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ABSTRACT. The goal of this article is to study the Iwasawa theory of an abelian variety
A that has complex multiplication by a CM field F' that contains the reflex field of A,
which has supersingular reduction at every prime above p. To do so, we make use
of the signed Coleman maps constructed in our companion article [BL14] to introduce
signed Selmer groups as well as a signed p-adic L-function via a reciprocity conjecture
we formulate for the (conjectural) Rubin-Stark elements (which is a natural extension
of the reciprocity conjecture for elliptic units). We then prove a signed main conjec-
ture relating these two objects. To achieve this, we develop along the way a theory
of Coleman-adapted rank-g Euler-Kolyvagin systems to be applied with Rubin-Stark
elements and deduce the main conjecture for the maximal Z,-power extension of F’ for
the primes failing the ordinary hypothesis of Katz.
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1. INTRODUCTION

Let F' be a CM field and suppose [F' : Q] = 2g and 0 = 3(F) denote Leopoldt’s
defect'. Let K denote the maximal totally real subfield of F. We fix forever a prime
p > 3 thatis unramified in F. Iwasawa theory over the CM field F' has been studied in
[Hid06, Hid09, Hsil4, Mai08, Biiy13b] under a certain p-ordinary hypothesis of Katz.
Our goal here is to carry out a similar task in the absence of this hypothesis; as a mat-
ter of fact, in some sense in the other extreme case when:

(H.K.) Every prime of F' above p is of degree 2 over the prime of K that lies below
it.

That we work under the hypothesis (H.K.) is mostly due to our effort to keep the
length of our exposition within reasonable limits. See Remark 1.3 below for a discus-
sion regarding this point.

More precisely, what we establish in this article is as follows:

(i) We prove a (g + 1)-variable main conjecture for a CM field F' using what we
call the (conjectural) Perrin-Riou-Stark elements®;

(ii) We prove a divisibility in the (one-variable) cyclotomic main conjecture for a
p-supersingular abelian variety that has CM by F' and defined over X, as for-
mulated in [BL14] (still assuming the Perrin-Riou-Stark Conjecture3) ;

(iii) We apply (i) in order to deduce that the Perrin-Riou-Stark Kolyvagin systems
utilized to prove (ii) are primitive (in the sense of [MR04, Definition 5.3.9]). The
bound these Kolyvagin systems give is therefore sharp by a suitable extension
of [MR04, Theorem 5.3.10(iii)] (which we discuss as part of Theorem A.14).

The step (iii) concludes the proof of the signed main conjecture for an abelian variety
that has CM by F' (or equivalently, Perrin-Riou’s main conjecture in this context).

The proof of (i) and (ii) is similar to a two-variable main-conjecture and signed main
conjecture proved in a recent work of the first named author [Biiy13c] for a CM elliptic

1As we will be assuming Leopoldt’s conjecture for all the main results of this article, 0 will be zero in
the statements of our main results.

2These are essentially the (conjectural) Rubin-Stark elements along the maximal Z,-power extension
F of F. Precise definition of these elements is given in Section 4.2. Their defining property is inspired
from Perrin-Riou’s notion of higher rank Euler systems, see Remark 4.15 for a comparison of what we
call the Perrin-Riou-Stark conjecture to the original Rubin-Stark conjecture.

30One may in fact deduce (i) only utilizing the Rubin-Stark elements. However, our sights are set on the
cyclotomic main conjecture for a CM abelian variety and for this portion we make use of the Perrin-
Riou-Stark elements, that (by definition) enjoy a slightly stronger norm-compatibility along F.. /F.
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curve defined over a general totally real field, modulo the complications that arise
in the current work due to the fact that the images of the signed Coleman maps that
we have constructed in our companion article [BL14] are not necessarily free. We
overcome this technical difficulty in Appendix A below.

The proof of (iii) relies on various constructions we carry out in this article; essen-
tial ingredient being the rigidity of Kolyvagin systems and the signed Coleman maps
again. The former point is one of the novelties in this article. In [PR04], the corre-
sponding statement (Kobayashi’s conjecture) was deduced from a (two-variable) CM
main conjecture by a descent argument. For this reason, Pollack and Rubin had to uti-
lize the non-existence of pseudo-null submodules of various Iwasawa modules. The
analogous statements are not available in our context and our methods in Section 7
here are designed exactly to by-pass this issue.

We advise the reader that all these steps are listed in concrete form in the statement
Theorem 7.7.

Before we explain our results in greater detail, we set some notation. Let A /F be a
principally polarized abelian variety which has CM by F'. Fix once and for all an odd
prime p that is is unramified in F* and is such that the endomorphism ring Endp(A)
is an order in F' whose index inside the maximal order is coprime to p. We assume
further that the field F' contains the reflex field of (the CM pair (F, X 4) associated to)
the CM abelian variety A. Let ¢ be the completion of F' at a prime p above p and let O
denote its ring of integers.

Let F, denote the unique ZJ™'**-extension of ' and F%° the cyclotomic Z,-extension.
Let I' = Gal(Flo/F), I'ye = Gal(F'¥¢/F) and .. be a fixed topological generator of
['cye. We define the (g+14-0)-variable (resp., one-variable) Iwasawa algebra A := O[[[]]
(resp., Aeye := O[[Teye]])-

1.1. Statements of the results. The principal objective in this article is to study the cy-
clotomic Iwasawa theory of the abelian variety A/F for supersingular primes. Let A
denote the dual abelian variety and let I C {1,--- ,2g} be a subset which is chosen so
as to verify the conclusion of Proposition 6.9. Fix a prime p of F' above p. The starting
point of our strategy involves introducing signed local conditions (as in Section 5)

Hy (F(pyoe)p, A [0%°]) © H (F (e )y, A [p°°])

in the spirit of Kobayashi [Kob03] with the aid of the Coleman maps we defined in
[BL14]. The signed-subgroups we have introduced are in turn used to define a signed-
Selmer group Selg (AY/F°) (that we will prove to be cotorsion under certain hypothe-
ses, as well as that they control the classical Selmer group, see Proposition 8.3 below).

We next formulate a reciprocity law for the conjectural Perrin-Riou-Stark elements
(Conjecture 4.18 below) much in the spirit of the explicit reciprocity law for elliptic
units. Assuming the truth of this conjecture and using the signed Coleman maps we
introduce in §7.2 the signed p-adic L-functions £](AY) € Ay which satisfy a suitable
interpolation property (see Proposition 7.15).

We have the following theorem concerning the signed main conjecture which com-
pares the signed Selmer group to the relevant signed p-adic L-function, generalizing
the main conjecture proved in [PR04]. Assume the truth of Rubin-Stark conjectures for
pro-p abelian extensions of F' as well as its strengthening (which we called Perrin-Riou-Stark
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conjecture in the main text) Conjecture 4.14 and Leopoldt’s conjecture for the field F(A[p])
for Theorems A, B and C below.

Remark 1.1. Although we have no way to verify Perrin-Riou’s conjecture (which we
have to assume for our main results), we are able to present a modest evidence to-
wards its truth in Appendix B. More precisely, we are able to prove that the Kolyvagin
systems that the Perrin-Riou-Stark elements ought to produce do exist uncondition-
ally over the maximal Z,-tower.

Theorem A (Theorem 7.16). If the Perrin-Riou-Stark elements verify the Explicit Reci-
procity Conjecture 4.18, then

LAY
(’chc _ 1)n([) cyc y

where n(I) > 0 is some integer determined by the image our signed Coleman map.

char (Sel;(AY/FY)V) =

Note that the constant n(/) is in fact 0 when we choose an appropriate basis of the
Dieudonné module of the abelian variety at p. Theorem A would have the following
consequences towards the Birch and Swinnerton-Dyer conjecture for the CM abelian
variety A over F. For o, § € Q, we write a ~,, §if ord,(a) = ord,(f). The periods Q2 ,
and (] are introduced as part of the (conjectural) description of Perrin-Riou’s p-adic
L-function in Conjecture 4.18, whereas the coefficients D; ; in Definition 7.14.

Theorem B (Theorem 8.4). Assume that the hypotheses of Theorem A hold trueand let I € J
be chosen as above with n(I) = 0. The following two assertions are equivalent:
1. Ly (v, 1) # 0 and the p-adic period ) ;- DLJ% does not vanish.
P
2. The p-adic Selmer group Sel, (A" /F') of the dual abelian variety A" is finite.

In either case,

J
Qw,p

-
Qzﬁ

[Sely(AY/F)| ~p Ly (,1) - Y Dry

Jed

The sharpness we were able to achieve both in Theorems A and B is thanks to our
result on the the (g+1)-variable supersingular Iwasawa main conjecture for F.,/F (The-
orem C below). Theorem C is a generalization of the two-variable main conjecture
proved in [Rub91, Biiy13c] for certain class of Dirichlet characters of F'. Before we can
state it we need to introduce further notation.

Let p denote the Dirichlet character of F giving the action of G on A[p| (given as in
Definition 2.1 and denoted by w, when we would like to emphasize its relation with
a certain Hecke character ¢ associated to A). Let € denote a certain signed Coleman
map (given as in Definition 5.13) and let loc; (. ) denote the image of the tower of
Rubin-Stark elements (defined as in Definition 4.6) under the semi-localization map
at p.

Let X be a certain Iwasawa module (denoted by H 1; (£, T})" in the main text); see
Section 6 for a precise definition of this A-module.

Theorem C (Theorem 7.7). The element €° o loc,? (4. ) generates the ideal char(X,.).
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Theorem C was proved by Rubin in [Rub91, §11] when g = 1 using the elliptic
unit Euler system. Our result, which holds true for any g, uses the Perrin-Riou-Stark
elements® and the Coleman-adapted rank g Euler-Kolyvagin system machinery devel-
oped in Appendix A by refining some of the results of [Biiy13c, Biiy10].

Remark 1.2. When F' verifies the p-ordinary hypothesis of Katz, a multi-variable main
conjecture for /' may be proved unconditionally in a wide-variety of cases relying
on the Eisenstein/CM ideal method, c.f. [Hid06, Hid09, Mai08, Hsil4]. When the p-
ordinary hypothesis fails, however, this approach breaks down. For this reason we
still hope that the results we present above towards the CM main conjecture, albeit
being conditional on the truth of the Perrin-Riou-Stark conjecture, will shed some
light on the Iwasawa theoretic study of general CM fields.

Note however that we are able to prove in Appendix B that the Kolyvagin systems
which the conjectural Perrin-Riou-Stark elements yield do in fact exist unconditionally.
It would be very interesting to make use of this fact in order to deduce unconditional
versions of Theorems 7.7, 7.16 and 8.4 in certain situations, such as when the CM field
F is absolutely abelian.

Remark 1.3. We have stated our results when the Katz’ p-ordinary hypothesis fails in
the most extreme way and the prime p verifies (H.K.). In particular, a CM abelian va-
riety A has supersingular reduction at all primes above p by [Sugl2]. At every prime
q | p of F' we construct signed Coleman maps and use their kernels to modify the local
condition of the Selmer group at each of these primes. We remark that when A is not
supersingular at all primes above p, we could still define signed Selmer groups by
modifying the local conditions only at the primes where A has supersingular reduc-
tion. See Remark 5.8 for details.

1.2. Notation and Hypotheses. For any field k, let k denote a fixed separable closure
of k and let G}, = Gal(k/k) denote its absolute Galois group. For any positive integer
n, let p,, denote the nth roots of unity and pyec = lim ptm.

Let F'be a CM field and let K be its maximal real subfield as in the beginning of the
introduction. For a general Dirichlet character x : Gal(F/F) — 9%, let L = L, denote
the extension of F' cut by x. In this level of generality, we shall assume that

(1.1) the order of x is prime to p,

and

(1.2) Xx(p) # 1 for any prime p of F above p,
and that

(1.3) X # w,

where w is the Teichmiiller character giving the action of G'» on p,. We will verify
below that the character p = w,, verifies these hypotheses.

Let R be the set of primes of F' that does not contain any prime above p nor any
prime at which x is ramified. Define N'(R) to be the square free products of primes
chosen from R. For ¢ € R, let F({) be the maximal p-extension inside the ray class
field of F modulo ¢ and forn = ¢;--- s € N(R), set F(n) = F(¢1)--- F({s). We write

%As we have also remarked in a previous footnote, Rubin-Stark elements suffice to deduce Theorem C.
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L(n) = L - F(n) for the composite field. We define the collections of finite abelian
extensions of F' (resp., of L)
¢={M- -F(n):neN(R);M C F is a finite extension of F'},
E={M-L(n):neN(R); M C Fy is a finite extension of F'},
Let R = hg N and & = hﬂ N and set &(X) = Gal(X/F).
Ne&, Nee
For any non-archimedean prime A of F', fix a decomposition group D, and the iner-
tia subgroup Z, C D,. Let (—)” = Hom(—, Q,/Z,) denote Pontryagin duality functor.
Observe that (—)” ® O = Hom(—, ®/9). Bearing this relation in mind, we will write
XV for Hom(X, ®/9O) when X is an O-module.
Let F, and F° be as above. Let Fy”° denote the unique subextension of FY¢/F
which has degree p" and set I, = Gal(F,,/ F).
We let G act on A (resp., Aqyc) via the tautological surjection G — I (resp., Gr —
I'eyc). For an ©-module X of finite type which is endowed with a continuous action of
G'r, we endow the A-module X ®o A by the diagonal G p-action.

2. CM ABELIAN VARIETIES AND HECKE CHARACTERS

In this subsection we provide an overview of well-known facts about CM abelian
varieties that we shall need below. They are originally due to Serre-Tate and Shimura.
Let A/r be a principally polarized abelian variety which has CM by F. We assume
that Endp(A) is an order in F' whose index inside the maximal order is coprime to p.
Suppose also that the field F' contains the reflex field of A.

Let T;,(A) = lim A[p"] be the p-adic Tate-module of A. It is a free Z,-module of rank
2g on which G acts continuously. As explained in the Remark on page 502 of [ST68],
T,(A) is free of rank one over O ® Z, = [[, Oy, where the product is over the primes
of F' that lie above p. This yields a decomposition T,,(A) = ,7,;(A), where each
Ty(A) = @A[p”] is a free O,-module of rank one (and a Z,-module of rank f(p/p),
the inertia degree of p over p). The G p-action on T, (A) gives rise to a character

Q/Jp -G F— O;( .

