal(K/Q).

18



3.1 Leading terms of characteristic elements

We begin with some background on the evaluation-at-p map @;. Let O be the ring of
integers of some finite extension of Q,, and set I' := Gal (QCYC/Q) so that Goo/H = T
One writes p' : Z,[[Goo]] —> Mat,,x,(O) for the ring homomorphism induced from an
Artin representation p : Goo — GL(n, Q).

The continuous group homomorphism G — Mat,, x, (O[[I']]) that sends g € G to
p'(g) ® (g mod H) extends to a localised algebra homomorphism

D, : Zp[[Goolls+ — Matyun (Qo(T))

where Qo (") indicates the skew-field of quotients of O[[I']] (see [4, Lemma 3.3] for details).
On the level of K-groups, we then have a unique extension

(I);) Ky (Zp[[GOO]]S*) — K3 (Matnxn(QO(F))) = QO(F)X

where the last isomorphism arises by Morita invariance.

Recall from the Introduction that if M is an object lying in the category My (G ),
we wrote £y for a characteristic element in K;(Z,[[Go]]s+) satisfying d¢_ (Ea) = [M].
For each Artin representation p : Gg - G — GL(V), by using [4, Diagram (43)] one
has the Akashi series relation

' (€ar) Hcharz (Hj("H,twp(M)))(il)j mod Z,[[T]]*.

We write K¢ for the cyclotomic Z,-extension of K, and I'x will denote its Galois group
(we fix a topological generator yx of T'x). Define Hy := Gal (QFT/KCYC)) so that there
is an inclusion Hx — H; in particular, plugging in p = regy one obtains an isomorphism

H;(H,tw,(M)) = H;j(Hg, M) ® regr

via Shapiro’s lemma. Moreover from [16, proof of 5.4], we have H, (”HK, M) = 0 for all
indices j > 1, in which case

Peg, (Ear) = charg, [p ) (Ho (Hx, M))) mod Z,[[['k]]*.

Suppose that & : Gg - Gal (Q(,upoo)/(@) = Z, denotes the p-adic cyclotomic character.

Lemma 21. (i) If E has split multplicative reduction at p, then

regK 51\/[ Hcharz [FK] KCyC X H T+ 1 - R(’yvn))

v|A vn|p

x charg, [p ) (Selpe (E/K<)")  mod Z,[[[k]]*

where v, denotes a topological generator of the decomposition group at a place of K¢

. 1 1 / oo}
lying above vy, and J,(K®) =lm ., . @D, H (KL, E)[p™].

(i) If E has non-split multplicative reduction at p, then the same formula holds but without
the [1,,., (T + 1P — K(Vv,))-term appearing.
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Proof. This is essentially [27, Theorem 6.2]. Indeed the proof of Theorem 1.3 in op. cit.
implies that

Doy, (Ear) = char(Selye (E/KY)") x Hchar(Jl,(KCyC)/\) X H char (H' (Hw, Dw)")
v|A vn|p

modulo Z,[[T' k]]*, where D,, = Q,/Z, if the eigenvalue a,(F) = +1, and D,, = Q,/Z,®6
for an unramified quadratic character 6 if a,(E) = —1.

Note that H,, = Z, x I'y where the Z,-extension I'; acts on Z, through &, and z is
some place of K¢ above v. In particular H?(H,,, Q,/Z,) = 0 for every j > 2 by applying
a cohomological dimension argument. Moreover H'(H,,, D,,) is finite if a,(E) = —1,
hence its dual has unit characteristic power series, which then proves statement (ii) above.
Alternatively, if we assume a,(FE) = +1 then H'(Hy, D) = H' (Hw, Qp/Z,)" = Zy(k)
as a local A-module, and (i) follows immediately. O

n—1

We now analyse the term an‘p((T + 1)"" = K(7y,)) in the split multiplicative case.
Recalling that K = L, ;,, the cyclotomic character yields an isomorphism

(k mod Ggeye) : Gal (KCyC/Q(up, p%)) = 14 pZy,.

Moreover each decomposition group at a place of K¢ over v,, € Spec((’) K) is isomorphic
to 1+ p"Z, via &, in which case

[T (@+1" —k(,)) = [T(@+0)P" —w@y" )

vn|p vn|p

((T+1)pnil—ﬁ(u1)pnil)#{v" v

where u; denotes a topological generator of UM,

If n = m then as we have already seen, there are exactly p™"(&™) places v,, above p.

