INTEGRAL IWASAWA THEORY OF GALOIS
REPRESENTATIONS FOR NON-ORDINARY PRIMES

KAZIM BUYUKBODUK AND ANTONIO LEI

ABSTRACT. In this paper, we study the Iwasawa theory of a motive whose
Hodge-Tate weights are 0 or 1 (thence in practice, of a motive associated to an
abelian variety) at a non-ordinary prime, over the cyclotomic tower of a number
field that is either totally real or CM. In particular, under certain technical
assumptions, we construct Sprung-type Coleman maps on the local Iwasawa
cohomology groups and use them to define integral p-adic L-functions and (one
unconditionally and other conjecturally) cotorsion Selmer groups. This allows
us to reformulate Perrin-Riou’s main conjecture in terms of these objects, in
the same fashion as Kobayashi’s 4+-Iwasawa theory for supersingular elliptic
curves. By the aid of the theory of Coleman-adapted Kolyvagin systems we
develop here, we deduce parts of Perrin-Riou’s main conjecture from an explicit
reciprocity conjecture.

1. INTRODUCTION

Fix forever an odd rational prime p. Let F be either a totally real or a CM
number field which is unramified at all primes above p. Let M,r be a motive
defined over F' which has coeflicients in @Q and whose Hodge-Tate weights are 0 or
1. The goal of this article is to study the cyclotomic Iwasawa theory of M for primes
p such that the p-adic realization of M is crystalline but non-ordinary, much in the
spirit of the integral theory initiated by Pollack [Pol03] and Kobayashi [Kob03].

The archetypical example of a motive that fits in our treatment is the motive
associated to an abelian variety A defined over F' which has supersingular reduction
at all primes above p. In the case when F' = Q and the variety A is one-dimensional
(i.e., an elliptic curve) the plus/minus theory of Kobayashi and Pollack provides us
with a satisfactory set of results. Our initial objective writing this article and its
companion [BL15] was to extend their work to the general study of supersingular
abelian varieties.

We first follow the ideas due to Sprung [Sprl2] to construct signed Coleman
maps (in §2.3 below) for a class of p-adic Galois representations that verify cer-
tain conditions. We incorporate this construction with Perrin-Riou’s (conjectural)
treatment of p-adic L-functions so as to

e provide a definition of the signed (integral) p-adic L-functions attached
to motives at non-ordinary primes (see particularly Definition 3.17 and
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Theorem 3.21), conditional on the Ezplicit Reciprocity Conjecture 3.11 for
the Kolyvagin determinants (as defined in Appendix C),

e formulate a signed main conjecture in this setting (Conjecture 3.30) that is
equivalent to Perrin-Riou’s main conjecture [PR95, §4];

e utilizing the theory of Coleman-adapted Kolyvagin systems that we develop
in Appendix C and assuming the Explicit Reciprocity Conjecture 3.11,
verify one containment of the signed main conjecture (see Theorem 3.32)
and deduce a similar result on Perrin-Riou’s main conjecture.

Note that although we work and state our results in the realm of motives, one of
our hypotheses (denoted by (H.F.-L.) below) would essentially force us to restrict
our attention to abelian varieties.

We shall explain our results in detail below. Let us first introduce some notation.

1.1. Setup and notation. For any field k, let k denote a fixed separable closure
of k and G}, := Gal(k/k) denote its absolute Galois group. Fix forever a G p-stable
Zy-lattice T' contained inside M, the p-adic realization of M. Let M*(1) denote
the dual motive and write 7 = Hom(7T', Z,(1)) for the Cartier dual of 7.

Let g := dimg, (IndF/QMp) and let g, := dimg, (Indp/(@ ./\/lp)+, the dimen-
sion of the +1-eigenspace under the action of a fixed complex conjugation on
Indp/g Mp. Set g = g — g4. Similarly for any prime p of F' above p, define

gp i= dimg, (Indp, jg, M) so that g =32, gp-

For any unramified extension K of Q, that contains F', we write D (T) for its
Dieudonné module over K, namely (Acis ® T)GK , where A5 is one of Fontaine’s
ring (c.f. [Fon94, §2.3]). We shall fix a Z,-basis B = {v;} of this module.