By [Rib76, §2], 1, is surjective for p large enough; we fix until the end a prime p satis-
tying this condition. We thence obtain a decomposition

Tp<A) ®Zp @p = @ @ VPU’
plp UZFp‘—)@p

where V7 is the one-dimensional Q,-vector space on which G acts via the character
¢g , which is the compositum

Gr 2 07 50,
Fix an embedding j., : Q — Cand j, : Q — C,. Let J = X U X° be the set of all
embeddings of F' into Q. Attached to A, there is a character
Y Ap/F* — F*|
which induces the Grossencharacters

Uy o Ap/F* 2y = X
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and its p-adic avatars

QIRY W) LA Aol

The theory of complex multiplication identifies the two sets {reco P}y and {7 oo
of p-adic Hecke characters, where rec : Ap/F* — G is the reciprocity map. Since we
assume that the field I’ contains the reflex field of (F,¥), the Hasse-Weil L-function
L(A/F,s) of Athen factors into a product of Hecke L-series

L(A/Fv 5) = HL(¢T73)'

TEJ

Fix ¢ € ¥ and identify F' with F*. This choice in turn fixes a prime p € ¥, and
o: F, = @p in a way that rec o wﬁp) = 7. Set O = 0(Op,), let p = 7 denote
its unique maximal ideal, § := Frac(9) its fraction field and w a fixed uniformizer.
Define

(2.1) Yi=f Gp—» 9.

Definition 2.1. Let 7' = O(v)) = T,,(A) denote the free O-module of rank one on which
G acts via . Let w,, denote the character obtained as the compositum of the maps

Gr -2 O — (D/p) 5 O

where 7 is the Teichmiiller lift.
To ease notation we will sometimes write p in place of wy.

As we explain below in Remark 5.14, the character p = w,, verifies the hypotheses
(1.1), (1.2) and (1.3) for all sufficiently large primes p. For the main applications of this
article towards the (signed) main conjectures for the CM abelian variety A, it will be
sufficient to treat the main conjectures for the Dirichlet character y = p. We expect
that with more work our approach may be generalized to treat the main conjectures
for all Dirichlet characters x verifying (1.1), (1.2) and (1.3).

Remark 2.2. For an element f € End(A4) @z Q = F, let f* denote its Rosati involution.
Then, f* = f is the endomorphism given by the complex conjugate of f viewed as an
element of the CM field F'. Furthermore, f* is the adjoint of f under the Weil pairing
on A[p"| for every n. This fact in turn shows that the dual of the submodule A[p”]
(under the restriction of the Weil pairing) is the submodule A[p"]. Thus T is self-dual
(in the sense that 7' = Hom(7T', Z,(1)) as Gp-modules) if the prime p, := p N K below
p is inertin F/K.

3. SEMI-LOCAL PREPARATION
Let M = M- F(n) be a member of the collection &, where M is a finite subextension
of FOO/F Set AM = Gal(M/F), (SM = |AM‘ and AM = D[AM]

Let X be any O[[Gr|]-module which is free of rank d as an O-module. Suppose in
addition that X satisfies the following hypothesis:

(H.pl) H*(F,,X)=0= H*(F,,Homgo(X,O(1))), for any prime p of F' above p.
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Lemma 3.1. Suppose X is as above. Let M € €& be an extension of F' and let 3 be a prime of
M lying above p. Then

H?*(Msy, X) =0 = H? (Mg, Homg (X, O(1))).

Proof. Let p be the prime of F' lying below 3 and set Dy = Gal(My/F,,). Then either
Dy is trivial and in this case Lemma follows from (H.p1), or otherwise Dy is a non-
trivial p-group. Then,

B HO (Mg, X*[@]) = #H° (Dy, (H*(My, X*[w])) = #H*(F,, X*[@w]) =1 mod p

where the last equality holds thanks to (H.p1) and local duality. This shows that
H°(My, X*) = 0 and thus by local duality that H*(My, X) = 0, as desired. The second
assertion is proved in an identical manner. 0

Definition 3.2. For j = 0, 1, 2 define the semi-local cohomology groups
Hj(MP7X> ::®Hj<MQ7X)7 H}(MPJX) ::@H}(MCHX)?

alp qlp
and let

loc, : H'(M, X) — H'(M,, X)
denote the localization map.

Proposition 3.3. Suppose (H.p1) holds true.
(i) The corestriction map
cor: H'(M,,X) — H'(F,, X)
is surjective.
(ii) the Ay;-module H* (M, X) is free of rank 2g - d.
(iii) The A-module H'(F,, X ® A) is free of rank 2g - d.
(iv) The O[[B(R)]]-module fm H Y(M,, X) is free of rank 2g - d, where the inverse limits

Mee
are with respect to corestriction maps.

Proof. (iii) and (iv) follow at once from (i) and (ii). Both (i) and (ii) are essentially
proved in [Biiy13b, §2.1]. O

Let x be a general Dirichlet character satisfying (1.1), (1.2) and (1.3) as before. Then
the hypothesis (H.p1) holds true for X = 7). In particular, the conclusions of Proposi-
tion 3.3 hold true for X =T,. Set T, := T, ® A.

Recall that 7" = O(¢) = T,(A) and let T := T ® A and Teyc := T'® Aye. Then we have
T=T,® (') (where p = wy, is the Dirichlet character given as in Definition 2.1). We
have the following twisting isomorphisms (c.f. [Rub00, Chapter VI])

(3.1) HY(X,T,) @ (™) = H(X,0(1) @9y~ @A)
for X = F or F),.

Remark 3.4. As explained in Remark 2.2, the G p-representation 71" is self-dual under
our running assumptions and therefore

O(1) @y 2 Hom(T, (1)) =T
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and the twisting isomorphisms (3.1) yields
(32) Hl(XvTP)®<¢_1> ;)Hl(XvT)

for X = F or F},. By slight abuse, we denote any of the twisting isomorphisms in (3.2)
by tw.

4. RUBIN-STARK ELEMENT EULER SYSTEM OF RANK g

In this section, we review Rubin’s [Rub96] integral refinement of Stark’s conjectures.
For the rest of this paper, we assume the truth of the Rubin-Stark conjecture [Rub9%6,
Conjecture B'], whose content we explain below.

Let x be a general Dirichlet character satisfying (1.1), (1.2) and (1.3) and let L denote
the field cut by x. Recall the definitions of the collections of extensions &, and & from
Section 1.2. Fix forever a finite set S of places of F' that does not contain any prime
above p, but contains the set of infinite places S, and all primes A { p at which y is
ramified. Assume that |S| > g + 1. For each K € €, let

Sk = {places of K that lie above S} U {places of KC at which K/F' is ramified }

be a set of places of K. Let O 5 denote the Sk units of K. Set Ax := Gal(K/F) and
o = |Gal(K/F)|.

Definition 4.1. Let G be any finite group and let X be any O[G]-module which is of
finite type over O. Following [Rub96], we define for any integer » > 0 the submodule
N X C & ® N"X by setting
NX ={r € PROINX : (o1 A ANg,) () € O[G]
for every o1, -+, p, € Hom(X, O[G])}.

We also let A”X denote the isomorphic image of A"X under the map j : A"X —
@ A"X.

Example 4.2. If X is a free ©[G]-module then A\jX = A"X,

Conjecture B’ of [Rub96] predicts the existence of certain elements

. 1 y

EK, Sk € AIC,S;C - a/\gO/QS/C
where the module Ak g, is defined in [Rub96, §2.1] and has the property that for any
homomorphism

é € Home[AK]</\gOI>é,S,C ® va />C<,S)c oY Qp)
which is induced from a homomorphism

0 € Homgz, o, (N OF 5, O 5. )

one has f(Aks,) C (’T,é; . We remark that the g-th exterior power ANYO¢ ¢ (and
all other exterior powers which appear below) is taken in the category of Z,[Ax]-
modules.

Remark 4.3. Rubin’s conjecture predicts that the elements £x s, should in fact lie
inside the module i/\g Og 5.7 Where T =T isa finite set of primes disjoint from Sk,

chosen in a way that the group Of ¢, - of Sk-units which are congruent to 1 modulo all
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the primes in 7T is torsion-free. One can safely ignore 7’s (as far as we are concerned
in this paper) by simply setting 7, := {q1,q2} to consist of two primes of L which
verify:

e The residue characteristics of q; and g are distinct.

e (Ng1 —1,p) = (Ngz —1,p) = L.

One may then use [Rub96, §1.1] to show that the p-part of the leading coefficient of

o —

the modified zeta-function (at s = 0) is unaffected and also that O; ¢ . = Of g, .

We note that in [Biiy(09] one could choose the set T}, to be a singleton since one only
deals with totally real fields in loc.cit.

Recall that F¥¢ denotes the cyclotomic Z,-extension of F and form € Z+, FY¢is the
unique subextension of I’ of degree p™.

Definition 4.4. For K = M - L(n) € &, (or K = M - F(n) € &), where n € N(R) and
M C F, afinite extension of F', choose m € Z* sothat M ¢ F,; and set M,, = M-Fy ",
K., =K - M,,. Define

— N\ ®g =
gK’SK N N)Cm/)C <€’Cm’S’Cm>

where N9 . denotes the norm map induced on the g-th exterior power. It follows
from [Rub96, Proposition 6.1] that ¢, ; - is well-defined.

As we have fixed S (therefore Sk as well), we will often drop S or Sk from the
notation and denote i g, by ex; or sometimes use S instead of Sx and denote Ok s,
by O}C,S-

For any number field /C, Kummer theory gives a canonical isomorphism

H'(K,9D(1) 2 K% @y, O = (@K*/(/@X)p”)) @z, O.

Under this identification, we view each i s, as an element of i N HY(K,9(1)). The
distribution relation satisfied by the Rubin-Stark elements ([Rub96, Proposition 6.1])
shows that the collection {¢x s, } kex is an Euler system of rank ¢ in the sense of [PR98],
as appropriately generalized in [Biiy10, Definition 3.1] to allow denominators.

4.1. Twisting. Let T, := O(1) ® x~'. We may twist the collection {ex s, }... we have
obtained above (which is a rank-g Euler system for the collection O(1)), following
the formalism of [Rub00, §I1.4] (as done so in [Biiy13b, §3.1]). We do not include the
details here and note only the following identification (for every K € €)

HY(K,T,) — LK*X
obtained using the inflation-restriction sequence and Kummer theory.

Let ¢ € AYH'(K,T,) denote the twisted element. Then the collection C{) :=
{eX}cce is a rank-g Euler system for 7), (in the sense of [Biiy10, Definition 3.1]) and
we call it the Rubin-Stark element Euler system of rank g.

Remark 4.5. Let K be any field contained in the collection €. When x verifies (1.1),
Proposition 3.3 and Example 4.2 shows that

loc,(ex) € N9 HY(K,, T))
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where the exterior product is taken in the category of O[Gal(/C/F')]-modules. We will
simply write loc,(eX) in place of ;7! (loc, (%)) € A9 HY (K, T} ).
Definition 4.6. We define

loc,(ef, ) = {loc,(e),)} € @ NHY (M, T,) = N m H'(M,,T,) = N H'(F,, Ty)

to be the tower of Rubin-Stark elements along F,. Here the inverse limit is taken over
all finite subextensions of F,/F and the second equality holds thanks to the fact that
each module H' (M, T, ) is free as an O[Gal(M/F)]-module.

Definition 4.7. In what follows, we denote a generic Z,-power extension of F' that
is disjoint from F*° by F,. We further write I', = Gal(F,/F'). We fix a basis (as a

Zy,-module) {71, - ,7s} of I', (where s < g + 0 is a non-negative integer) and let 7cy.
denote a fixed topological generator of I'V. We set A, = O[[I',]].
Given a positive integer m and an s-tuple of positive integers n = (ny,--- ,ns) we

let Fiy. C Fr C F. denote the fixed field of I'Z" := (17"") x -+ x (y¥"") and let F' C
F,.m C Fy be the fixed field of I'%).. Set I'(,,) = I'eye/T%, and I'™ = T, /T2". We write

cyc* cyc

Finy = Fp5 C F° (where 0 = (0,---,0)) and F™ = F,; C F,. Observe that F,,, is

m

the joint of F{,,,) and F™.

4.2. Perrin-Riou-Stark Conjecture and an explicit reciprocity conjecture. We shall
use the notation we have set in Definition 4.7 throughout this subsection. Let x be a
Dirichlet character satisfying (1.1), (1.2) and (1.3).

Definition 4.8. The canonical Selmer structure F.,n is given by the choice of local condi-
tions Hy (F,,T,) = H'(F;,T,), for all primes q of F. For every finite sub-extension
F Cc M C F,, we define the the propagation of F,, to the G;-representation 7, by
setting (for every prime q of F)

HJlfcan(Mq,Tx) = im Hl(Fq,TX) = @ Hl(Nq,TX) — Hl(Mq,TX) .
FCNCFw
It is not hard to see (for the first we use Proposition 3.3(i) and for the second, Corollary
B.3.4 and Lemma 1.3.5(iii) of [Rub00]) that:
e Forevery q | pwehave Hy_ (Mg, T\) = H'(M,,Ty).
e For every q{pwehave Hx_ (M, T\) = H;(M,Ty), where

Hj(My, T\) :=ker (H"(M,,T) — H' (M, T, ® Q,))

and M;" is the maximal unramified extension of M.

Example 4.9. For a general Dirichlet character x of F, we may identify H'(F,T))
with L*X and similarly, for any rational prime /, the semi-local cohomology group
H(F,, T,) with (L ® Q)** by Kummer theory.