However if n > m then there are p™(®™) places of L,, over p, and the field extension
Ly, .m/ Ly, is totally ramified at each of these places, so again there must be pPin(m) places
of K = Ly, ,, lying over p. We have therefore shown

min(§,m)

Corollary 22. The term an‘p((T+1)pn71—/€(’yvn)) equals ((T+1)pn'7l—m(u1)pn71)p

We can directly apply these two results to relate the leading term of ®.., (£37) with the

regy
cyclotomic Selmer group. Firstly the power series char(Ju(K Cyc)/\) has non-zero constant
term, equal to the L-factor L, (F,1) mod Z) by [26, Lemma 2.14] and [27, Remark 1.4].

Moreover (T + 1)P""

n—1

— k(ug)P belongs to p"Z, but not p"T1Z,, so the product
0

mod Z; .

term in the previous corollary contributes p™?

min(§,m)

Corollary 23. The power series @;egK (&ar) has the same order of vanishing at T =0 as
the characteristic power series of Selyee (E/KY)N, and their leading terms differ by

n min(5,m) )
VGM (E) = PP x HV\ALV(Eal) mod Z; zfap(E) =41
o HV\A LV(E7 ]-) mod Z; Zf ap(E) = —1.

20



3.2 Proof of Theorems 7 and 9

Let M = Homggs (Sely (E/K%°),Q/Z) denote the Pontryagin dual of the Selmer group
over the cyclotomic Zy-extension of K, and set Lyq = charz ry (M) which is well
defined up to an element of Z,[[['k]]*. There exists a sequence of homomorphisms

H(Tg, M) =M% < M - M/(yx —1) = H' (Tg, M)
and we shall denote their composition by a . To simplify the exposition, assume that:
(i) the p-primary part of the Tate-Shafarevich group W(E/K) for E over K is finite;
(ii) the p-adic height pairing (—, =)k : E(K) x E(K) — Q, is non-degenerate [14, 19].
Theorem 24. (Jones [14, Theorem 3.1])
(a) If the natural mapping cpg = H° (FK,M) — H! (I‘K,M) is not a quasi-isomorphism

then raq = orderp—g (charzp[m] (M)) > rankz, (MIx).
(b) If the natural mapping H° (FK, M) — H! (FK, M) is a quasi-isomorphism then
orderr—q (Charzp[m] (M)) = rankz,, (MFK), with the higher derivative formula

1 ) drML:M (Ii(’yK)lis — 1)

! dsrm

= B) % A/ % de (1))

x [[[E(K,): Eo(K,)] x #E(K)rz, mod Z.

tors
vtoo

The quantity rankgz, (MFK) coincides with s, n, () in the Introduction when K = L,, .,
because the restriction map Selye (E/K) — Selye (E/K¥°)V's is quasi-injective, and its
cokernel has Z,-corank equal to p™*(>™) if q,(E) = +1, and equal to 0 if a,(E) = —1.
Furthermore there are inequalities

by Thm 24 ) by Thm 23

Snm(E) = rankg, (MFK) < ordery—g ([ZM orderp—g (@QegK (fM))

which are all bounded above by )\%g(E), and therefore Theorem 7(a) is proved.

Combining the previous theorem with Corollary 23, then Theorem 7(b) follows as a
direct consequence of the congruence

1 ) qm (I);egk (SM)

— Goo
m dT—TM = VFK (E)X

L dTMEM (/f('YK)l_S _ 1)
7 pm! ds™m

mod Z;j .

Theorem 9 is now immediate as the finiteness of Sel, (E/K) implies both the finiteness
of the p-primary part of I(E/K), and the non-degeneracy of the p-adic height pairing
(indeed E(K) ® Q, will be zero, so this pairing does not even appear in the calculation of
the leading term).
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3.3 Formulating the Iwasawa Main Conjecture

The statement of our conjecture follows the format of Coates et al [4] in the GLo-setting,
and in the non-split case there are essentially no surprises. Intriguingly in the case of
split multiplicative reduction, the specialisations @;n (&nr) are divisible by an extra factor
Dy(pn,T) when n < §, and so the Main Conjecture would imply the same divisibility
holds for the analytic p-adic L-function L,(E, p,,T) if n < §. Lloyd Peters’ numerical
calculations in the Appendix support this divisibility for some sample elliptic curves E/Q.