1.1.1. Iwasawa algebras. Let T" be the Galois group Gal(Q,(ppe)/Q,). Given any
unramified extension K of 5, we shall abuse notation and write I' for the Galois

group Gal(K(pp~)/K) as well. We may decompose I' as A x (), where A is
cyclic of order p — 1 and W is isomorphic to the additive group Z,. We write A
for the Iwasawa algebra Z,[[[']]. We may identify it with the set of power series
Zn>0’aeA ane - 0 - (y —1)" where a,, » € Z,. We shall identify v — 1 with the

indeterminate X.

For n > 0, we write Qp,, = Qp(pp») and Gy, = Gal(Qp ,/Qp). Denote Z,[G,,]
by A,. We have in particular A = yLIlAn. For any field k, define H{ (k,T) to be
Yim H Y(k(ppn), T), where the limit is taken with respect to the corestriction maps.

We define H to be the set of elements ), - ,ca Gn,o 0 (7—1)" where ap » € Q,
are such that the power series Y . a,,0X™ converges on the open unit disc for all
o€ A. B

1.1.2. Isotypic components and characteristic ideals. Let M be a A-module, n a
Dirichlet character modulo p. We write e, = p—il > wean(o) to € Zy[A]. The
n-isotypic component of M is defined to be e, - M and denoted by M". Note that
we may regard M" as a Z,[[X]]-module.
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Following [PR95], we write e and e_ for the idempotents (1+¢)/1 and (1—¢)/2
respectively, where ¢ is the complex conjugation of A. For any A-module M, we
write My =ei M.

Given an element F' =3 < ca @no -0 (7 —1)" of H, we shall identify e, - F'
with the element -

> (Z an,an(a)> X" e Qp[X]).

n>0 \oc€A

Given a finitely generated torsion Z,[[X]]-module N, we write charg [x);N for
its characteristic ideal.

1.2. Statements of the results.

Theorem 1.1 (Corollary 2.14 and (14) below). Let p be a prime of F' above p. Fiz
a Zp-basis {vi} of Dp, (T'). Assume that the Hodge-Tate weights of T|F, are inside
{0,1} and that the Frobenius on D, (T) have slope inside (—1,0] and 1 is not an
eigenvalue. There exists a A-module homomorphism

Colg|p, : Hiy(Fy, T) — A%
and a matriv Mpp, € My, xg, (H) such that we have the following decomposition
of Perrin-Riou’s regulator map E;‘“ (defined as in §2.1 below):

F,
Ly’ =(vr - wg,) - My, - Colryg, .

Here, (vl ‘e vgp) and Colp g, are regarded as a row vector and a column vector
respectively.

See §2.5 and Corollary 3.23 for a very detailed discussion on the kernels and
images of the Coleman maps Colrf,. In particular, we are able to prove (see
propositions 2.21 and 3.3 below) that the Coleman maps are pseudo-surjective if
we choose the basis {v;} suitably.

In addition to the assumptions on 71" above, assume that the following hypotheses
hold true:

(H.Leop) T satisfies the weak Leopoldt conjecture, as stated in [PR95, §1.3].
(H.nA) For every prime p of F above p. we have

H(F,,T/pT) = H*(F,,T/pT) =0.

Let D,(T) be the direct sum @©,,DF, (7). We assume until the end that the
following (weak) form of the Panchishkin condition holds true:
(H.P.) dim (FiI’D,(T) ®Q,) =g_.

Remark 1.2. Note that the hypotheses (H.nA) and (H.P.) hold true for the p-
adic Tate-module of an abelian variety defined over F. The hypothesis (H.Leop) is
expected to hold for any T.
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Remark 1.3. Suppose M is irreducible and (pure) of weight w. Let r; denote the
total multiplicity of the Hodge-Tate weight i of the representation M, for i =0, 1.
Then

(1) 27’1:2Ziri:wg.

Furthermore, if we further assumed the truth of Tate’s conjecture for M, it would
follow that ro = r1. This combined with (1) shows that w =1 and ro =11 = g/2;
and Faltings’ theorem comparing Hodge and Hodge-Tate weights shows that g_ =
g+ = g/2. In particular, the condition (H.P.) is automatically verified in our setting
if we assume the truth of Tate’s conjecture.

Let I C {1,---, g} be any subset of size g_. Using the Coleman maps Colr|g,,
we may define (see Definiton 3.17) the multi-signed (integral) p-adic L-function

Li(M*(1)) € A.