Set U, = (O @ Z;)*X. It follows from [Rub00, §1.6.C and Prop. B.3.3] along with
the proof of Prop. 3.2.6 of loc.cit. that Hy_(F;,T\) = Uy, for every rational prime .
Note that this holds true even for ¢/ = p, thanks to the our running assumption (1.2).
We therefore conclude that A} (F,T,) = O ™. It follows from [NSWO08, §8.6.12] that

the D-module O; " is free of rank g, since y is not the Teichmiiller character.
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Similarly, Hz. (F,Ty)" = CI(L)X.
The following is Lemme 4 of Section 1.3 in [PR84]:

Lemma 4.10 (Perrin-Riou). Let Ly/F be an extension such that G := Gal(Ly/F) = Z3™
and L,/ F a subextension of Lo with H := Gal(Ly/L,) = Zy and G/H = Z;. For X = G
or G/H, let A(X) stand for the [wasawa algebra O[[X]]. Let 7y : A(G) — A(G/H) denote
the natural projection and let vy be a fixed topological generator of H. Suppose that M is a
torsion A(G)-module. Set My = M @ A(G/H) = M/(yg — 1)M and M¥ .= M|yg — 1].

(i) My is A(G/H)-torsion iff my(charyqy(M)) # 0iff (yu—1) is prime to chary ) (M).
(ii) If My is A(G/H)-torsion, then M" is a pseudo-null A(G)-module and a torsion
A(G/H)-module. In this case

WH(charA(G)(M)) : CharA(G/H)(MH) = ChaI‘A(G/H)(MH) .

Lemma 4.11. Suppose that the weak Leopoldt conjecture holds true for L. Then the Acyc-
module Hy_ (F, T\ ® Acyc) and the A-module Hy._ (F,T,) are both free of rank g.

Proof. The fact that H}m (F, T\ ®Aeye) is @ Aeye-module of rank g is a direct consequence
of the weak Leopoldt conjecture for L. Let .. be a topological generator of I'*¢. To
see that the module H}_ (F, T, ® Ay.) is in fact free, observe that the augmentation
map induces an injective map

H}:can<F7 I ® ACYC)/(%yC —1) = Hjlfcan (F,TY)

by the discussion in §.1.6.C, Proposition B.3.3 along with the proof of Proposition 3.2.6
of [Rub00]. Note that in order to compare local conditions at p, we rely on our assump-
tion (1.2). This and an easy extension of Dirichlet’s unit theorem shows by Naka-
maya’s lemma that the Ayc-module Hx_ (F, Ty ® Ayyc) may be generated by at most g
elements. Using the fact that this module is torsion free, it is not hard to see that these
generators cannot satisfy a non-trivial Ay.-linear relation. This completes the proof of
the assertion regarding the module Hy_ (F, T\ ® Acyc).

Let now F,/F be any Z,-power extension as in Definition 4.7. The notation we use
here also follows our set up there. Let F} = F¥°F,, I's = Gal(F}/F) and A+ = O[[I4]].

Let Rl 1w (F;/F,T) be Nekovai’s Selmer complex associated to 7', ® A4, which is given
by the Greenberg local conditions determined by the choice U,f = T}, for every prime
v of F above p. As we have assumed (1.2), it follows from [Nek06, Lemma 9.6.3] (and
[Nek06, Proposition 8.8.6] used in order to pass to limit) that

Hjyo(Fy/F,Ty) = Hy (F, T, ® A)

where f[}’lw denotes the cohomology of the Selmer complex in degree 1. Under the
hypothesis (1.2), Nekovéf proved that the Selmer complex may be represented by
a perfect complex concentrated in degrees 1 and 2. In particular, its cohomology
Hy (F, T, ® A;) in degree 1 is a projective (hence free) A-module. By Nakayama's
lemma, it may be generated by at most g elements. We will show inductively (on the
Krull dimension of A;) below that it cannot admit a set of generators of size strictly
smaller than g. This will conclude the proof of our lemma.

Let I C F, be a sub-Z,-power extension of F' that is disjoint from F** and such that
Gal(F,/F;) = Z,. Let 4 be a topological generator of Gal(F,/Fy). Let Fy = F) F°.
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Set I', = Gal(F;/F) and A} = O[[I'{]|. Suppose that we have already proved that the
Ai-module Hjy, (F//F,T,) is free of rank g. Then:
@1)  coker (I}, (F/F.Ty) — (/. T)) = B (F/PT )by~ 1

= Hy. (F (T ® Ay)") [y — 1]

Here the first isomorphism follows from Nekovai’s control theorem [Nek06, 8.10.1];
second from his duality theorem [Nek06, 8.9.6.2]. One may identify the A{-module
Hz. (F, (T ® A;)*)Y with Jim Cl(M)X and argue using Lemma 4.10 that the cok-

LCMCLF;
ernel module (4.1) is A4-torsion. Therefore, the A;-module Hx_ (F,T ® A;) cannot be
generated by less than ¢ elements. O

Proposition 4.12. (i) coker (H'(F, Ty ® Acye) = Hy_ (Fimy, Ty)) is finite.
(ii) The O[T ()-module Hy_ (F(my, Ty) is free of rank g.
(iii) The O[Ty x T™]-module Hk:._(Fm), Ty) is free of rank g.

Proof. We argue as in Lemma 4.11. By Nekovai’s control theorem
coker (H'(F, Ty ® Acye) = Hr (Finy. To)) 22 H2 1 (F°/F, T ) [Vee — 1]
and H3 1, (F¥°/F,T,) = Hx. (F, (T ® Aeye)®). Since
H (F.(T ® Aeye))" /(08— 1) 2 Hhy (Fiuy, T3)" = CULE )"

is finite, the characteristic ideal of the torsion A.,.-module H lc*an(F (T @ Aeye)®)Y is
prime to 74 — 1, and by the structure theorem for finitely generated Ay.-modules we
see that Hz. (F,(T\ ® Aeye)*)V[78 — 1] is finite, concluding the proof of (i).

The argument above also shows that coker(H'(F, Ty ® Acye) — Hr_ (F,T))) is fi-
nite, which in turn implies that coker (H YFu, T) — H: (F,T X)) is finite as well.
We therefore infer that the image of pr (induced by projection modulo e, — 1) is a
free O-module of rank g. It follows by Nakayama’s lemma that the O[I'(,,)]-module
H'(F(;n), T,) may be generated by at most g elements, say by {vy, - - - ,v,}. On the other
hand, it follows from the first part that H'(F{,,), T),) contains a free O[I',,,]-module of
rank g (isomorphic image of the free module H'(F, T, ® Acye)/ (75 — 1)), say with
basis {y1,-- ,ys}. One may easily verify that any non-trivial O[I'(,,,)]-linear relation
{vi,--+ , vy} would yield a non-trivial O[I'(,,)]-linear relation of {yi,--- ,y,}, which is
impossible. This shows that {vy,--- ,v,} is indeed a basis and (ii) follows.

The proof of (iii) follows by induction on the Krull dimension s + 1 of A, (the base
case being (ii)). We indicate the main steps:

e Suppose we have verified for the (s — 1)-tuple @’ = (nq,--- ,n,_1) and the non-
negative integer m that the A, ) 1= O[L() x [™)]-module H: (Fnr), Ty) is
free of rank g. Let I'; be the subgroup of I, topologically generated by -, and
set A; = O[[I's]]. Using Nakayama’s Lemma along with Nekovaf’s descent as
above, prove that the A, »)[[['s]]-module Hx_(Fima), Ty ® A;) is free of rank
g as well.

e Use once again Nekovai’s descent and finiteness of the ideal class groups to
show that coker(Hy._(Finmy, Ty ® As) = Hy_ (Fiunm), Ty)) is finite. Conclude

can
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that Hy._ (Fnm), Ty)) contains a free O[I'(,,) x I'™]-module of rank g (with finite
index in Hy_ (F,7,T\)), say again with basis {y,-- ,y,}.
e Furthermore, it follows by Nakayama’s lemma that H;_ (F), 7, T\,) may be gen-

erated by at most g elements, say by {vy,--- ,v,}. It can be verified that a non-
trivial linear relation of {v,--- ,v,} would yield a non-trivial relation among
{1, , v}, concluding the proof that {vy,--- ,v,} is a basis of Hy_ (Fy,,7,T)).

U

Henceforth we shall take s in Definition 4.7 to be g + 1, so that F, F¥° = F. In
particular, note that all tuples 7 will consist of g + 1 non-negative integers.

Remark 4.13. By Proposition 4.12(iii) it follows that
€>ZS-1 - S /\gH]l:Cﬁn<Fm,ﬁ7 Tx) )

m,

since we have A{H_ (Fnm,Ty) = NYHy_ (Fpq,T)) by Example 4.2.

Inspired by [PR9S, Definition 1.2.2], we propose the following strengthening (along
the tower Fi,/F) of the Rubin-Stark conjectures:

Conjecture 4.14 (Perrin-Riou-Stark conjecture). There exists an element
GX =G 1A NGBy, € NYHY(F,T,)

(where the exterior product is evaluated in the category of A-modules) such that for every
subextension F' C M = F,,7 C F as above, the image of S, under the natural projection
to NNHy_(M,T,) is e}, the x-isotypic component of the Rubin-Stark element.

Assuming the truth of the Perrin-Riou-Stark conjecture, we set
GX.=Geyer A ABryey € NH (F, Ty @ Acye)

cyc

to denote the image of G .

Remark 4.15. If there is a chain of Z,-power extensions

F=3%C%:C Fgr1 = Fx

for which we have Gal(§;/§;-1) = Z,, such that for any j = 1,---¢g + 1 the mod-
ulelim _ - . Cl(M )X has no O[[Gal(Gal(F,/F))]]-pseudo-null submodules, then the

Perrin-Riou-Stark conjecture would have been trivial. Indeed in that case, it follows
that for non-negative integers m > m’ and g-tuples of non-negative integers n =
(n1,--+,ng), 0 = (ny,--- ,ny) withn; > n; for every i, the maps

H;:can<Fm7ﬁ’ TX) — H}'—Cﬂn(Fm/,ﬁlﬂ TX)
(and n; > n}, 1 <i < g) are surjective and using Proposition 4.12 we conclude that
l‘gl /\gH}can<Fm:ﬁ’ TX) = /\g l&n H‘lrcan(Fm’ﬁ7 TX) = /\ng (F7 TX) :

In our companion article [BL14, Conjecture 3.12] we have predicted a certain form
of an explicit reciprocity conjecture (which in turn itself is based on Perrin-Riou’s con-
jectures on p-adic L-functions) for a class of motives. We shall recall the explicit reci-
procity conjecture of loc.cit. adapted to the setting of our current article, where the
motive in question is that of an Grossencharacter associated to a CM abelian variety.
In particular, we conjecture that the Kolyvagin determinants verifying Conjecture 3.10
of loc.cit. should come from Rubin-Stark elements via the recipe in Appendix B.



RUBIN-STARK KOLYVAGIN SYSTEMS AND SUPERSINGULAR IWASAWA THEORY 15

Definition 4.16. Let us now choose our Dirichlet character  to be p = w,. We assume
the truth of the Perrin-Riou-Stark Conjecture 4.14. Let {l., C AYHx._ (F,T,) denote the
A-module generated by the Perrin-Riou-Stark element G7,. Let 4% be the image of 4
under the twisting isomorphism

(4'2) /\gH‘lrcan(F7 TP) ® <’l/}71> ;> /\gH«;'—can (F7 T)
The module 4% is called the module of ¢-twisted Perrin-Riou-Stark elements.

For any unramified extension //Q, containing a completion of F’ (at a prime above
p), let D (T') denote the Dieudonné module and

[~y ~] D (T) % D (Hom(T', 2,y (1)) — Zy
denote the natural pairing. As explained in Appendix C, the Dieudonné module

Dg(T') is endowed with a natural O-module structure, respecting the action of ¢ and
the filtration. For q|p a prime of F" above p, let B, = {vq,}f:(ql/ " be an O-basis of D 7, (T).

The dual basis of B is then denoted by %' = {v/}’ @)

i=1

Definition 4.17. Givenc =c¢; A--- A ¢, € NYH'(F, Teyc), 0 an even Dirichlet character
of conductor p" and for I € J, we write 9t} (c) for the g x g matrix whose entries are

given by Z (o) exp;, (locy(c;)”) ,v;’j] forl1 <i<gandj € I,.

oel'y
We conjecture that a generator of the module of ¢-twisted Perrin-Riou-Stark ele-

ments verify the following explicit reciprocity conjecture of [BL14] (which in turn is
based on a conjecture of Perrin-Riou):

Conjecture 4.18. There exists a generator € of A%, such that for every n € Z" and a primitive
character 6 : T, = p, we have

Q.
det (M) (Eeye)) = Lipp (0,071, 1) - 57—
Yo~ 1
where §eye = &1 N -+ Ny € NVH'(F, Teye) is the image of €, Ly,yy (v, 07", s) denotes the com-
plex L-function Ly, (1,07, s) with the Euler factor at p removed and QJ, . (resp., Q, 1 )
is Deligne’s complex (resp., Perrin-Riou’s p-adic) period (see [BL14, Definition 3.5]). Fur-
thermore, there exists a Dirichlet character 6 with L(vy,67',1) # 0.

5. INTEGRAL IWASAWA THEORY FOR SUPERSINGULAR CM ABELIAN VARIETIES

In this section we apply the integral Iwasawa theory studied extensively in [BL14]
to the representation 7" = 7,,(A). For notational simplicity, we shall write R in place of
Acye.

Let q (which may or may not coincide with p) be a prime of F' that lies above p.
We write Dy(7) for the Dieudonné module of the representation 7'|¢,, and we denote
DqpDq(T) by D (7).

Lemma 5.1. The inertia degree f(p/p) is even.
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Proof. Let G, = lim Afp"]. Since A is supersingular at p, this is isogenous to Gy for
some integer r,, where Gi;; denotes the p-divisible group of a supersingular elliptic
curve, which has height 2. The height of G, is given by f(p/p), which should equal to
2r,. Hence the result. O

Lemma 5.2. The Hodge-Tate weights of T, are 0 and 1. The eigenvalues of  on Dy(T,(A))
are of the form ¢ x p~2 where ¢ is a root of unity.