Definition 25. (a) If 0 : Goo — GL(V) is an irreducible Artin representation, then

T+1—ok(uy) if dim(o) = 1 with O"U(o) =1
_ 1 tors
Dp(o,T) == (T +1)P" — (r(w))” ifo~p, @Y withl1<n<$§
1 otherwise.

() If p=D,enm(c..) o®¢ then one defines Dy(p,T) := [L e Polo, 7).

The motivation for introducing these D,-factors is that, when specialised to the regular
representation (at any finite layer in Qpr), they coincide with the terms in Corollary 22.

Proposition 26. If p = reg, where the number field K = Ly, ,,, # Q, then

min(5,m)

Dylregre, T) = ((T+ 1" = w(w )" )’

min(5,m)

and consequently D, (regy,0) = p"P mod Z' .

Proof. We proceed by induction on both n, m. Let us treat the diagonal case n = m first.
If n =1 then reg;, = @?;3 w? @ pP~!, in which case

min(3,1)

(T+1- /f(ul))p_l if§>0

1 ifé()} = (1))

Dy(regy,, T) = (T+1—r(u1)) x {

Assume further that n > 1, and the predicted formula for D, (reg; _ ,T) above is correct.
It is easy to see that

n_ n—1
regs, = (Press, ,©v) ook "
¥
where the sum runs over any p characters ¢ : Gal(K,,/Q) — C* whose restrictions to
Gal(K,,/K,_1) are pairwise distinct (in fact, one can even assume 1/J|U(o) =1 for each v).
tors

Case(I): If n <4 then

Dy(reg;, ., T) = [[Dplres, , @9.T) x Dplpn, )" 77
P

n—1

n—1

= TI(@+07"" = we))” )" x Dylpu, T
P

n—1

H ((T + 1)?”’2 —(x /-;(ul)?"”)pn x ((T+ 1)P"

CEpp

(@+1)"" = k)™ ) (@1 ()

n n—1

— K(ug )T

min(8,n)
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Case(Il): If n > ¢ then

1

Dy(regy, . T) = [[Dplreg,, , @ . T) x Dylpn, T 77"
P

)

- 11 ((T+ [ L (@/m(ul))p”_Q)p x 17" ="
v

5

[1 (T+07 7 =t ™)" = (@ + 17" = wu) )"

CEpp

1

min(8,n)

To extend to the non-diagonal situation n > m > 0, recall that reg; = @, reg; ®0
where the p”~™ characters 0 : Gal(K,,/Q) — C* are pairwise distinct on Gal(K,/Ky,).
Therefore, since the diagonal case is already established, we deduce

min(8,m)

Dy(rey, . T) = [[Pptrey, @0.7) = [(@+17"" = @stu))” )’
0

0
m— o1y PR - 1 pmin(8,m)
= II (@+0" " =Cen™ ) = (@) = k()
Ceﬂpn—m
as required. 0

Let ¢ : Ki(Zp[[G]]) — Ki(Zp[[Gool]s+) denote the homomorphism induced from the
natural map Z,[[Go]] — Zp[[Go]]s+ into the localisation. We can relate the abelian
p-adic L-functions constructed in Theorem 1 with the Selmer group over Qpr, as follows.

Conjecture 27 (Main Conjecture). There exists an element u € Kq1(Z,[[G]]) satisfying
) (6) = @, (1(w) x Ly(E, p,us — 1)

at every Artin representation p: Gg — Goo — GL(V).

The term u arises as there are many choices of lift £»s for the class [M] under the projection
Oc..  Ki(Zpy|[Golls) = Ko My (Goo)). Thus the Main Conjecture predicts {ar/e(u) is
the canonical choice of algebraic element, compatible with the L-functions in Theorem 1.

We conclude the main text by focussing solely on the split multiplicative case a,(E) = +1.
The discussion at the start of this section indicates that <I>; ({ M) should be divisible by
D,(p,T), and so the same should therefore be true for L, (E, p, T') via the Main Conjecture.

Let us now consider the representation Ind%n(l) = eawEregKn .

Remark: If the prime p > 5, then a straightforward application of the Greenberg-Stevens
formula [13, Theorem 7.1] implies that

dL,(E,md% (1),T) log, (qE,p)
n — opVEPL e (IndD (1
dr T=0 ord,(qe,p) 5 i )

where the algebraic L-value Lg (Ind%n(l)) = \/discg, x LsB/Kn])

()P Al
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As a consequence, one has L,(E/K,,T) = 0+ logy(am.p) Ly (Ind%L(l)) x T+ O(T?).

ordp (g5 ,p)
If n = 1 then Dy(regg,,T) = T — (k(u1) — 1) = pw + T + O(T?) for some unit w € Z;
it follows that Dy (reg, ,T') can only divide into Ly (E/K1,T), provided the derivative of
L,(E/K;,T) lies in the maximal ideal of Z,.