We do not provide its precise definition here in the introduction but contend our-
selves to the remark that its definition relies on the truth of the explicit reciprocity
conjecture for the Kolyvagin determinants (Conjecture 3.11), which we implicitly
assume henceforth in this introduction. We may also use the Coleman maps to
define the multi-signed Selmer groups Sel;(TT/F(up=)) as in Definition 3.26.

Suppose until the end of this Introduction that the basis of D, (T") we have fixed as
in the statement of Theorem 1.1 is strongly admissible in the sense of Definition 3.2.
We prove in Appendix B that a strongly admissible basis always exists.

Theorem 1.4 (Theorem 3.31 below). For every even Dirichlet character n of A
and every I as above, the following assertion is equivalent to the n-part of Perrin-
Riou’s Main Conjecture 3.9:

2) charg, (x)) (Sels(TT/F (i ))"") = Ly (M*(1))" - Z,[[X]].

The assertion (2) in the statement of Theorem 1.4 will be referred to as the
signed main conjecture.

In Appendix C, we develop the theory of Coleman-adapted Kolyvagin systems
and prove the existence of what we call an L-restricted Kolyvagin system (see Theo-
rem C.4). Using these objects we define a canonical submodule 8(T) C H{, (F,,T),
the module of Kolyvagin determinants®. Assuming the Reciprocity Conjecture 3.11
on Kolyvagin determinants, we are able to prove the following portion of the signed
main conjecture and Perrin-Riou’s main conjecture:

Theorem 1.5 (See Theorem 3.32 and its proof below). Under the hypotheses of
Theorem 1.4 and the hypotheses (H1)-(H4) of [MRO04, §3.5] on T, the containment

Ly(M*(1))"- Zp[[X]] C charg,x)) (Sele(T"/F(pp=)) ")
in (2) and the containment
(3) en - Lp(M*(1)) - A C ey - Laritn (M)
in the statement of Perrin-Riou’s Main Conjecture 3.9 hold true for every even

Dirichlet character n of A.

1We expect that this module should be closely related to the higher rank Kolyvagin systems
as studied in [MR16].
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Remark 1.6. See [BL15] for an example where we obtain an explicit version of
Theorem 1.5. In loc.cit., we study more closely the motive attached to the Hecke
character associated to a CM abelian variety that has supersingular reduction at all
primes above p. In this particular case, the hypotheses (H1)-(H4) of [MRO04, §3.5],
(H.F.-L.), (H.S.), (H.P.) and (H.nA) hold true. The (conjectural) special elements
in that setting are expected to be a form of (conjectural) Rubin-Stark elements.

Remark 1.7. In order to deduce the containment (3) for odd characters n of A,
one needs to replace g_ with g4 everywhere. Note also that upon studying the motive
M@ w (where w is the Teichmiiller character) in place of M, one may reduce the
consideration for odd characters to the case of even characters.

To deduce the assertion (3) for every character n of A (and therefore, by the
semi-simplicity of Z,[A], to conclude with the containment A-L,(AY) C Layitn(A) in
Congecture 3.9), we would need in our proof that g— = gy, as a result of our running
hypothesis (H.P.). Note that this condition holds true for motives associated to
abelian varieties.
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2. CONSTRUCTION OF COLEMAN MAPS

In this section, we generalize the construction of signed Coleman maps in [Kob03,
Spr12] to higher dimensional p-adic representations that satisfy certain hypotheses.
These maps decompose the regulator map of Perrin-Riou, which we recall below.

2.1. Perrin-Riou’s regulator map. Let 1" be a free Z,-module of rank d that
is equipped with a crystalline continuous action by the absolute Galois group of a
finite unramified extension K of Q, whose Hodge-Tate weights are all non-negative.

Let r = [K Qp]. Recall that we write Dy (T) for its Dieudonné module and
HY (K, T) = lim H' (K (), ).
Let
(~ o s HY (K (ppn), T) < HY (K (), T (1)) = Zy
be the local Tate pairing for n > 0. This gives a pairing
(~o ) Hiy (K, T) x Hi (K, T7(1)) = A

((Tn)ns (Yn)n) = ( Z <xnayg>n : 0) )

oeGy,

which can be extended H-linearly to a pairing

(~y ™) H @A HE (K, T) x H@p H (K, T*(1)) = H.
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Let
L5 H{ (K, T) — H®z, Dg(T)

be Perrin-Riou’s p-adic regulator given as in [LLZ11, Definition 3.4]. In the case
where the eigenvalues of ¢ on D (T) are not powers of p, we may describe this
map concretely as follows. Fix a Zy-basis v1,...,vyq of Dg(T) and let vf,..., v,
be the dual basis of D (T*(1)). For i € {1,...,rd}, we write Lf; : H{, (T) = H
for the map obtained by composing ££ and the projection of H®@ Dy (T) to the v;-
component. The Colmez-Perrin-Riou reciprocity law (stated in [PR94] and proved
in [Col98]) implies that