Proof. Since the Hodge-Tate weights of 7,,(A) are 0 and 1 (with multiplicity ¢g) and 7" is
a subrepresentation of 7,,(A), the first part of the lemma follows. The second part of
the lemma is a theorem of Manin-Oort. O

In particular, the representation 7’|, satisfies the hypotheses (H.E-L.) and (H.S.) in
[BL14, §2.1]. As explained in Appendix C, we obtain an R-equivariant Coleman map

Col? : H'(Fy, Teye) —» R

Note that in [BL14], we have defined a Coleman map on lim / Y(Fy(pp),T), so our
Coleman map here is in fact the isotypic component of that in op. cit corresponding
to the trivial character on Gal(F;(p,)/F;), which is equivalent to taking Gal(F'(u,)/F)-
invariant.

Definition 5.3. Define the semi-local Coleman map by setting

Col, := @5 Cold : H'(F,, Teye) — R* .
alp
For 1 < i < 2g, we define
Coly; : H'(Fp, Teye) — R
to be the projection of Col, to the i-th component of R?.

Definition 5.4. Let J be the set of subsets of {1, ..., 2¢} that are of size g. Forany / € J
we set
Coly := EP Coly; : H'(F,, Teye) — R?.
iel
When no confusion may arise, we shall suppress I and p from the notation and simply
write ¢ in place of Colg .

Remark 5.5. By [BL14, Corollary 2.22], the image of Colg is pseudo-isomorphic to a
free R-module of rank g. Furthermore, if we choose a strongly admissible basis (see
[BL14, Definition 3.2 and Proposition 3.3], then Colé is in fact pseudo-surjective.

Definition 5.6. Let Z be a free R-submodule of rank g contained in the target R of the

Coleman map Col] and that contains the image of Col; with finite index. The proof of
[BL14, Corollary 2.22] shows that such Z exists.

Let J, denote the set of embeddings F' — F} for each q|p. Fix a bijection
b:{1,---,2g} —>HJq.

alp
For I € J,set I, := b(I) N J,.
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Definition 5.7. For each I € J, we define
Cyc ﬂ ker Col, ; = ker €.

el

The orthogonal complement of V' under the pairing
H'(F,,T) x H'(F, A [p™]) = Q,/Z,

is denoted by VY.
This allows us to define the /-Selmer group
CcycC CcycC H FCyC AV p
(5.1) Selé(AV/F ¥€) := ker (Selp(Av/F YY) — ( V;yCL [ ])) :

As explained in [BL14, Appendix D], when A is an elliptic curve over Q with good
supersingular reduction at p, on choosing an appropriate basis for the Dieudonné
module, these Selmer groups coincide with Kobayashi’s -Selmer groups defined in
[Kob03].

Remark 5.8. Note that our assumption (H.K.) ensures that A is supersingular at all
primes above p by [Sug12]. In fact, we could define /-Selmer groups in the following
way if A is ordinary at some primes above p. Let S, be the set of primes above p
where A has supersingular reduction and write g, = > ¢ [Fy : Q,], which is even by
Lemma 5.1. For each q € S;, we have the Coleman map

Col; : @Bqes. H' (Fy, Teye) —> R

as above. For every subset I of {1,...,¢,} of size g,/2, we can define V,”° to be
Nier ker Col,; as before. Our Selmer group is then

H1 FCYC AV e
Selg(Av/Fcyc) -— ker (Selp(AV/FCyC) SN Dyes, ( a > []J ])) '

cyc, L
VI

Lemma 5.9. The R-module V* is free of rank g.

Proof. Consider the following diagram with exact rows:

0 \% HY(Fy, Teye) —— Z

Ul

0 —— ker (¢p) —— H'(F,,T) —*~7Z

Here Z = Z ® A/ Acye where Ay is the augmentation ideal ker(R — O) and pr are
the natural projections. Finally, the map ¢ is the map ¢ modulo A... Note that the
middle vertical map is surjective by Proposition 3.3(i) and the last map is surjective by
definition.

It follows from Remark 5.5 that the cokernel of € is finite. Since H'(F},,T) is free
of rank 2g, it follows that ker (¢r) is a free O-module of rank ¢g. By Nakayama’s
lemma, this shows that the R-module V;’“ may be generated by g elements. Using the
fact that the R-module V7 is torsion-free (being a submodule of the free R-module
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H'(F,, Tey)) one may easily prove that these generators cannot satisfy a non-trivial
R-linear relation. O

Choose a free A-module Z of rank g and an inclusion ¢z : Z < MY so that the
diagram

72 N
i Jewn
4 —= R
commutes. (This is possible by Nakayama’s lemma.)

Proposition 5.10. There is a (non-canonical) map ¢C:H Y(F,,T) —s Z so that the following
diagram commutes:

HY(F,T) %~ Z

|

H'(F,, Tcyc)

where the (surjective) vertical arrows are induced from I' — I'cye.

We shall denote the composite map H'(F), T) £, 74 pvalso by €.

Proof. This follows from using the following observation iteratively: Let R be any local
ring and let / C R be any principal ideal. Let Y be a free R-module of finite rank. Then
for any positive integer ¢, the kernel of the composition of the maps

Homp, (Y, R") — Homp, (Y, (R/I)") = Homp,; (Y/I,(R/T)")
is I - Homp, (Y, RY). O

Definition 5.11. Set V; := ker (6) Recall the Dirichlet character p = wy and let H} C

H'(F,,T,) be the A-submodule corresponding to V; under the twisting isomorphism
(3.2). For any finite extension F' C K C Fi, let H; ;- denote the image of #; under
the (surjective) projection

H'(F,.T,) — H'(K,.T,).

Lemma 5.12. The A-module H} is free of rank g.

Proof. Note that it suffices to verify the similar statement for V;. Proof of that, how-
ever, is identical to the proof of Lemma 5.9 and follows by considering the diagram

0 \ H( T) .7

- -

00— V© Hl(Fp, Teye) > Z

where pr now stands for reduction modulo the ideal ker(A — R). g
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Definition 5.13. Let €” denote the compositum of the maps

¢’ : H'(F,,T,) % H'(F, T) —» AY.

Remark 5.14. Note that we have T" = T,,(A) and T* = AY[w®]. Fix a prime v of I above
p. Since we assumed that A is supersingular at v, it follows that the reduced variety
has no p-torsion over any finite field of characteristic p. Thus the p-torsion subgroup of
A(F,) should come from the formal group A of A. The formal group A is defined over

~

an unramified extension F, and thence the extension F,(A[p])/F, is totally ramified.
By local class field theory, this shows that the hypothesis (1.2) holds true for y = p.

The hypothesis (1.3) holds true for p as the p-adic Hecke character 1 is surjective by
our choice of the prime p, f(p/p) is even by Lemma 5.1 and hence the order of p = wy,
is at least p? — 1.

6. MODIFIED SELMER STRUCTURES

In this section we introduce a variety of Selmer structures we shall analyze in what
follows so as to prove the main conjectures for F,/F and the cyclotomic main con-
jectures for a CM abelian variety at a supersingular prime. We shall be working with
two Galois representations (which will be ultimately related): First in Section 6.1 with
the Galois representation 7, ® A and later in Section 6.2 with T, and T.,.. Those
Selmer structures introduced in Section 6.2 will be used to obtain upper bounds for
our Selmer groups, whereas those introduced in Section 6.1 will be used in order to
prove the CM main conjecture and to prove (using the rigidity of A-adic Kolyvagin
systems) that the upper bounds obtained for CM abelian varieties are indeed sharp in
favourable situations.

6.1. Modified Selmer structures for Dirichlet characters. In this section we shall be
working with the Galois representation 7). The hypotheses (1.1), (1.2) and (1.3) on x
are in effect. Recall the collection ¢ of extensions of F, introduced in Section 1.2.

Definition 6.1. Let R be any ring and M be any R-module. For any submodule N C M,
the R-saturation of N in M is the submodule N = ¢~'¢(N) C M, where ¢ : M —
M ® Frac(R) is the natural map and Frac(R) is the total ring of fractions of R.

Lemma 6.2. The O-module O; " is free of rank g.

Proof. This follows from [NSWO08, §8.6.12], along with our assumption that y is differ-
ent from the Teichmdiller character w. O

Definition 6.3.

(i) Let Br := loc,(O; )% be the O-saturation of loc,(O;™) in H'(F,,T,). Note
that the O-module B is a direct summand of the free module H'(M,, T, ). Let
the rank of the O-module Br be g — 0 with o > 0. Observe that 0 = 0 if
Leopoldt’s conjecture holds true for L.

(ii) Let Ap be any free submodule of H'(F},, T') which complements Bp.



20 KAZIM BUYUKBODUK AND ANTONIO LEI

(iii) Let Ay (resp., Bg) be a direct summand of 1&1 H'(M,, T,) which maps onto Ar
Mee
(resp., Br) under the natural (surjective) corestriction map. Note that such a

direct summand exists by Nakayama’s Lemma. Note further that we have the
direct sum decomposition lim H Y(M,, Ty) = Ag @ Bs.
Mee
(iv) For M € €, let Ay C H'(M,, T,) be the image of Ag under the natural projec-

tion and define similarly B .
(v) When M = F,., we write A, in place of Ar,_ .. We likewise define B.,.. When
M = F,, we write A, in place of Ax_ and define similarly B...

Remark 6.4. If Leopoldt’s conjecture holds true for L, then Bp is the unique direct
summand of H'(F}, T ) of rank g, containing loc, (O *).

Proposition 6.5. The intersection of Acy. and loc,(Hy_ (F, Ty ® Acy.)) is trivial. Likewise,
the intersection of A and loc,(H}._ (F,T,)) is trivial as well.

Proof. We shall prove this proposition by induction on the Krull dimension of the rele-
vant Iwasawa algebra. In the base case (when the coefficient ring in question is © and
its Krull dimension is 1), the assertion simply follows from the choice of Ap. In order
not to complicate further our notation, below we indicate the induction step from base
case to A¢y.. Consider the following commutative diagram:

cyc

EP
H}'—can (Fv TX ® AcyC) — H'! (Fp> Tx ® ACyC)/Acyc

| |

'[{-%:can('F17 TX) ep Hl(Fp7TX)/AF

Suppose for some U € Hy (F,T ® Acye) we have £2°(U) = 0 and let U denote its
image under the left vertical map. The diagram above shows that U = 0, thence

U e ker (Hz, (F,T® Aeye) = HY(F,T)) = (Yeye — DHz, (F, T © Acye),
where .y is any topological generator of I'*. Write U = (y.yc — 1)Uy. We have there-
fore (Yeye — 1)£57°(Ug) = 0 by the choice of U. As H'(F,, T ® Acyc)/ Acye is Acyc-torsion
free, it follows that £77(Uy) = 0, and repeating the argument above we conclude that
Up = (Yeye — 1)Uy with Uy € Hx_ (F,T ® Acye). On running this procedure k times,
we conclude that U € (yeye — 1)"Hy_ (F,T ® Acye) for every k and hence U = 0. We
conclude that the map /¥ is injective, completing the verification of the inductive step

an roving the first assertion).
(and proving the fi ion) 0
Definition 6.6.
(i) Let £ be any free, rank-one O[[&(R)]]-direct summand of fm, _ H Y(M,,Ty)
such that

— £isnot contained in Ag,
- £+ Agisalso direct summand of lim HY(M,,Ty).
(ii) For M € €, let L,y C H'(M,, T,) be the image of £ under the natural projection
@N HY(N,, Ty) —» H (M, Ty).
(iii)) We write £y (resp., £) in place of £5,_ (resp., £,.).
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We refer the reader to [MR04, §2.1] for a general definition of a Selmer structure. We
define here two of them that shall be useful for our purposes.

Definition 6.7.

e The £-restricted Selmer structure F, on T, is given by the local conditions
- Hy (F,,Ty) = Hy_ (F,,T) for every prime q { p, and
- Hy (F),T,) = A @ L.
o The unit-transversal-Selmer structure Fi is given by the local conditions
- Hy, (F,,Ty) = Hx_ (F;, T) for every prime q { p, and
- Hy (F,,Ty) = Ax.

Any of the Selmer structures above propagates (in the sense of [MR04, Example 2.1.7])
to give rise to Selmer structures on any subquotient of T, . In this article, we will be
mostly interested in the quotients T, or Ty ® A.. The propagation of a Selmer struc-
ture F to subquotients will still be denoted by the same symbol F. Given a Selmer
structure F on T,, one may also define the dual Selmer structure F* on T} using local
Tate duality, as in [MR04, Definition 2.3.1].

Recall the finite set ¥ of primes of F which consists of all primes that ramify in L/F,
all archimedean primes of F' and all primes of I above p. Let Iy, denote the maximal
extension of F' contained in ' which is unramified outside ¥ and let Gy, denote the
Galois group Gal(Fy/F).

Definition 6.8. For F = Fen, Fe, or Fi. as above, we define the F-Selmer group on the
subquotient X of T, by setting

HL(F, X) = ker ( (Gs,X) — P H'(F, /Hf(Fq,X)> :

qex

6.2. Selmer structures for the Tate module of a CM abelian variety. LetI € J, V7 C
HY(F,, Tey) and V; C H'(F,, T) be the free rank-g submodule defined as in Section 5.
Assume throughout that Leopoldt’s conjecture holds for L.

Set U2, = loc, (H%. (F,T,)). This is the image under loc, of the (p-part of the)
inverse limit of global units along F,/F. The A-module U2, C H'(F},,T) is a torsion-
free submodule and it may be generated by at most g elements by Nakayama’s lemma.

Proposition 6.9. There is an I € J such that tw(U2) NV = 0.

Proof. It follows from [BL14, Lemma 3.28] that we may choose an I € J so that
tw (UL)Y NV =0,
where tw (U2,)Y C H'(F,, Teye) is the projection of tw (U2) under the map
H'(F,,T) - H'(F,, Tey).

We contend to prove the proposition for this particular /. Let F, D Fi, be a Z,-
power extension. Set I', = Gal(F,/F) and A, = O[[[.]]. We will write tw (U2)" C
HY(F,,T ® A.) (resp., V) for the image of tw (U~) (resp., V;) under the projection
HY(F,,T) - H'(F,,T ® A,). We will prove by induction on the Krull dimension of A,
that Vi Ntw (U2)" = 0, similar to the proof of Proposition 6.5.
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When A, = Ay, the assertion follows from the choice of I. Suppose the conclusion
holds true for F./F, and suppose F}/F, is a Z,-extension. Similar to above define A
and tw (U2)" € H'(F,,T ® A;). Let 4; be a topological generator of Gal(F;/F,). Con-
sider the following commutative diagram (where the injectivity of loc, is the induction
hypothesis):

1
H-%'-Cﬁn (F’ T ® AT) = Hl(Fp’ T ® AT)/V—]T'

| |

H}:mn (F’ T ® A*)(ﬁ. Hl(Fp7 T ® A*)/V?