Conjecture 28. If a,(E) = +1 then logy(am.p) Lp(regy,) € pZy.

ord,(qE,p)

In the Appendix below, for the primes p = 3 and 5 it is verified that EE(regQ(MP)) € pZ,
at various choices of A < 97, and for a selection of elliptic curves E of conductor < 70.

Acknowledgements: Many ideas in this paper were developed during the second named
author’s visit in New Zealand in May 2013, which was supported by an ARC-DP1092496
grant. He would like to thank the Maths Department at the University of Waikato for the
warm hospitality that he received, and the administrative staff of Monash University for
the organisation of his trip. His research is currently supported by FRQNT’s Etablissement
de nouveaux chercheurs universitaires program 188809. Finally the two authors would
like to acknowledge Tom Ward for allowing the use of his MAGMA code, and thank
Lloyd Peters for undertaking the delicate computer calculations appearing in both the
Introduction and the Appendix.

References

[1] K. Barré-Sirieix, G. Diaz, F. Gramain, G. Philibert: Une preuve de la conjecture de
Mahler-Manin, Invent. Math. 124 (1996), no. 1-3, p 1-9.

[2] A. Bouganis: Special values of L-functions and false Tate curve extensions, Journal
of the London Math. Soc. 82 (2010), p 596-620.

[3] A. Bouganis, V. Dokchitser: Algebraicity of L-values for elliptic curves in a false
Tate curve tower, Math. Proc. Camb. Phil. Soc. 142 (2007), no. 2, p 193-204.

[4] J. Coates, T. Fukaya, K. Kato, R. Sujatha, O. Venjakob: The GLs main conjecture
for elliptic curves without complex multiplication, Publ. Math. THES 101 (2005), p
163-208.

[5] R. Coleman, W. McCallum: Stable reduction of Fermat curves and Jacobi sum Hecke
characters, J. Reine Angew. Math. 385, (1988), p 41-101.

[6] D. Delbourgo, A. Lei: Transition formulae for ranks of abelian varieties, to appear
in Rocky Mountain Math. Journal (2015).

[7] D. Delbourgo, T. Ward: Non-abelian congruences between L-values of elliptic curves,
Ann. Inst. Fourier (Grenoble) 58 (2008), no. 3, p 10231055.

24



8]

[9]

[10]

[15]

[16]

[17]

D. Delbourgo, T. Ward: The growth of CM periods over false Tate extensions,
Experiment. Math. 19 (2010), no. 2, p 195-210.

D. Delbourgo: FExceptional zeroes of p-adic L-functions over non-abelian field
extensions, to appear in Glasgow Math. Journal (2015).

D. Delbourgo: On trivial p-adic zeroes for elliptic curves over Kummer extensions,
New Zealand Journal of Mathematics 45 (2015), p 33-38.

T. Dokchitser, V. Dokchitser: Computations in non-commutative Iwasawa theory,
Proc. London Math. Soc. (3) 94 (2007), p 211-272.

V. Dokchitser: Root numbers of non-abelian twists of elliptic curves, Proc. London
Math. Soc. (3) 91 (2005), p 300-324.

R. Greenberg, G. Stevens: p-adic L-functions and p-adic periods of modular forms,
Invent. Math. 111 (1993), p 401-447.

J. W. Jones: ITwasawa L-functions for multiplicative abelian varieties, Duke Math. J.
59 (1989), no. 2, p 399-420.

K. Kato: Ki of some non-commutative completed group rings, K-theory 34 (2005),
no. 2, p 99-140.

C.-Y. Lee: Non-commutative Iwasawa theory of elliptic curves at primes of mul-
tiplicative reduction, Math. Proc. Cambridge Philos. Soc. 154 (2013), no. 2, p 303-324.

B. Mazur, J. Tate, J. Teitelbaum: On p-adic analogues of the conjectures of Birch
and Swinnerton-Dyer, Invent. Math. 84 (1986), no. 1, 1-48.

A. A. Panchishkin: Non-Archimedean L-functions of Siegel and Hilbert modular
forms, Springer-Verlag, Lecture Notes in Mathematics vol 1471 (1991).