(4) L7 (2) = (2, Qr- 1y (),

where {07« (1) is the Perrin-Riou exponential map
Qre) : H @z, D(T* (1)) = H @z, Hiy, (T7(1)

defined in [PR94]. Note that our assumption on the eigenvalues of ¢ means that
we may state the properties of Perrin-Riou’s exponential map in a slightly simpler
way than [PR94]. Recall that if 6 is a Dirichlet character of conductor p™, [Leill,
Lemma 3.5] implies that

o et = { T )
= () Yvea, 07 (o) expy(29), ¢ (v})] otherwise
where [~, ~] is the natural pairing

Dg(T) x D (T*(1)) — Zp,
which is extended linearly to

Qp,n ®z, D (T) X Qpn @z, D (T*(1)) = Qp -

In order to define the signed Coleman maps, we assume further that 7" verifies
the following conditions.

(H.F.-L.) The Hodge-Tate weights of T are 0 and 1.
(H.S.) The slopes of ¢ on Dg (T') lie in the interval (—1,0] and 1 is not an eigen-
value.

Remark 2.1. These hypotheses ensure that the eigenvalues of ¢ are not integral
powers of p.

Remark 2.2. Note that both of these hypotheses are satisfied by the p-adic Tate
module of an abelian variety which has supersingular reduction at all primes above
p. In fact, note that the hypothesis (H.F.-L.) would essentially restrict the extent
of our treatment to abelian varieties.

Remark 2.3. The hypothesis (H.F.-L.) implies that T is Fontaine-Laffaille. Hence,
1 .
(6) o(Dk(T)) C ZSDK(T) and  @(Fil’ Dy (T)) € Dg(T)

Moreover, Fil° D (T) is a direct summand of Dg (T and
(7) D (T) = pp(Dx (T)) + p(Fil’ D (T))
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2.2. Logarithmic matrix. We fix a Z,-basis vy, ..., v,q of Di (T) such that vq, . .., Vg,

is a basis of Fil° Dg(T). Let C, be the matrix of ¢ with respect to this basis. By
(6) and (7), C,, is of the form

Ira, | 0
®) C( 0 | 5Zr(ddo) )

for some C' € GLyq(Zy). We note in particular that C' is defined over Z,.

For n > 1, we write ®,n (1 + X)) for the cyclotomic polynomial
p—1
>+ Xy
i=0

and w, (X) = (1 + X)P" —1.

Definition 2.4. Forn > 1, we define

Lra, | 0 ) —1 n+1
C, = & C and M, = (C C,---Ch.
( 0 [ ®pn(1+ X)) (ddo) (Ce) !

Proposition 2.5. The sequence of matrices {My}n>1 converges entry-wise with
respect to the sup-norm topology on H. If M denotes the limit of the sequence, each
entry of My are o(log(1+ X)) (for the sup-norm on the open unit disk, c.f. [PR94,

r(d—do)
§1.1.1]). Moreover, det(Mr) is, up to a constant in 75, equal to (loggi;x)) .

Proof. For all m > n, we have
O,m(14+X)=p mod wy,
which implies that
Cm = (C'g(,)f1 mod wy,.
Therefore, we deduce that
M,, = M, mod w,.

Note that all entries of C - - - C,, are in Z,[[X]]. By (H.S.), there exists a constant
h < 1 such that v,(a) > —h for all eigenvalues of a of C,. Therefore, all entries

of (C’w)nJrl are in p%Zp for some constant R. The coefficients of the entries of M,
are O(p~™"), so the result follows from [PR94, §1.2.1]. O
Remark 2.6. The matriz My is uniquely determined by the matriz C'.

Lemma 2.7. If n is a character on A, then n(Mr) = C,.

Proof. Since n(®,n) = p for all n > 1, we have n(C,) = (C,)~'. This implies
n(M,) = Cy,, hence the result. O
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2.3. Decomposing Perrin-Riou’s regulator map. We shall use the matrix My
to decompose Perrin-Riou’s regulator map in the following sense. For all z €
H}L (K,T), we shall find Col% (z) € A®"¢ such that

LE(z) = (01 - wpa)- Mp-Col¥(2).