Suppose for some U € Hy_(F,T ® A;) we have loc;(U) = 0 and let U = 0 denote its
image under the left Vertlcal map. The diagram above shows that U = 0, thence

Ueker (Hr (FFT®A) = H(F,T®A)) = (- 1)Hr (F.T®A4,.

Write U = (y; — 1)Uy. We have therefore have (y; — 1)loc;(Uy) = 0 by the choice of
U. As H'(F,, T ® A+)/V}is A;-torsion free, it follows that loc: (Uy) = 0, and repeating
the argument above we conclude that Uy = (7; — 1)U; with Uy € Hx_ (F,T ® A;). On
running this procedure k times, we conclude that U € (4 — 1)"Hy_ (F,T ® A;) for
every k and hence U = 0. We conclude that the map loc; in upper row is injective,
completing the verification of the inductive step. O

Fix until the end I € J such that tw (U2)Y* N VY  =0and tw U2) N V; = 0.

Corollary 6.10. We define loc]ff’1 as the compositum of the maps

locy,

loc : H: (F,T,) ~4 HY(F,,T,) —» AY.

Then locc"1 is injective and the element loc;"l’@g (&%) € A is non-zero.

col

By a slight abuse, let 1oc,” also denote the maps

loc : HY (F,T) =% H'(F,,T) - A,

and

locy,

loc COl HJ—};, (F TCyC) Hl(FchyC) _>Agyc

Then locS*"®? (tw(Ggo)CyC) € Acye (and therefore, also loc™® (tw(&5,)) € A) is non-zero.

Definition 6.11. Let . C Z be any free direct summand of rank one and set L:= Z/L.
Set

HL(F,,T) := ker (Hl(Fp, T) - IE) .

Throughout this paper, we will make use of the following Selmer structures on the
G p-representation T or via propagation, on its various quotients (such as 7" and Tey.).
The first of these Selmer structures will be auxiliary, whereas the second is direct gen-
eralization of Kobayashi’s signed Selmer groups to our setting. We further note that
via the twisting isomorphism (3.2), all these Selmer structures also define a Selmer
structure on T, and its various subquotients.

Definition 6.12.
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e The L-restricted Selmer structure is given by the local conditions
- H (F,,T) = Hy_ (F,,T) for every prime q { p, and
- H}L(Fpa T) = HH{(Fpa T).

o The [-signed Selmer structure F; is given by the local conditions
- Hy (F,,T) = Hy_ (F;, T) for every prime q { p, and
- H]l-'I(FpaT) =V,

6.3. Comparison of Selmer groups. Note for residual representations we have T,

"]I‘ = p, @ x ! and T=T= Alp] as G p-representations. In particular, when y is
Chosen to be w3, E , it follows from the definition of 7" and the discussion in Remark 2.2
that both these residual representations we consider are isomorphic.

Let & denote the residue field of ©O.
Lemma 6.13. Assume the truth of Leopoldt’s conjecture for the number field L. We have
61)  dimy, Hy (F,Ty) = dimy Hy. (F,T) , dimy, Hz, (F,T) = dimg Hyo(F,T")
and
(62) dimy, Hy,(F,Ty) = dimy, Hx,(F,T,)+1,dimy Hy, (F,T) = dim, Hz.(F,T") +1
Proof. As explained in Example 4.9 we have Hz._(F,T,) = O * and this module is

free of rank g under the running assumptions. On the other hand, Hj. (F,T*) =
CL(L)X is finite and it follows from the discussion in Section 5.2 of [MR04] that

dimy, Hy. (F,Ty) — dimy Hy. (F,T,) =ranko H}y._(F,T,) — coranky Hr. (F,T7)
(6.3) =y
Observe that we have by the choices we have made that

dimy Hy_(F,,T,) — dimy Hy, (F,,T,) =
dimy, Hy. (F,, Ty) —dimy, Hy (F,,Ty) =g—1.
Using [Wil95, Proposition 1.6] we conclude that
(dimy Hy_(F,T,) — dimy, H}QH(F,T;)) (dimy Hy (F,Ty) — dimy H1 (F, T, )
T

= dimy H}m(Fp, ) — dimy, Hftt(Fp, T,) =

and
(dimy Hy, (F,Ty) — dimy Hy. (FT))) = (dimy Hy (F,T) - dimy Hy (F,T)))
=dimy, Hy_ (F,,T\) —dimy Hy (F,, Ty)=g—1.

The portion concerning the Selmer groups for T',, follows from (6.3). Making use of
[MRO04, Theorem 5.2.15] in place of (6.3), the assertions on the Selmer groups for T are
deduced in an identical way. O

Remark 6.14. It follows from Lemma 6.13 and [MR04, Corollary 4.5.2] that the k-
vector space of Kolyvagin systems KS(F¢, T) (resp., KS(F1., T)) have dimension one.
On the other hand, it follows from the main theorem of Section B that these resid-
ual Kolyvagin systems deform to T, and T and that the A-module KS(Fg, T,) (resp.,
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KS(F.,T)) is free of rank one. Elements of these modules (namely, Kolyvagin sys-
tems) are used to bound the characteristic ideal of H 1§(F , %)Y (resp., H }L(F ,T*)Y).
The generators of the module of Kolyvagin systems are characterized by the prop-
erty that the bounds they give on the characteristic ideal of H 1§(F , %)Y (resp., of
H}.(F,T*)") are sharp.

We will later use the (conjectural) Rubin-Stark elements to construct these Kolyva-
gin systems and exploit facts recalled above in order to verify the sharpness of the
bounds we shall obtain on the signed (cyclotomic) Selmer groups for a CM abelian
variety. This is one of the novelties in this article: In [PR04], the corresponding state-
ment (Kobayashi’s conjecture) was deduced from a (2-variable) CM main conjecture
by a descent argument. For this reason, Pollack and Rubin had to utilize the non-
existence of pseudo-null submodules of various Iwasawa modules. The analogous
statements are not available in our context and our methods here are designed exactly
to by-pass this issue.

Lemma 6.15. Let tw (U2)Y C loc, (H'(F, Tey.)) be as in the proof of Proposition 6.9. If
Hz. (F,T.)" is Aeye-torsion then so is the quotient loc, (H' (F, Teyc)) /tw (UL)7C .

Proof. We will proceed by induction and our notation will be very similar to the proof
of Proposition 6.9.

Let F, D F.y. be a Z,-power extension. Set I', = Gal(F,/F) and A, = OJ[[',]]. We
will write tw (UL)" € H'(F,,T ® A,) (resp., V;) for the image of tw (U~,) (resp., V)
under the projection H'(F},, T) - H'(F,,T ® A.). We will prove by an (descending)
inductive argument on the Krull dimension of A, that loc, (H'(F,T ® A,)) /tw (U2)"
is A,-torsion.

In the base case (i.e., when A, = A), the assertion is evident (since the quotient
in question is trivial). Suppose the conclusion holds true for the Z,-power extension
F;/F containing F,., and suppose F,/F} is a Z,-extension. Similar to above define A+
and tw (U2)" € H'(F,, T ® A;). Let , be a topological generator of Gal(F./F}). As
in the discussion of Remark 4.11 (particularly, using Nekovéai’s control theorem as in
(4.1)) we have

(64)  coker ([} (Fo/F.,T) — Hy (Fo/F,T)) = 3y, (Fo/F., T) . — 1
We claim that this module is A4-torsion. We note that
Hiy(Fs/F.T) = Hy, (F(T ® A)")
by [Nek06, 8.9.6.2]. Furthermore,
Hi (FA(T ® M) /(7 = 1) 2 (Hi, (F (T ® M) — 1)) 2 Hy, (F (T ® Ay))"

can

where the second isomorphism is by [MR04, Lemma 3.5.3]. Since we assumed that
Hz. (F,T;,.)" is torsion, we once again use [MR04, Lemma 3.5.3] to conclude that the

cyc

Ai-module Hi. (F, (T ® A.)*)Y /(7. — 1) is torsion. It follows from Lemma 4.10 that
Hze, (F (T @ 8)") [ = 1] 2 Hf o (Bo/ B, T) e = 1

is As-torsion as well, as we have claimed.
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The quotient loc, (H'(F,T ® A;)) /tw (U2,)" is a homomorphic image of the quotient
H'(F, T ® Ay)/im (H'(F,T ® A.)) = coker (EI}JW(FZ JFT) — By (Fo/ F, T)) .
This completes the verification of the induction step. O
Proposition 6.16. Assume that Leopoldt’s conjecture holds for L. Then,

Hy (F,Ty) = Hy, (F, T\ ® Acye) = Hy, (F,Ty) =0
and if Hz. (F, Teye(E)*)Y is Acye-torsion,
HE (F,Teye) = Hy (F, T) = 0.

Proof. The first group of assertions follow from the definitions.

The quotient loc, (H'(F, Tey.)) /tw (UL)7° is a torsion A.y.-module by Lemma 6.15.
Since tw (U2)Y° N V¥ = 0 by our very choice of I € J and since H'(F), Tey.)/ VT is
torsion free, it follows that loc, (H'(F, Tey.)) N V7 = 0. This means

H-}:I (F’ TCYC) := ker (Hl (F, Tcyc) bcp chc> =0.

The proof that Hx (F,T) = 0 follows by induction using Nakayama’s Lemma at
each step. O

Remark 6.17. The statement that Hz. (F,T%,.)" is Ay-torsion is a form of the weak

Leopoldt conjecture for 7'. See Theorem 7.4(iii) below where we verify this statement
assuming the Explicit Reciprocity Conjecture 4.18 for the Perrin-Riou-Stark elements.

Proposition 6.18. Assume that Leopoldt’s conjecture holds for L and the weak Leopoldt con-
jecture for T

(i) For X =T,,T\ ® Acyc, Ty (resp., £x = L, Leye, £oo) the following sequence is exact:

locy,

0 — HE,(F,X) =5 ex—Hp (F,X*)Y — Hy (F.X*)" — 0.

(ii) For X = Teye, T and V£ = V7, V| the following sequence is exact:
0 — HE (F.X) % H} (B, X)/VE — b (F.X") — Hy.(F,X")’ — 0.

Proof. This follows from Poitou-Tate global duality, used along with Proposition 6.16.
O

7. PERRIN-RIOU-STARK KOLYVAGIN SYSTEMS AND MAIN CONJECTURES

The goal in this section is to verify that the hypotheses of Appendix A hold true
and apply the main results therein with the (conjectural) Rubin-Stark element Euler
system of rank r in order to deduce the (g+1)-variable main conjecture in this setting.
These results will be useful to us for deducing one of the main results of this article
(Theorem 7.7), namely the full (i.e., not only a divisibility statement in the) signed
main conjecture for CM abelian varieties.

Remark 7.1. The statements in this section are unfortunately conditional on the truth
of Rubin-Stark conjectures. However, we prove in Appendix B that the Kolyvagin sys-
tems which these conjectural elements yield (following the recipe of Appendix A.2) do
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exist unconditionally. It is these Kolyvagin systems that we use to bound the relevant
Selmer groups; however, in order to link our bounds with the L-values, the connec-
tion of these Kolyvagin systems with the Rubin-Stark elements is essential. It would
be interesting to obtain unconditional consequences of this fact, such as when the CM
field F is absolutely abelian.

7.1. CM main conjectures in (g + 1)-variables. We assume the truth of the Perrin-
Riou-Stark conjecture, the Leopoldt conjecture for L and the Explicit Reciprocity Con-
jecture 4.18. We also assume that the set S that appears in the definition of Rubin-Stark
elements (see Section 4) contains no non-archimedean prime of F' that splits in L/F'.

Recall the Selmer structures on Fi, or 7; on T from Definition 6.12. By the twist-
ing morphism (3.2) we have an induced Selmer structure on T, (and on its various
subquotients, such as T, and 7, ® A.y.). We denote this Selmer structure also by Fr..

The first two assertions in Theorem 7.4 below is one of the main applications of the
L-restricted Perrin-Riou-Stark Kolyvagin systems we shall construct in Theorem A.11

below (which will be applied by setting X = T, and ¥ = Eg for (i) and X = T and
U = ¢ for (ii)). Recall the rank-g Euler system C{) := {%.}, e of Rubin-Stark elements.
On choosing = = {Z, },, as in §§A.1 and A.2 below we obtain an L-restricted Kolyvagin
system k= € KS(T,, Fi,, P) whose initial term is given by an element denoted by

cp. € H'(F,T,).
We remark that the element % corresponds to the element denoted by 3, ; in Sec-

tion A.2 (with X = T, and ¥ = €5). Let tw(cz_)¥° € H} (F,Teyc) denote the image of
tw(cg, ) € Hy, (F,T).

Definition 7.2. Let k™ € KS(T, Fy,) denote the Kolyvagin system obtained from
the twisted Perrin-Riou-Stark elements via the descent procedure we develop in Sec-
tion A.2 (applied with X = 7). Let k"% € KS(T.y., F1.) denote its image under the
obvious map. Note that the initial term of ™ is given by tw(cz_) € H'(F,T) and the
initial term of k™ by tw(cg_ )™ € H'(F, Teyc), the projection of tw(cf_).

Definition 7.3. Let Cl(F)” = hm, o Cl(M)? and define CI(F¢y.)” similarly. We
have the identifications (by class field theory) Cl(F.)” = Hz. (F,T};)" and Cl(Fey.)” =
Hi., (F (T, @ Aeye))"

The final part of the following theorem is our first result towards the main conjec-
ture for the maximal Z,-power extension F, of the CM field F.