P. Schneider: p-adic height pairings. I., Invent. Math. 69 (1982), no. 3, p 401-409.
P. Schneider: p-adic height pairings. II. , Invent. Math. 79 (1985), no. 2, p 329-374.

J.-P. Serre: Sur les représentations modulaires de degré 2 de Gal(Q/Q) , Duke Math.
J. 54 (1987), no. 1, p 179-230.

R. Sharifi: On norm residue symbols and conductors, J. Number Theory, 86 (2001),
no. 2, p 196-209.

25



[23] G. Shimura: Special values of the zeta functions associated with Hilbert modular
forms, Duke Math. J. 45 (1978), no. 3, p 637-679.

[24] J. Tate: Number theoretic background, Proceedings of Symposia in Pure Mathemat-
ics, 33 (1979), (2) p 3-26.

[25] F. Viviani: Ramification groups and Artin conductors of radical extensions of Q, J.
Théor. Nombres Bordeaux 16 (2004), no. 3, p 779-816.

[26] S. L. Zerbes: Generalised Euler characteristics of Selmer groups, Proc. Lond. Math.
Soc. 98 (2009), no. 3, p 775-96.

[27] S. L. Zerbes: Akashi series of Selmer groups, Math. Proc. Cambridge Philos. Soc.
151 (2011), no. 2, p 229-243.

26



Appendix — Numerical Calculations at 3 and 5
by Lloyd Christopher Peters

Our aim is to numerically verify the first layer mod p congruences predicted in this paper.
Due to computational limitations, the congruences are only checked at the primes 3 and 5.
The author thanks Tom Ward for providing him with his personal code, and the University
of Sydney for granting him a free MAGMA developer’s licence.

The notations employed here are almost identical to the previous text; in particular
E g denotes an elliptic curve with bad multiplicative reduction at a fixed odd prime p.

Let us now define K := Q(,), F := Q(u,)" and L := Q(p,,, VA).

Remark: We write o for the regular representation of Gal(K/Q), and p for the self-dual
irreducible Artin representation on Gal(L/Q) of dimension p — 1. Note that o decomposes
into the sum @} w’, which means the o-twisted Hasse-Weil L-function becomes

p—1
L(E,0,s) = [[ L(E,o",s).
i=1

The right hand side of this equation is easier to compute (at s = 1) than the left hand side
p—1

since w' is 1-dimensional; moreover on the level of e-factors, we have ep (), = [[72] e(w’),.
Recall that S denoted the set of primes dividing A, and § := ord,(AP~! —1) — 1 > 0.
Henceforth we shall treat only examples where 6 = 0. Consider the following quantities:

L(E,p,1)\/discp
(p—1)
(20L0;) 2

o [*= where discr denotes the discriminant of F.

e 1(L,(E,p) = (éfg(?)p%)l : ang()?)(jp) (1 —ay(E)x, (B)) with B the prime above p;
E°E

in fact, the condition § = 0 ensures that (1 — a,(E)x, (B)) = 1.

_ Ls(E,01) . 6F(‘7)p . _
. 1(Lp(E,a))—(QEQE)pT,1 e (L= ap(E)).

If a,(E) = 41 then (1 — a,(E)) = 0, which produces an exceptional zero in L,(E, 5, T).
Therefore if F has split multiplicative reduction, we instead tabulate the quantity

log, (¢, log, (g5, i Ls\H,0,1
dp((Ep)) x Lp(Ind} (1)) = dp((E”)) x Visere x LB D,
ord,(qp,p ordp\qE,p (QEQE) 2

corresponding to the first derivative of the p-adic L-function attached to the o-twist of E.

Throughout we have calculated L(E,0,1), L(E,p,1), P,(E,p,q7 '), Py(E,0,q7%),
er(p)p, €r(0)p, Qf and QF as complex numbers accurate to 15 digit decimal precision.
The corresponding algebraic L-values are recorded in Tables 1-9 by listing the coefficients
of their p-adic expansions up to order O(p®).

To form a part of the author’s Monash PhD thesis
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Table 1: E15al with equation y? 4+ 2y + y = =3 + 22 — 10z — 10,

which has non-split multiplicative reduction at p = 3.