Throughout this section, we shall fix an element 2 € H{ (K,T). Its image under
Perrin-Riou’s regulator has the following interpolation properties.

Lemma 2.8. If 0 is a Dirichlet character of conductor p™, then

Ky - { Tt i), ] (- @)L —p e ) ) ifn=0,
6L7 (=) = {T(an) Z:il [ZUEGn 01 (o) exp} (27),v}] ™ (v;) otherwise.

Proof. Note that the adjoints of (1 —p~tp=1)(1 — )=t and ¢! under [~, ~] are
(1—¢)(1—p~tp=1)~! and py respectively. Hence, the result follows from (5). [

Proposition 2.9. For n > 1, there exists a unique E(T")(z) € A, ®z, Dg(T) such
that
ot (E;,If(z)) = £¥l)(z) mod wy,.

Proof. Recall from [LLZ11, §3.1] that the map £X is given by

Mt @1)o(1—p)o(hy) ",
where 91 is the Mellin transform that sends each element of H to some conver-
gent power series in 7 and hl. is the isomorphism of Berger [Ber03, §A] between
H} (K,T) and N(T)¥=1, with N(T') being the Wach module of T. Under Mellin
transform, integrality is preserved and the ideal generated by w, corresponds to

the one generated by ¢"*1(7) (c.f. [LLZ10, Theorem 5.4]). Hence, the proposition
follows from Lemma A.11 in the appendix. (I

We write ngq(z), .. .,E%)nd(z) for the elements in A, that are given by the

projections of ﬁgpn)(z) mod w,, to the v;-component as i runs from 1 to rd. From
Proposition 2.9, we have the congruence

£ (2) £(2)
9) (Qp)in*l . = : mod wy,.
LF ra(2) L (=)

For n > 1, we identify A®" with the column vectors of dimension rd with
entries in A,,. Define h, to be the A,-endomorphism on A®"® given by the left
multiplication by the product of matrices C,, - -- Cy. Let m, denote the projection

map AT — AZT,

Proposition 2.10. Forn > 1, there exists a unique element Col(Tn)(z) € A%/ ker h,,
such that -
L1(2)

=C,---Cy - Coll” mod ker h,.
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Proof. By [LLZ11, Proposition 4.8], if 6 is a Dirichlet character of conductor p"*!,

then 0 (o™""! (LK (2))) € Qp,n ®z, Fil’ Dg(T). In other words, ™"~ (LK (2)) is

of the form Z:il F,v; for some F; € H where ®pn(1+X)|F; for i =rdo+1,...,rd.

But

l:é(u (2)

Sp—n—l (E%(Z)) _ (’Ul 'Urd) . (Cw>—n—1 .
‘ng,rd(z)

Therefore, on combining this with (9), we deduce that £$2d0+1(z), e E(T?Zd(z)

are all divisible by ®,» (1 + X). Hence, there exists a unique element Colg?’l)(z) €
A®rd [ ker C,, such that

£71(2)
: =C,- Colgfl’l)(z) mod ker C,,.
L%Zd(z)

But C,, = (C,) ™" (which is defined over Z,) modulo w,_1, so
LF1(2)
Coléfl’l)(Z) =(Cy) - mod (wy,_1,ker Cy,).
Eilf,rd(z)

Once again, by [LLZ11, Proposition 4.8], we may find Colg?’Q)(z) € AP/ ker C,,Cp,_1
such that

Coli™!(2) = Cuy - ol mod ker CuCror.

On repeating this for n times, we obtain the result. ([l

We shall show that the sequence {Colgﬁ )(z)} o gives us an element in A%,

To do this, we need the following lemmas.
Lemma 2.11. The projection map m, induces a map on the quotients

7w AT/ ker by — AT/ ker hy,.

Proof. Let x € ker h;, 1. Recall that
Cni1 = (C’Sé,)f1 mod w,,,

so we have

Ly | 0
0 | plra—ao)

Tn(Cpyy -+ Cy 1) = < >C’10,L--~C'1(7Tn(z)).