Theorem 7.4. Let £ := Hy, (F,,T,)/H;and V := H'(F,,T,)/H;.
(i) tw (cz.)™" # 0, the Acy-module Hz.(F,Ty,)" is torsion and

cyc

char (H}E(F, T )V> | char (Hx, (F, Teye)/Acye - tw (c%m)cyc) .

cyc

(ii) char (Hli(F, T;)V> divides char (Hy. (F,T,)/\ - %) .
(iii) Weak Leopoldt conjecture for T' holds true.
(iv) char (Cl(Fx)”) divides char (Y H'(F,T,)/A - &%,).
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Remark 7.5. We explain that all the characteristic ideals that appear in the assertion
of Theorem 7.4 are non-zero. We shall prove (without relying on any of the conclu-
sions that shall follow) that the element tw (c%w)cyC is non-zero. On the other hand,
H}L(F , Teye) injects into the torsion-free, rank-one A.y.-module H}L(Fp, Teye)/ VT by
Proposition 6.18(ii) and it therefore follows that HE: (F, Teye)/Acye - tw (c5_ )™ is tor-
sion. Arguing similarly, we also check at once that Hy (F,T,)/A - ¢z is a torsion
A-module. Furthermore, since we assumed Leopoldt’s conjecture for L, it follows that
the element &% is non-zero (c.f., the proof of [Rub96, Proposition 6.6(ii)]). We con-
clude using Lemma 4.11 that the A-module AY H'(F,T,)/A - &%, is torsion.

Likewise, all the characteristic ideals which are present on the right-sides of the di-
visibilities (7.1) and (7.3)-(7.7) below are non-zero, since every single one of the corre-
sponding module is either a quotient of a rank-r module by another rank-r submodule
(where r =1 or g).

Proof of Theorem 7.4. The Explicit Reciprocity Conjecture 4.18 implies that tw (c%_)™" #
0. The rest of (i) is deduced using the Kolyvagin system machinery applied for the
Selmer structure Fi, on Ty (see [MR04, Section 5.3]). Note that the hypotheses (HO)
and (H1) of loc.cit. hold obviously true, whereas (H2) holds with 7 = 1. The truth of
hypothesis (H3) follows from Remark 5.14 and the truth of (H4) is also trivial (since
p > 3 from start). The second part of the theorem follows via an enhancement of the
arguments of [MR04, Section 5.3] using the “dimension reduction trick” due to Ochiai,
as given in [Och05, pp. 145]). The proof of (iii) is immediate from (i) since we have a
tautological containment Hz. (F,T¢,.) C Hx (F,T¢,).

We now prove (iv). On applying the twisting morphism tw on the exact sequence
of Proposition 6.18(ii) (which applies thanks to (iii)) we have the following exact se-
quence:

0— Hy (F\T,)/A- ¢k Locy, L/A - locp(c%oo)—>H}I*(F, T;)" — Hz(F,T;)" — 0.

It follows from (ii) that

(7.1) char (H}, (F.T;)") | char (£/A -loc, (¢Z..))
char <]L /A - locs (CIE;OO)>
T char (L/&p(ﬁ))

The identification Hj_ (F,T})" = Cl(F.)” yields

locy,

(7.2) 0 — Hz, (F,T,) —V — Hp, (F,T,)" — Cl(Fy)" — 0.



28 KAZIM BUYUKBODUK AND ANTONIO LEI

Recall the module ¢/%,. By slight abuse, we denote its isomorphic image inside V also
by U”,. The displayed equation (7.2) together with (7.1) shows

char (]L JA - IOC;Ol (cE.. ))

p

char (CL(F)") | o (L/T(L)) - char (V/UZ)

char (/\92 /A - locSh® (6&))
7.3) = “char (L)€ (L)) - char (VJUL)

char (AQZ/A -loch® (6&))

(7.4) - . e

char (coker(ﬁ < L)) : w

char(coker(V—=2))

char (/\92 JA- loc;(’l’@g (6&))

(7.5) = ——
char (Z/CP(Z/{&)>

(7.6) = char (/\9@ oe) /A loc;"l’@g (6&))
(7.7) — char (/\ng(F, T,) / A-6§O> .

We explain the non-obvious steps. (7.3) holds true thanks to the following diagram
with commutative squares:

&5, "€ NHYF,T,) — > NHY(F,,T,) —"=ANZ 3> loc® (&7,
R
= 1 P ¢ =
Here ¢, is the isomorphism of Proposition A.8(i) (with n = 1, Z chosen in place of

A9 and L. C Z in place of L C AY), the map =, in the middle is the map of Proposi-
tion A.8(ii) and =; on the left is induced by functoriality from the one in the middle.

The steps (7.4) and (7.7) follow since er is injective on V and the steps (7.5) is because

[1]

both modules coker(L < L) < coker(V 87 ) are pseudo-null by the construction
of (normalized) Coleman maps. Finally, step (7.6) is because the A-module U2, (and
therefore, also its isomorphic image €”) is free of rank g. The proof of the theorem is
now complete. O

Remark 7.6. The proof above in fact may be modified slightly to prove that the fol-
lowing statement holds true for every intermediate Z,-power extension F./F that
either contains F'“¢ or else F, = F. Let A, be as in the proof of Proposition 6.9
(when F, = F we set A, = O and char,,(?) = Fitto(?)) and let G? denote the
Perrin-Riou-Stark element for the tower F./F. We then prove that char,, (Cl(F,)?)
divides chary, (A H'(F, T, ® A,)/A - &7) (when F, = F, write H._(F,T,) in place of
HY(F,T,®A,)).
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Theorem 7.7. We assume the truth of the Perrin-Riou-Stark Conjecture 4.14, the Leopoldt
conjecture for L and the Explicit Reciprocity Conjecture 4.18. We also assume that the set
S that appears in the definition of Rubin-Stark elements (see Section 4) contains no non-
archimedean prime of F' that splitsin L/F.

(1) #CIUL)P = [NO;* O - ehl.
(ii) The divisibility in the statement of Theorem 7.4(iv) may be upgraded to an equality
and char (Cl(F)?) = char (A H'(F,T,)/A - 6%,).
(iii) char (H ]1:; (F, T*)V) is generated by loc;"l’@g (tw(S%,)).

(iv) The divisibility in the statement of Theorem 7.4(ii) may be upgraded to an equality and
char (H}ﬁ(F, ’]I‘*)V) = char (Hz, (F,T)/A -tw(cE,)) -
(v) The Perrin-Riou-Stark Kolyvagin system & is primitive.
(vi) The cyclotomic Perrin-Riou-Stark Kolyvagin system &< is primitive.
(vii) char (H }; (F,T* )V> is generated by loc;"l’@g (tw(&2,)¥e).

cyc

Remark 7.8. The statement of Theorem 7.7(i) is a form of Gras’ conjecture for L. The
Iwasawa module H Jsz* (F,T*)” which appears in (iii) should be compared to the mod-
ule X of [Rub91, §11] and the assertion (iii) should be thought of as a generalization of
Rubin’s main conjecture [Rub91, Theorem 4.1(ii)]. We will soon convert the statement
of (vii) to a signed main conjecture, comparing the characteristic ideal of the signed
(cyclotomic) Selmer group to a signed p-adic L-function. We also note that the element

loc;(’l’@g (tw(62,)%°) (and therefore, also the element locf;’l’@g (&~,)) is non-zero thanks

to Corollary 6.10.

Proof of Theorem 7.7. The proof of (i) is identical to the proof of [Biiy13c, Theorem 5.2(i)]
(also, a minor alteration of the proof of Theorem 7.4(iv) combined with an analytic
class number formula gives a proof of this assertion as well).

Let F,/F be any Z,-power extension as in Remark 7.6, we also adapt the notation
from that paragraph (and from the proof of Proposition 6.9). We shall prove by induc-
tion on the Krull dimension of A, that

chary, (CI(F,)?) = chary, (N H(F,T,® A,)/A - &) .

Note that the base case (which is when A, = ©) is equivalent to the statement of (i).
Let F; C F, be a Z,-power extension of F' such that I', /T’y = Z, and let v, € I',./I'; be
any topological generator. To ease notation, we set U, := H'(F,T, ® A;) for 7 = *,{
and suppose that we have already proved

chary, (CI(F})?) = chary, (A Ui/A - &1) .
It follows from Lemma 4.10 (applied with G =T',, H =T';, 7y = 7, and 7y = 7;) that

mi(chary, (CI(F.)?)) - chary, (CI(F})"[v. — 1]) = chary, (CI(F.)?/ (v« — 1)CI(FL)?)
(78) = CharAT (Cl(FT)p)
(7.9) = char,, (N U{/A - 6Y),
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where (7.8) follows from [MR04, Lemma 3.5.3] used as in the proof of Lemma 6.15.
Using Lemma 4.10 once again we have

i (chary, (AU, /A - &%) = my (chary, (A U, /A - &%) - chary, (AU, /A - &2) [y, — 1))

chary, (A U;/A - &Y)
chary, (A9 U/ A9 im(U, — Uy))

chary, (A9 U;/A - &F)
chary, (coker(U, — Uy))

chary, (A U;/A - &F)
chary, (CI(F,)r[y, —1])

(7.10) =

(7.11) =

We explain the first equality. The A,-module (A U, /A - &?) [y, — 1] is pseudo-null by
Lemma 4.10(ii), but since the A,-module AY U, has no non-zero pseudo-null submod-
ules and A - &7 is free, the quotient AY U, /A - &2 does not have any pseudo-null sub-
modules. Thence (AU, /A - &) [y. — 1] = 0 and chary (A UL /A - &2) [y — 1]) = R.
The step (7.10) follows since both A;-modules U; and im(U, — U;) are free; whereas
(7.11) follows from (4.1). The induction step now follows combining (7.9) and (7.11)
and this completes the proof of (ii).

Given (ii), one may trace back in the proof of Theorem 7.4 to see that the charac-
teristic ideal of the A-module (H }; (F, ’]I‘;)V) is generated by 10c;°17®9 (&2.). A formal
twisting argument (c.f., [Rub00, Chapter 6]) proves (iii). One may proceed similarly
to prove (iv) as well.

Now (v) follows from (iv) and (vi) from (v) (as a primitive Kolyvagin system & is
characterized by its property that its image k as a Kolyvagin system for the residual
representation is non-zero). (viii) is then the restatement of Theorem A.14(iii). U

7.2. The (analytic) signed p-adic L-function and the signed (cyclotomic) main con-
jecture. Leté =& A--- A€, € UY be a generator verifying Conjecture 4.18. In this
section we borrow ideas from our companion article [BL14] in order to define signed
p-adic L-function and study its various properties. For a completion F) of F' ata prime
above p, let

L7 Hiy(F), T) — Ho ®9 D, (T)
denote Perrin-Riou’s regulator map from Appendix C. Set D,(T") := @©,Dr, (1) and
Lr = @qp Ly + Hy(F,, T) — Ho @0 Dy(T)
denote the semi-local regulator map.

Definition 7.9. The (Perrin-Riou’s) p-adic L-function £,(A") is defined as the image of
the regulator map on the twisted Rubin-Stark element &:

L,(AY) = L7 (loc,(€)) € Ho @0 NID,(T) .

Remark 7.10. In this remark we explain why £,(A") is deserved to be called a p-
adic L-function. Indeed, it follows from [BL14, Proposition 3.11] that the element
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L,(AY) may be characterized by the following interpolation property: For every even
Dirichlet character 6 of conductor p™, we have
n QI
p 1 n
QCCUESS (755 o0 052 4" (e

When 0 is the trivial character,
I

Q
0(Ly(A) = (1=@)(L=p o ) Ly (0, 1) =P QI = (Niervi) -

1€3

i—Iere4§i{zé (resp., ©2}, ) is a complex (resp., p-adic) period as in the statement of Conjec-
ure 4.18.

Definition 7.11. For any / € J recall that we have the Coleman map ¢. We define the
signed p-adic L-function £](A") by setting

LI(AY) = det (€1.(&))) -

Remark 7.12. As explained in [BL14, Lemma 3.16], there exists an integer n(/) > 0 such
that det(Im(€7)) = (Yeye — 1)"D Aeye. In particular, (yeye — 1)™? divides £](AY). Note
that n(/) = 0 if the basis we choose to define the Coleman map is strongly divisible in
the sense of [BL14, Definition 3.2].

Let My € GLy, (Ho) denote the logarithmic matrix given as in [BL14, §2.3 and §3.1].
For every pair I,J € J, let M}’ be the g x g the submatrix of M, whose entries are
the those indexed by the elements of I x J. The following Theorem shows that that
Perrin-Riou’s p-adic L-function may be decomposed into an Ho-linear combination of
the (integral) signed p-adic L-functions £](A"), justifying our choice of terminology.

Note that the p-adic L-functions defined this way are compatible with the defini-
tion of Pollack’s £-p-adic L-functions defined in [Pol03]. See [BL14, Appendix D] for
details.

Theorem 7.13. There is a decomposition

=) det(My”) - LI(AY) - Niervi

1,Je7

Proof. This is [BL14, Theorem 3.18]. O

Definition 7.14. Let C denote the matrix of (1 gp)_ (pp — 1) acting on D,(T"") with
respect to our fixed (dual) basis. Besides I € J we have fixed above, let J € J be
another element and let D; ; denote the (I, J) co-minor of C.

The following interpolation formula for the signed p-adic L-function follows from
[BL14, Proposition 3.18]:

Proposition 7.15. For an even Dirichlet character 8 modulo p we have

L{p}( 1)> se3 Dra—oi QJ if 0 is trivial,

0 (LL(AY)) =
(5(47) 3 Ly (¥, 07 1) 2 otherwise.

(
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We are now ready to prove the signed main conjecture for CM abelian varieties at
supersingular primes.

Theorem 7.16. Suppose that the Perrin-Riou-Stark elements verify the Explicit Reciprocity
Conjecture 4.18. Then

LI(AY)
(Yeye — 1))
Proof. It is easy to see (relying on a theorem of Lutz away from p) that

H}:}“ (Fp7 P]I“:yc) = Selg(A\//FCyC) :

The proof follows by Theorem 7.7(vii) and the definition of the signed p-adic L-function
Ly (AY). O
p

char (Sel](AY/FY)Y) = Aeye -

8. DESCENT AND THE BIRCH-SWINNERTON-DYER CONJECTURE

Let S” be the set of primes of /' whose elements are the bad primes of 7', the primes
above p and the infinite primes. If v € 5" with v { p, we define

TN(F) =@ H (Fuu Ap™]) and  J)(FY) = lim J,,(F,),
wn |v n
where w,, runs through all the primes of F,, dividing v. We also define
 HY(Fyp, AY HY (Fpye, AV[p>])
V?,L V;yc,L :

Here, V' is the orthogonal complement of the projection of V¥ in H'(F,, ,,, T') under
the pairing

JI(F,) L

HY(Fop, T) x H' (Fp, A [p™]) = Qp/Zy.
Lemma 8.1. We have equality V" = H}(F,, AV[p]).
Proof. This is equivalent to saying that the projection of V{¥“ = ker € in H'(F,,T) is
equal to H;(F,, T).
By [BL14, Lemma 2.17], we have the inclusion
H(F,,T) C (ker €)peye.