A L* 1(L,(E,p)) 1(Ly(E,0))

2 4 [1,1,0,0,0,0,0,0,0] [1,0,0,0,0,0,0,0,0]
5 0 [0,0,0,0,00000 [0,1,2.271,32.20,0]
716 [2,02201022 [2222072,1,12]
11 16 [1,2,2,0,0,1,1,22] [1,2,0,1,1,0,2,0,0]
13 4 [2,01,1,0,1,1,00] [2,2,2,1,2,1,2,2,2]
14 4 [1,2,1201,022 [1,22.271,1,0,0,0]
20 0 [0,0,0,0,0,0,00,0 [021,20,221,2]
22 64 [2,12,1,02.212] [21,1,22,0,1,1,0]
23 0 [0,0,0,0,0,0,0,0,0] [0,0,2,0,0,1,0,0,0]
29 4 [1,1,0,1,2,2,0,0,0] [1,1,0,0,0,0,2,2,2]
31 4 [2,0,01,1,1,0,1,0] [2,1,0,0,1,1,2,1,2]
34 64 [2,22.212022 [2,1,1,0,2,2,2,2,2]
33 4 [1,1,1,0,02,2,1,2] [1,1,0,1,0,0,0,1,0]
41 4 [1,21,020122] [1,2,0,0,0,0,0,1,0]
43 64 [2,2,0,1,1,1,0,2,2] [2,0,2,1,2,0,2,1,2]
A7 16 [1,2,0,2,2,1,0,1,0] [1,0,2,2,0,1,1,1,0]
5 0 [0,0,0,0,0,0,0,0,0 [0,21,2,0,22,12]
52100 [1,2,1,2,2,0,2,22] [1,2,2,0,2,0,2,2,2]
58 400 [2,0,1,0,2,1,1,0,0] [2,2,0,0,0,0,1,2,2]
59 64 [1,1,0,1,0,1,1,0,0] [1,1,2,2,2,0,0,0,0]
61 64 [2,2,2,0,0,0,1,00 [221,1,2,1,0,22]
67 16 [2,2,1,1,0,0,2.2,2] [2,2,0,0,2,1,0,2,2]
68 196 [2,0,0,0,1,2,1,1,2] [2,1,1,0,2,2,2,2,2]
70 0 [0,0,0,0,0,0,0,0,0] [0,2,2,0,1,2,2,2.2]
74 36 [0,0,1,1,2,0,2,2,2] [0,0,1,1,2,1,0,1,0]
76 64 [1,0,2,1,2,2,0,0,0] [1,1,0,1,0,0,0,1,0]
7764 [1,1,2,1,0,0,22,2] [1,1,1,0,2,1,2,1,2]
79 64 [2,2,1,00,1,2,1,2] [2,2,1,2,2,2,2,2.2]
83 0 [0,0,0,0,0,0,0,0,0] [0,0,0,2,1,0,1,1,0]
85 0 [0,0,0,0,0,0,00,0] [0222221.1.2]
8 4 [1,2,0,1,0,0,1,0,0] [1,1,1,0,2,1,1,0,0]
92 36 [0,0,2,2,2,1,0,2,2] [0,0,1,1,0,2,0,0,0]
94 484 [2,2,0,2,0,1,1,1,0] [2,0,1,2,1,2,2,2,2]
95 0 [0,0,0,0,0,0,0,0,0] [0,1,0,2,2,0,2,2,2]
97 144 [0,0,2,0,0,0,1,0,0] [0,0,2,0,0,0,2,0,0]
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Table 2: E21al with Weierstrass equation y? + zy = 2% — 42 — 1,
which has split multiplicative reduction at p = 3.