Since A,, has no p-torsion, we deduce that 7, (x) € ker h,, as required. ]

Lemma 2.12. The inverse limit im _, (AS7 ) ker hy,) is equal to A®™.
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Proof. The map 7, is surjective since m, is so. Hence, we have an isomorphism
lim A®™/ker h,, = A®T4/ lim ker hy,.
Indeed, if x is an element of A®™¢ that lies inside @ker hy, we have My -z =0 as
elements in H®"?. But My has non-zero determinant, so = = 0. O
Theorem 2.13. There exists a unique Col¥ (z) € A®™ such that
Ezlg,l (2)
: = My - Col¥ (2).

‘C’JIS,rd(z>

Proof. By Propositions 2.9 and 2.10, we have
L7(2)
: = M, - Col?” () mod (w, ker hy,).
ﬁ?m(i’)
Recall from [PR94, §1.2] that if F; and Fy are two elements of H that are both

o(log(1l + X)) and that F} = F» mod w, for all n, then F; = F,. Therefore, on
letting n — oo, the theorem follows from Proposition 2.5 and Lemma 2.12. O

Corollary 2.14. We have LE(z) = (v1 U'rd) -Mr - COI?(Z)'

Note that since ££ is a A-homomorphism, the map
HL (K, T) — A®™?
2+ Col% (2)

is also a A-homomorphism.

2.4. Coleman maps for a general basis. Our construction of the logaritmic
matrix M7 and the Coleman map ColIT< depends on the choice of a Z,-basis v :=
{v1,...,vpq} of D (T). Suppose that w = {w1,...,wrq} is an arbitary Z,-basis of
Dy (T) and let B € GL,4(Z,) denote the transition matrix from w to v, that is,
the unique matrix verifying

(10) (vl v,,d) = (w1 wrd) B.

We define a logarithmic matrix and a Coleman map with respect to the basis w by
setting

(11) Mr., = B-My-B™, Colf, = B-Col}.

We may then translate the decomposition of £L£ given in Corollary 2.14 into the
identity

(12) LE(z) = (w1 -+ wpa) - My - Colf ,(2).

In order to justify that the definition of Col? » Makes sense, we shall prove in
Lemma 2.16 below that if we replace the basis v with a basis w = {wy,...,wyq}
that verifies a natural compatibility condition in terms of the Hodge filtration (to be
made precise in Definition 2.15 below), then the resulting Coleman map is indeed
given by Col? w-
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We fix a basis v = {v1,...,v0.q} as in the beginning of §2.2. Recall from Re-
mark 2.3 that the hypothesis (H.F.-L.) implies that Fil° Dg(T) is a direct sum-
mand of Dg (7). We let N C Dg(T') denote the free Z,-module complementary to
Fil’ Dk (T) and generated by {vyyai1, ... Vrd}.

Definition 2.15. We say that a Z,-basis w = {wn, ..., wrq} of Dg(T) is Hodge-
compatible with the basis v if {wn, ..., wpoa} (respectively, {Wrydt1,---,Wrd}) gen-

erates the submodule Fil° Dg(T) (respectively, the fixred complementary submodule
N).

Fix a basis w that is Hodge-compatible with v and let B denote the transition
matrix as given by (10). Note that B is block diagonal by assumption. For each
of these two bases, our calculations in §2.2 and §2.3 would result in a logarithmic
matrix and a Coleman map, which we temporarily denote by M’Tﬂ} and Col/T,U
(respectively Mp ,, and Col7,,). Our goal in the following lemma is to show that
they verify the equations given in (11).

Lemma 2.16. Let v = {v1,...,00q} and w = {w1,...,wyq} be a pair of Hodge-
compatible bases of D (T). Then, we have the identities

Mjp,, =B-Mp,-B™', Coly,, = B-Colp,.

Proof. Let Cy, and C, 4, be the matrices of ¢ with respect to the bases v and w,
respectively. As in (8), we may decompose the two matrices as

Ird ‘ 0 Ird ‘ 0
Cpoo=0C, < d C,uw=0Cy g .
> ( 0 | 5lr(d—do) ) me e ( 0 | 5lr(a—do)

‘ 1
P

Since the action of ¢ on D (T') is semi-linear, (10) implies that B-Cy, - B~ = Ci .
We therefore have

Ird ‘ 0 —1p—1 Ird ‘ 0 ) —1
B (Lrdo c1pt = 0 o1
( 0 pfr(dd@) v ( 0 [phia—ay )

As B is block diagonal, we may compare the two sides of the equation block by
block and deduce that