But since € is pseudo-surjective, (ker €)p.,. is a rank-g Z,-module. Subsequently, both
H}(F,,T)and (ker €)peve are saturated submodule of H'(F}, T') of rank g, so they must
coincide. O

We thus have a commutative diagram

8.1)
0— Selg(A\//FCYC)FCyC — HI(GS/(FCyC>7 AV [poo])f‘cyc — @’UJ[P Jg(FcyC)Fcyc &) Jp{(FCYC)Fcyc

ed 5T V@WT

0 —— Sel,(A"/F) H' (G (F), AY[p>]) Dy Lo (F) & J5(F),

where the vertical maps are restriction maps.

Lemma 8.2. The maps (3, y are isomorphisms and vy, is a monomorphism.



RUBIN-STARK KOLYVAGIN SYSTEMS AND SUPERSINGULAR IWASAWA THEORY 33

Proof. By Remark 5.14, (AY[p>])'=c = 0 and we conclude that the maps 3 and ~ are
isomorphisms by the inflation-restriction sequence.

As for the map v, , we consider the commutative diagram

Hj(Fy, AY[p™]) = H'(F,, AV [p™]) H\(F,, A[p*])/H(Fp, AY[p™])

| | L.

HO (Teye, V7 ) o HO (Deye, HY(F, AY[p%])) —— HO (rcyc, A A [pwn) .

cyc, L
VI

The left-most vertical map is an isomorphism by Lemma 8.1 and the vertical map in
the middle is an isomorphism by the inflation-restriction sequence. It follows from
Snake Lemma that the map v, is a monomorphism. O

Proposition 8.3. The map
a: Sel,(AY/F) — Selg(AV/FCyC)FCyC
is an isomorphism.

Proof. This follows chasing the diagram (8.1) with the aid of Lemma 8.2. O

Recall that we wrote A ~, B for A, B € Q, if ord,(4/B) = 0.

Theorem 8.4. Assume that the hypotheses of Theorem 7.16 hold true and suppose that I € J
is as in the proof of Proposition 6.9 with n(I) = 0. Then the following two assertions are
equivalent:

(i) Lipy (¢, 1) # 0 and the p-adic period ), Dy, J%{ does not vanish.
(ii) Sel,(AY/F) is finite.
In either case,
QJ
Seb(A"/ )|~ L (6 1) - Drag
Jed

Proof. This follows easily from Theorem 7.16, Proposition 7.15 and Proposition 8.3. [
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APPENDIX A. COLEMAN-ADAPTED RANK-g EULER SYSTEM ARGUMENT

The goal of this appendix is to modify the rank-r Euler-Kolyvagin system machin-
ery (developed in [Biiy10]) so as to adapt them for our purposes in this article. The
main difficulty is due to the fact that the Coleman maps do not in general have free
images.
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A.1. Preliminaries. Let ® be a finite extension of Q, and let O be its ring of integers.
Let k be either a totally real number field or a CM field, let £%¢ denote its cyclotomic
Z,-extension and let ko be its maximal Z,-power extension. Set I' = Gal(koo /k), I'eye =
Gal(k¥/k) and A = O[[I']], Acye = O[[I'V]]. Set

I'=TeexTy x---xTY
and let 1> be a topological generator of I';. (Note the slight difference here from the

main text where A stood for Z,[[[']] and r = ¢g + 0 in the main text.) As above for

m = (mcyca my, .- 7mr) € (ZE())H_I

write

my

i o= Doye/The” X T /T7 " x o x T, /Y
and let k7 C k4 the corresponding extension of k£ with Galois group I'z.

Let X be a free O-module endowed with a continuous action of G;,. Set X* =

Hom(X, p,~) to denote the Cartier dual of X. Suppose that
(H.nA) For any place v of k above p that H%(k,, X ® ®/9O) = H°(k,, X*) = 0.
Let r = rankg Indy /g X) and g := r — ranky H°(R, Indy, 0 X).

Let P be the set of Kolyvagin primes for X and let ' = N (P) denote the square
free products of primes chosen from P. For q € P, let k(q) denote the maximal pro-
p extension of k contained in the class field k(q) of conductor q. For n = q;---qs,
let k(1) := k(q1)---k(qs). Set A, = Gal(k(n)/k) and A(n) = A[A,)] = A ®z, Z,[A,).
Observe that

Ay = A X XA,
Through this identification, we view A, (for i | 1) as a subgroup of A,,. Note then that
we may identify A, /, with A, /A ..

Lemma A.1. The A(n)-module H'(k(n),, X ® A) (of the semi-local cohomology at p) is free
of rank 2r.

Proof. This follows from Corollary 3.13 of [Biiy10]. O
Lemma A.2. There is a natural isomorphism

Homu ) (H' (k(n),, X @ A), A(n)) — Homy (H' (k(n),, X ® A), A).
Proof. This is evident. The maps are given as follows:

Homy ) (H' (k(n)p, X © A), A(n))

Homy (H*(k(n),, X ® A), A)

= (0 F@) = Spen, i) 00 €MD A ) ———— fi

(xr—> > sen, f(x5)®(5*1> Lg

Lemma A.3. For p | 0, the restriction map
res, s H' k(1) X ® A) — H'(k(n),, X © A2

is an isomorphism.
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Proof. Let v be any prime of k(7)) above p. Write D] for the decomposition group of v
inside A”. We may identify D C A" with the local Galois group Gal(k(n).,/k,) where
o C k is the prime below v. If D7 is trivial, then H°(k(n),, X*) = H%(k,, X*) = 0. If
D7 is not trivial, then it is a non-trivial p-group, hence the order of H° (k(n),, X*[p]) is
congruent modulo p to the order of

HO (k(n)y, X*[p)™ = H° (ky, X*[p]) = 0,

thus H° (k(n),, X*) = 0 as well. The lemma now follows from the inflation -restriction
sequence. O

Lemma A.4. The quotient A(n)/A(n)>n/n is free as a A(u)-module.

Proof. Note that the quotient Z,[A,,] /Z,[A,,]*7/» is a torsion-free, hence also a free
Z,-module. As A(n) = A(p) ®z, Zy[A,y,] and A(n)20n = A(p) ®z, Zy[A,,)27n, the
proof of the lemma follows. O

Lemma A.5. The A(p)-module H' (k(n),, X ® A)/res,;,, (H' (k(1),, X @ A)) is free.

Proof. This follows from Lemma A.1, A.3 and A 4. O
Lemma A.6. For every i | nand every t € Z*, the map

res;/u : Hom(Hl(k(n)Pv X ® A)7 A(W)t) — H0m<H1(k(:u)P7 X ® A)7 A(M>t>
is surjective.

Proof. Immediate from Lemma A.2 and A.5. O

Suppose now that we are given a A-module homomorphism
U H'Y(ky, X @ A) — AY

with psuedo-null cokernel’. Using Lemma A.6 above, choose for each n € A a ho-
momorphism ¥ € Hom(H*(k(n),, X ® A), A(n)?) which are compatible in the sense
that the diagram

(n)

H'(k(n),, X ® A) A(n)?

H'(k(n)p, X @ AP/ (A(n){)A’”“

commutes and such that () = ¥,

>In the main body of this article, ¥ will be an appropriate lift ¢ : H'(F,, T) — Z of a signed Coleman
map, where we recall that Z = A9 contains the image of the signed Coleman map with pseudo-null cok-
ernel. When we are dealing with the Galois representation X = T}, we shall use the twisted Coleman

map € in place of W. See Section 5 for a detailed construction of these objects.
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Fix a A-direct summand L(1) = L of AY of rank one and set L(n) = L ®z, Z,[A,].
The A(n)-submodule L(n) C A(n)? is a direct summand of rank one and note for every
| n that L(n)2w« = L(u). We define

H (K X 6 8) = her (Y () X 0 ) 25 A0 200

Definition A.7. For m = (mcyc, my, -+ ,m,) € (Zxg)", let Hr (km(n),y, X) denote the
image of H (k(n),, X ® A) inside of the free O[A, x I';,]-module H'(km(n),, X) of
rank r.

Consider the maps

(1) Homag (An)?/L0r), A(n)) — Homag (AG)7, A(n) “5
Homy ) (H'(k(n)p, X @ A), A(n))

Choose a basis {¢{", -~ , 4"} of the free A()-module Hom,, (A(n)?/L(n), A(n)),
in a manner compatible with the variation in 7. We then have an isomorphism

@ 0 A/ Ln) — Al
Let in(n) € Homy ) (A(n)?, A(n)) under the first map in (1.1). Note that the map

g—1
- (n) _
=P AT — Al
i=1
is surjective with kernel L(n). Define

= A AP € AT Homy g (A(n)Y, A1),

where the exterior product is taken in the category of A(n)-modules. Note that the
collection {¢, } is compatible as 7 varies, by choice. Let

=y € A7 Homu (H' (k(n)p, X @A), A(n))
be the image of ¢, under the map induced from W~

Proposition A.8. (i) For everyn € N, p, maps N9\ (n)? isomorphically onto L(n).
(ii) For every ¢ € NH'(k(n)p, X ® A) we have Z,(c) € Hx, (k(n)y, X @ A).

Proof. The proof of (i) is identical to that of [Biiy10, Prop. 3.19]. For (ii), consider the
following commutative diagram:

Ang(Mn)an ® A) Hl(/f(n)an ®A) 2 H%L(k(ﬁ)an ® A)

w(n) l gn) l w(n) l

NA(n)? o A(n)? B L(n)

where for the square in the right, recall that

HE (k(n),, X @ A) = (87)"Y(L(n))
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by definition. For ¢ € ANYH'(k(n),, X ® A), we have ¢,(V"(c)) € L(n) by (i). By
the commutativity of the diagram above this in turn means that ¥"(Z,(c)) € L™,
as desired. O

A.2. Euler systems of rank r and Kolyvagin systems. Suppose in this section that
the hypotheses of Theorem 5.3.3 of [MR04] hold true. They hold in the setting of the
main body of this article.

To ease notation, set

Mcyc

Aa,m = A/(wa, ngc
r+1

_17fyfml _17 7’}/me _1)

r

fora € ZT and m € (Z>y)

Suppose we have an Euler system {cs, } of rank r attached to the Galois representa-
tion X, in the sense of [Biiy10, Definition 3.1] (so that ¢z, € AYH }TA (km(n), X), where
the exterior product is taken in the category of O[I'z x A,]-modules and Fj is the
canonical Selmer structure defined as in [MR04, §5.3]). Following the recipe in [PR9S,
§1.2.3], one may than obtain an Euler system of rank 1 (or plainly, an Euler system in
the sense of [Rub00]) ¢= = {¢%,, } attached to the collection = = {Z,} above. Let

&= = {r>(a,m) € Hy, (n)(k, X ® Aom) basmn € KS(X ® A, Fp, P)

be the generalized Kolyvagin system attached to ¢ (for the Selmer structure F, on
X ® A, in the sense of [MR04, Definition 3.1.6]), which is the image of cz under the
Euler systems to Kolyvagin systems map of [MR04, Theorem 3.2.4].

Remark A.9. The construction of the Euler systems to Kolyvagin systems map in
[MR04] is given only when A = A... However their arguments extend in a trivial
manner to the more general situation we consider here.

Definition A.10. We define the L-restricted Selmer structure 7, on X ® A by setting
H.%-];(kf? X® A) = H]l-'A(kfv X® A)

for ¢ # p and by letting
H}, (ky X @ A) = U(L(1))
as above.

Theorem A.11. The (generalized) Kolyvagin system = is in fact a (generalized) Kolyvagin
system for the Selmer structure Fj, on X @ A.

Proof. We only need to verify that the classes «7(a, ) verify the correct local condition
at p, namely that
loc, (k; (o,m)) € Hy, (ky, X @ Aam)
for every a,n,m. Here Hy (k,, X ® Ays) stands for the image (under reduction
mod (@, Yye — 1, = 1,-++ 2" — 1)) of HE, (ky, X ® A).
Let 7,(a,m)= € H Jlfﬁ(k’ X ® Aajm) be the class denoted by ki, .« (the derivative

class obtained from the Euler system ¢=) in [Rub00, Definition 4.4.10]. As in the proof
of Theorems 3.25 and 3.29 of [Biiy10], it suffices to verify that

loc, (R (a,m)?) € Hr, (kp, X @ Aom)

for every 1 € N, every positive integer v and 7 € (Z)""".
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Let L (n) C O'm ® A,]9 denote image of L(n) C A(n)?. Note that Lz(n) is a free
rank-1 direct summand of O[I'z; ® A,)9.

Let ¢, = {5, }m € H'(k(n),X ® A). By the defining progerty of = we have
_177{) 1 _17 777137nr _1)

Mcyc

W7 (loc, (c3,,))) € L(n). Upon reduction modulo (ww®, v
we conclude that

" (loc, (¢,)) € Lu(n)

for every n and m.

Let D, € O[A,] be the derivative operator defined as in [Rub00, §4]. As the maps
® and loc, are A,-equivariant, it follows that

" (log, (DnCEm,n)) € Lm(n)
as well. On reduction mod w® we see that
(1.2) U (loc, (Dycs,,, mod @®)) € L(n)/@® - Lm(n)
The fundamental property of the derivative operator D, is that we have
Dnc%n mod w® € H}X(k(n), X ®Aom)?.
Combining this fact with (1.2) we conclude that

(1.3) U (loc, Dy, mod @®)) € (Li(n) /@™ - Li(n))™" .