A LT 1(Ly(B.p)  emEslrp(ndd(1))
2 0 [0,0,0,0,0,0,0,0,0] (0,2,2,2,2,0,1,0,0]
5 0 [0,0,0,0,0,0,0,0,0] [0,2,2,0,1,2,1,1,2]
7 0 [0,0,0,0,0,0,0,0,0] [0,1,0,0,0,1,2,0,0]
11 0 [0,0,0,0,0,0,0,0,0] 0,2,0,2,1,2,2,0,0]
13 0 [0,0,0,0,0,0,0,0,0] [0,1,0,0,1,2,2,2,2]
14 0 [0,0,0,0,0,0,0,0,0] [0,2,0,0,0,2,1,1,2]
20 0 [0,0,0,0,0,070,0,0] [071,2,172,1,07070]
22 0 [0,0,0,0,0,0,0,0,0] (0,1,1,1,0,2,2,1,2]
23 0 [0,0,0,0,0,0,0,0,0] 0,0,0,1,2,2,1,1,2]
29 0 [0,0,0,0,0,0,0,0,0] 0,2,1,2,2,0,2,2,2]
31 0 [0,0,0,0,0,0,0,0,0] (0,1,1,2,2,0,2,2,2]
34 0 [0,0,0,0,0,0,0,0,0] [0,0,0,1,1,0,1,2,2]
38 0 [0,0,0,0,0,0,0,0,0] [0,2,1,2,1,0,2,1,2]
41 0 [0,0,0,0,0,0,0,0,0] [0,2,2,1,1,1,2,1,2]
43 0 [0,0,0,0,0,0,0,0,0] 0,0,0,1,1,1,2,1,2]
47 0 [0,0,0,0,0,0,0,0,0] [0,0,0,1,1,0,1,1,0]
50 0 [0,0,0,0,0,0,0,0,0] [0,1,2,1,2,1,0,0,0]
52 0 [0,0,0,0,0,0,0,0,0] [0,2,0,0,2,1,2,2,2]
58 0 [0,0,0,0,0,0,0,0,0] (0,1,0,2,2,1,1,2,2]
59 0 [0,0,0,0,0,0,0,0,0] [0,0,0,0,2,1,0,1,0]
61 0 [0,0,0,0,0,0,0,0,0] [0,1,0,1,1,2,2,0,0]
67 0 [0,0,0,0,0,0,0,0,0] (0,1,2,1,0,2,1,1,2]
68 0 [0,0,0,0,0,070,0,0] [070,0,171,0,17272]
70 0 [0,0,0,0,0,0,0,0,0] (0,1,1,2,0,1,1,2,2]
74 0 [0,0,0,0,0,0,0,0,0] [0,2,0,2,1,1,1,0,0]
76 0 [0,0,0,0,0,0,0,0,0] (0,2,1,2,1,0,2,1,2]
77 0 [0,0,0,0,0,0,0,0,0] (0,2,1,1,2,1,0,0,0]
79 0 [0,0,0,0,0,0,0,0,0] [0,0,0,1,2,0,1,1,0]
83 0 [0,0,0,0,0,0,0,0,0] [0,0,0,0,1,1,2,1,2]
85 0 [0,0,0,0,0,0,0,0,0] [0,0,0,1,1,2,1,2,2]
86 0 [0,0,0,0,0,0,0,0,0] 0,0,0,2,2,2,1,0,0]
92 0 [0,0,0,0,0,0,0,0,0] [0,0,0,2,1,2,0,0,0]
94 0 [0,0,0,0,0,0,0,0,0] [0,0,0,2,2,0,2,2,2]
95 0 [0,0,0,0,0,0,0,0,0] [0,2,1,0,1,0,2,1,2]
97 0 [0,0,0,0,0,0,0,0,0] [0,1,0,0,1,1,0,2,2]

29



Table 3: E30al with Weierstrass equation 42 +2y+y = 2>+ +2,

which has split multiplicative reduction at p = 3.

AL 1(L(E)p) e pp(indd (1))
2 3 [022222222] 0,0,2,1,2,1,2,2.2]
5 12 [0,2,0,2,1,0,1,2,2] 0,0,1,0,1,2,1,2,2]
7 0 [0,0,0,0,0,0,0,0,0] 0,0,0,2,2,0,2,1,2]
110 [0,0,0,0,0,0,0,0,0] 0,0,0,2,2,2,2,0,0]
13 0 [0,0,0,0,0,0,0,0,0] 0,0,0,2,0,0,1,2,2]
14 27 [0,0,0,2,1,2,0,1,0] 0,0,0,0,2,0,0,2,2]
20 0 [0,0,0,0,0,0,0,0,0] 0,0,0,1,2,1,0,1,0]
22 0 [0,0,0,0,0,0,0,0,0] 0,0,0,0,2,0,2,0,0]
23 0 [0,0,0,0,0,0,0,0,0] 0,0,0,2,2,1,0,1,0]
29 0 [0,0,0,0,0,0,0,0,0] 0,0,0,0,1,2,0,1,0]
31 0 [0,0,0,0,0,0,0,0,0] 0,0,0,2,2,1,1,1,2]
34 0 [0,0,0,0,0,0,0,0,0] 0,0,0,0,1,2,1,2,2]
38 27 [0,0,0,2,2,1,0,2,2] 0,0,0,0,2,1,2,0,0]
41 0 [0,0,0,0,0,0,0,0,0] 0,0,0,0,2,2,0,0,0]
430 [0,0,0,0,0,0,0,0,0] 0,0,0,2,0,1,0,2,2]
47 0 [0,0,0,0,0,0,0,0,0] 0,0,0,2,0,2,2,2,2]
50 0 [0,0,0,0,0,0,0,0,0] 0,0,0,1,2,1,0,1,0]
5227 [0,0,0,2,0,0,2,0,0] 0,0,0,0,2,1,1,2,2]
58 108 [0,0,0,1,2,2,0,0,0] 0,0,0,0,0,1,1,2,2]
59 0 [0,0,0,0,0,0,0,0,0] 0,0,0,2,1,1,0,1,0]
61 0 [0,0,0,0,0,0,0,0,0] 0,0,0,0,0,2,1,0,0]
67 0 [0,0,0,0,0,0,0,0,0] 0,0,0,0,0,2,2,0,0]

Table 4: E33al with Weierstrass equation y? +zy = 2% 4+ 2% — 11z,

which has non-split multiplicative reduction at p = 3.

A L 1(Ly(E, p)) 1(L,(E,0))

2 2 [2,0,0,0,0,0,000 [20,0,0,0,0,0,0,0]
5 2 221012100 [20,1,002,1,12]
72 [1,21201,022 [1,1,1,1,0,1,2,0,0]
11 0 [0,0,00,00,00,0 [0,1,0,0,0,2,0,0,0]
13 50 [1,2,1,2,2,0,2,22] [1,2,2,0,2,0,2,2,2]
14 32 [2,02201,022 [2.22.20.2,1,1,2]
20 98 [1,2,2,1,2,1,0,1,0] [1,1,2,0,0,1,0,0,0]
22 0 [0,0,0,0,0,0,0,0,0] [020,0,0,1,1,0,0]
23 2 [2,2.2,1,02,2,0,0 [2,1,0221,02.2]
29 162 [0,0,0,0,2,0,0,2,2] [0,0,0,2,2,0,1,0,0]
31 32 [1,2,1,2,1,2,0,0,0] [1,0,2,1,2,0,1,0,0]
34 338 [1,1,02,22,1.2,2] [1,0,0,1,1,2,2,2,2]
33 8 [2,22,0,0,1,2,0,0 [22.2,020,1,272]
41200 [2,2,1,2,1,0,2,0,0] [2,0,2,2,1,0,2,0,0]
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Table 5: E15al with equation y? 4+ 2y + y = 23 + 22 — 10z — 10,
which has split multiplicative reduction at p = 5.

* lo P
AL 1(L(Ep) el rp(nd%(1))
2 0 [0,0,0,0,0,0,0,0,0] (0,2,0,1,1,3,4,2,4]
3 80 [0,1,4,0,1,2,4,3,4] (0,0,2,4,1,4,1,4,4]
6 320 [0,1,4,1,4,4,2,3,4] 0,0,2,4,1,4,1,4,4]
9 80 [0,1,4,0,1,2,4,3,4] 0,0,2,4,1,4,1,4,4]

Table 6: E30al with Weierstrass equation y? +zy+y = 23+ 2 +2,
which has non-split multiplicative reduction at p = 5.

A Lt 1(L,(E, p)) 1(L,(E,0))

2 0 000,000,000 [01,1,1,1,1,1,1,0]
3 0 [0,00,00,0000 [020,1,4,0,324]
6 180 [0,1,4,4,4,4,4.44] [0,0,1,3,3,1,2,2,0]
9 0 [0,0,0,00,0,000] [020,1,4,0,3.24]

Table 7: E35al with Weierstrass equation 42 +y = 34+ 22 4+92x+1,
which has non-split multiplicative reduction at p = 5.

A L* 1 (Lp(Ea p)) 1 (Lp(Ea U))

2 0 [0,0,0,0,0,0,000 [0,0,0,0,0,0,0,0,0]
3 0 10,0,0,0,0,0,0,0,0] [0,0,0,0,0,0,0,0,0]

Table 8: E55al with Weierstrass equation y?+zy = 23 —2% — 4243,
which has split multiplicative reduction at p = 5.

A LT L(Ly(Ep) 2l mad(1)

ordy (gr.p)

2 20 [0,4,0,0,0,0,0,0,0] 0,0,0,0,0,0,0,0,0]

Table 9: E70al with equation y? +zy+vy = 23 — 22 + 22 — 3, which
has non-split multiplicative reduction at p = 5.

A L 1(I(Ep) 1 (Ly(E,0))
2 0 [0,00,00,00,00] [0,3,33,33,3,34]
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