By definition, the element %, (a,7) is a canonical inverse image of D,c%,, mod w®
under the restriction map

res : Hpy(k, X ® Aojm) — H}X(k(n),X ® Aam)™ .
Thus,
(1.4) res (loc, (k,(a,m)%)) = loc, (Dyc5,, mod @w®) .

Consider the following commutative diagram:

H (k(n)p, X ® M) —2" (9/5°0 [T @ A2 D (Li(n) /= - Lin(n)) ™

- ] -

H'(kp, X @ Ay R O /@O [[5]? D Lu(1)/@® - Li(1)

where the isomorphism on the very right is because the O/w*9O [I'z ® A, ]-module
L (n)/@w® - Lim(n) is free. By the commutativity of this diagram along with (1.2) and
(1.4) it follows that

U (loc, (Fy(e, m)%)) € Lin(1)/@w® - Liz(1)
which is precisely to say that
loc, (ky(a,m)%) € Hy, (kp, X @ Aam)

as desired. O
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A.3. Applications. Suppose throughout this section that:

(H.dR) X is de Rham at every place v of k above p.
(H.wL) The cohomology class 5, , € H'(k, X ® A) is non-trivial.

The second hypotheses implies by [Rub00, Theorem 2.3.2] that the weak Leopoldt
conjecture holds true for X:

Theorem A.12. Under the running hypotheses the A-module H 1X (k, (X @ A))Y is torsion.

This assertion is equivalent by the Poitou-Tate global duality to the following:
Corollary A.13. The A-module Hy, (k,X ® A) has rank g.

Consider the following hypothesis:
(H.V) The W-strict Selmer group

H%M@X@Ay:km(H%@@X®Ayﬁgmw>

is trivial.

In specific applications this hypothesis will hold true for a certain Selmer group de-
termined by a choice of a signed Coleman map in place of V. Let 73, denote the dual
Selmer structure on (X ® A)* defined as in [MR04, Definition 1.3.1].

Write ¢q = c(ml) ARRRWA c(mg) € NHz, (km, X) and define

Coo =01 A+ - A gy = {log, (c%) A -+ A loc, (c%”)}m € l'gl/\ng(kmp,X)
=N H"(k,, X @ \)

where the last equality holds true thanks to our running hypothesis (H.nA) (from
which follows that the A-module H'(k,, X ® A) is free, the map H'(k,, X ® A) —
H* (ks p, X) is surjective and therefore the O[I'7;]-module H' (ky,, X) is free.)

Theorem A.14 (The V-main conjecture). Under our running hypotheses,
(i) the A-module H }$ (k, (X ® A)*)Y is torsion and

det ([¥(c;)]2_,) € char (H}%(k, (X® A)*)V) :

(ii) let ceye = 7 A= A Y € NH (K, X ® Acye) denote the image c. Then the charac-
teristic ideal of the A y.-module H };; (B, (X @ Aeye)*)Y contains det ([U(c;¥)]7_,).

(iii) If further the associated Kolyvagin system k= is primitive, then the characteristic ideal
of the Acye-module HE. (k, (X ® Acye)*)" is generated by det ([ (¢;*)J_,)-

7

Proof. By (H.V) it follows that the map

¥ olocy

Hy (k,X ®A) —" L(1)
is injective. We therefore conclude by our assumption (H.wL) that the quotient

H}-'L(k7 X X A)/A ' Cfo,l
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is A-torsion. As a consequence of Theorem A.11 (and applying the Kolyvagin system
machinery (via an enhancement of [MR04, Theorem 5.3.10] using the “dimension re-
duction trick” due to Ochiai, as given in [Och05, pp. 145]) for the Kolyvagin system
k= for the Selmer structure ¥, whose initial term is by definition ¢, ;) we see that

(1.5) char <H}z(k, (X ® A)*)V) | char (H}, (k,X @ A)/A -3, ;) #0.
Poitou-Tate global duality yields an exact sequence
0— Hy (b, X®A)/A- ¢S, — L/A-Woloc, (3,,) —Hz, (k, (X @ A)")"
— H}z(k;, (X ®@A)*)Y =0

Upon taking characteristic polynomials and using (1.5) we conclude that
(1.6) char (H;’Ci(k’ (X ® A)*)V> | char (L/A - ¥ oloc, (c3,;))
By Proposition A.8 and the choice of =, we have an isomorphism

(NIA9) JA - (W(er) A AT(cy)) = L/A - Woloc, () .

The proof of (i) follows. In fact the same proof (without appealing to the work of
Ochiai and slightly modifying the proof of [MR04, Theorem 5.3.10(i)]) applies to con-
clude with the proof of (ii) as well. The proof of (iii) is identical to the proof of [MR04,
Theorem 5.3.10(iii)] (After replacing the Selmer structure denoted by F, on the Ay.-
adic Galois representation T in loc.cit. with the Selmer structure 7, on X ® Acyc). O

APPENDIX B. LL-RESTRICTED KOLYVAGIN SYSTEMS REVISITED

In this Appendix we recall a result that the first author proved in [Biiy13b] which
shows the existence of Kolyvagin systems for the Selmer structure 7, on T. Even
though these Kolyvagin systems do exist unconditionally, they are related (via The-
orem A.11) to the L-restricted Kolyvagin system k= obtained from the (conjectural)
Perrin-Riou-Stark elements and that we utilized above.

Let P be the set of places of F' that does not contain the archimedean places, primes
at which 7' is ramified and primes above p. Set r = 1 + g + § (where ¢ is Leopoldt’s
defect for F) so that I' = Z;. Choose a decomposition

I‘Zl—’lx...xl—‘r

where each group I'; is isomorphic to Z,. Fix a topological generator +; of the group
I';. We then have a (non-canonical) isomorphism

A=ZO[y —1- % —1]].
To ease notation, set R = A.
Definition B.1. For k € Z* and & = (o, -+ , ) € (Z1)", set
Rk@ = R/(wkv (71 - 1>a17 T (%‘ - 1)a,~)7

Tha =T ®r Ris = T/(@", (1 — D, -+, (3 — 1))
and define the collection

Quot(T) :={Tys: k€ Zand @ = (o, - , ) € (Z1)"}.

The propagation of the Selmer structure 7y, (in the sense of [MR04]) to the quotients
T}z will still be denoted by the symbol Fy, as well as its propagation to 7T'.
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Definition B.2. For @ € (Z*)?and k € Z*, define
(i) Hya = ker (Gr — Aut(Tyz) ® Aut(p,)),

.. —He,a
(11) Lk,@ - ' 7
(iii) Pra = {Primes A € P : A splits completely in L, 5/ F}.
The collection Py 5 is called the collection of Kolyvagin primes for Ty 5. Define N 5 to
be the set of square free products of primes in P 5.

Theorem B.3. Let P, 1 C P be as in Definition B.2.

(i) The R-module KS(T, Fy., P) is free of rank one, generated by any Kolyvagin system
Kk whose image & € KS(T, F,, Py 1) is non-zero. Such a Kolyvagin system is called
primitive.

(ii) Suppose k € KS(T, Fr, P) is primitive. Then the image k™ of k generates the Ay.-
module KS(Teyc, Fr, P). Furthermore,

char (Hx, (F,T)/A - k1) C char (H}E(F, T*)V>

and
char (Hy, (F, Teye) /A - £7°°) = char <HJ1TE<F’ T )V> :

cyc

Remark B.4. It is the statement of Theorem B.3(ii) that is the key to all our results in
the main body of this article. Indeed, we know by Theorem A.11 that the Perrin-Riou-
Stark Kolyvagin system ™ (obtained from Perrin-Riou-Stark elements first applying
the twisting morphism tw then the descent procedure in Appendix A with X = T))
is an element of the cyclic R-module KS(T, 7y, P). We are able to prove (see The-
orem 7.7) that this Kolyvagin system is indeed primitive. Since x{°> = tw(cf_) by
construction (where we recall that ¢, € Hj, (F,T,) is obtained from the conjectural
Rubin-Stark elements along the tower F./F following the recipe in Section A.2), the
containment in Theorem B.3(ii) translates into

char (H}, (F,T)/A - tw(cg.)) C char (H}E(F, ’JI‘*)V> :
and the equality in this theorem into

char (Hx, (F, Teye) /A - tw(cg,)¥¢) = char (H}E(F, T )v> :

cyc

We note that all characteristic ideals that appear in these two statements are in fact
non-zero, as we have explained in the main body of this text (see Remark 7.5).

The proof of Theorem B.3 is identical to that of [Biiy13b, Theorem A.14] and in
what follows, we only indicate the key points in the argument and state some of the
technical consequences which we also need in the main body of this article.

Fora = (ay, - ,q0.),8 = (B1, -+, 3,) € (ZT)", we write @ < 3 (resp., @ = j3)
whenever o; < ; (resp., whenever o; > 3;) forall ¢ = 1,--- ,r. The following should
be compared to Definition 4.1, Propositions 4.3 and 4.10 of [Biiy13a]. This is the key
property that allows us to prove Theorem B.3.

Theorem B.5. Let F stand for any of the Selmer structures F; or Fi, on T. Then F is
cartesian on the collection Quot(T,) in the following sense. Let X be any prime of F.
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(C1) Fora < Band k < k', Hx(F\, Tk ) is the exact image of Hy(F\, Ty 5) under the
canonical map H'(Fy, Ty 5) = H'(F), Ti.a)-

(C2) Given & = (ay, - -+ , o) as above set &y := (- -+ , 1,05 + 1, qq, - -+ ). Then,

H'(F), Tk,a+,i)>

H}(FA7 T]C,d+’i)

]

HY(F\,Tys) = ker (Hl(FA, Tra) —

Here the arrow is induced from the injection Ty 4 el
multiplication by ~; — 1 map.
(C3)

Tiaz, and [y; — 1] is the

=) HY(F\, Tri1,a)
HY(F), Tys) = ker [ H'(F), Tjs) > T
]__( A g ) er< ( A Lk, ) H}__(F)\,Tk-i,-l,&) ’

where the arrow is induced from the injection Ty, 5 = Trt1,a-

Proof. The proof of this theorem (in even more general form) may be found in our
companion article, c.f. the proof of [BL14, Theorem C.8]. The crucial point observed
in loc.cit. is that we have a natural identification

H}:(Fp, T) ® Rk,& = H}:(Fp? Tk’,@)
for F = Fror FL. O

Corollary B.6. Propagations of both Selmer structures Fy, and F; on T verify the hypothesis
H6 of [MR04].

Proposition B.7. The core Selmer rank x (T, F.) equals 1 whereas x (T, F;) equals 0.

Proof. Both assertions follow from Lemma 6.13. O

APPENDIX C. EQUIVARIANT COLEMAN MAPS

Let K be a finite unramified extension of @, containing a completion of F' and let £
a finite extension of Q,. We write Hx = Gal(K /K (j1,~)). Throughout this appendix,
we fix T a free Og-module of rank ¢ that is equipped with a continuous action of G'.
Letr = [K : Q), s = [E : Q)] and d = st. We assume that the hypotheses (H.F.-L.)
and (H.S) in [BL14] hold when we regard T' as a Z,-representation of G'r. Only in this
appendix A = Z,[[['"°]] and Ao, = Op[[['“°]].

Lemma C.1. The Dieudonné module Dy (T') has a natural Og-module structure. Moreover,
the action of ¢ on D (T') ®z, Q, is E-linear and Dy (T') is a filtered O p-module.

Proof. Recall that Dy (T) = (Awis @z, T) "% The action of @ on T therefore equips
Dk (T') with an Og-module structure. The action of ¢ on Dy (7)) is in fact given by the
restriction of ¢ ® 1 on A ®z, T, hence it commutes with the action of O defined

above. Similarly, as Fil'D K(T) = (t' Ay Rz, T)"x , it respects the Op-module structure.
O

Let uy, ..., us be a Z,-basis of Og. Note that u; € O for all i.
By Lemma C.1, we may fix an O basis wy, ... w,; of Dg (1) where wy, ..., w,, gen-
erate FilO]D)K(T) over Op. Then {uw; : 1 <i <s,1<j<rt}isaZ,basis of Dg(T).
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There is a natural identification
H @z, D (T) = HE @0, Di(T)
F @ (vw;) — (w;F) @ w;.
Lemma C.2. Under the above identification, the regulator map
LY HE (K, T) = Hg @0, Di(T)

is Ao -linear.
Proof. If we write Dg(T) = (B ®z, T')"* for the (p,T')-module of T, we may identify
H} (K, T)with Dg(T)¥='. Under this identification, L is given by 9o (1 — ), where

M is the Mellin transform (see [LLZ11, Definition 3.4]). Since ¢ acts on B, but not 7,
whereas O acts on T, but not B, the two actions commute. Hence, we are done. [

Therefore, we may write
rt

LY = wLlf,

=1
where L} ; are Ao, -linear maps from H (K, T) to Hp.
By Lemma C.1, the action of ¢ on D(T') ®z, Q, is E-linear. Let C be the matrix of ¢
with respect to the basis {w; }. Then, as in [BL14, §2.2], C is of the form

Ly, | 0
o(“irme)

for some C' € GL4(Og). This allows us to construct a logarithmic matrix M¥ whose

T’(t—to)
entries are all o(log) with determinant, upto a unit in O, (I%S—;X)> . The same

calculations as in [BL14, §2.3] shows that there is a decomposition
ﬁqlf = (w1 -~-wrt) M{? . Coljff’E.

where Colj"” : HL (K,T) — A" is Ao, -linear.

Recall the the reciprocity law of Colmez-Perrin-Riou states that the determinant of

<log(1+X) ) r(d=do) B
- .

L% over A is, upto a unit, equal to ut

det A LK = (det AoEc?)s,

(d—do)

t
log(1+X
% . Therefore, we

so the determinant over Ay, is, upto a unit, equal to (
may carry out the same calculations as in [BL14, §2.4] and conclude that for any subset

I € {1,...,rt} and any character 1 of conductor p or 1,
n
det <Im <@ Coljff,’iE> ) — x )
i€l

for some integer n(/,n) > 0. Furthermore, when the basis of D,(7") we have fixed is
strongly admissible in the sense of [BL14, Definition 3.2] then we may take n(/,7) = 0.
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