Ird ‘ 0 ) —1p—-1 ( I’rd ‘ 0 ) -1
B £ C, "B = 2 C
( 0 ‘ Cbpn(]. + X)Ir(d—do) v 0 ‘ CI)pn(]_ + X)Ir(d—dg) w

for any n > 1. This implies that

(13) B-Mp, B~ =Mp,,.
On applying Corollary 2.14, we have
LF =1 -+ ) Mp, Colp,= (w1 -+ wpq) Mp, - Colp,,.
Hence, we deduce from (10) and (13) that
(w1 wrd) . M'T)w -B- Col'T’v = (w1 wrd) . M/T’w - Col'TﬂU.
The identity Coly,,, = B - Coly,, now follows from the linear independence of
wi,...,w,q and the fact that det(M’Tyw) £ 0. O

In other words, if we plug in Mg, = My, My, ,, = My, Colp,, = Col¥ and
Colr,,, = Coly,,, we indeed recover (11).
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2.5. Images of the Coleman maps. In this section, we will describe the images
of the Coleman maps Col¥ (for a fixed basis of Dg (T))) at each isotypic component.

2.5.1. Determinants of A-modules. We first recall the definition of the determinant
of a Z,[[X]]-module as given in [PR94, §3.1.5]. If M is a finitely generated projective
Zp|[X]]-module, det(M) is the maximal exterior power of M. More generally, if M
is a finitely generated Z,[[X]]-module that is not necessarily projective, let

0—-M = =M —-My—-M—=0

be a projective resolution, then det(M) is defined to be @;_, det(Mi)(*l)i. This
definition is independent of the choice of the projective resolution.

If 0 - My — My — M3 — 0 is a short exact sequence of A-modules, then
det(Mg) = det(Ml) (24 det(Mg)

For example, if M = Z,[[X]]/fZ,][X]] where f € Z,[[X]], then by considering
the exact sequence
0 = fZp[[X]] = Zp[[X]] = Z[[X]] = O,

we see that det(M) = f~1Z,[[X]]. More generally, if M is a torsion Z,[[X]]-module,
we see that
charZP[[X]]M = det(M)_l.

Let M = (f1,..., fr) be aZ,[[X]]-submodule of Z,[[X]]®" such that Z,[[X]]®" /M
is Zy[[X]]-torsion. Write f; = (fi j)j=1,..r Where f; ; € Z,[[X]], then det(M) is the
Zy[[X]]-module generated by the determinant of the r x r matrix whose entries are
given by f; ;.

More generally, if M is a finitely generated A-module, we define dety (M) to be

Z ey - det(M")
n
where the sum runs over all characters of A.

2.5.2. Description of the images. Let n be a character modulo p. We shall describe
the n-isotypic component of the image of the Coleman map Colqlf .

Lemma 2.17. Let z € H} (K, T), then

expy(2), (1 — @) Hpp — 1)v] if p is trivial,
i (Colt (2)) = { 1% el _
0D [degl 0= (c) expi(27),v]] otherwise.

fori=1,...,rd.

Proof. By Lemma 2.7, n(Mr) = C,. So, Corollary 2.14 implies that

N(LF(2) = (p(v1) - ¢(vra)) - Colp (2).
When 7 is trivial, Lemma 2.8 implies that
rd
(0 - va) 0 (ColE(2)) = D fexp(2), o] (1~ @)1~ p ™) ().

=1
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Since  and p~1p~! are the adjoints of each other under [~, ~], the right-hand side
can be rewritten as
rd

S [expi(2). (1~ @)~ (po — 1)) v

i=1
When 7 is non-trivial, Lemma 2.8 implies that

(b1 - vea) 7 (Colzif(z)) = i [Z 07 (o) expi(27), v; | vi.

ceGy
Hence the result. O

Lemma 2.18. Let ay,...,arq € Z,. We have Z:il aienCOIf,f,i(z) equal to 0 when
evaluated at X =0 zf either n is the trivial character and

Zai (1 — )11 = p)v] € Fil® Dg (T (1)),
or n is non-trivial and
rd
> aiv] € Fil’ D (T(1)),
i=1

Proof. We remark that n(F) = e, - F|x=¢ for any element F' € H and
[exp”(2), w] =0

for all w € Fil’ Dg (T*(1)) and z € H'(F,,T) where n > 0. Therefore, our result
follows from Lemma 2.17. O

We define two Q,-linear maps A, B : Q"¢ — Dy (T*(1))/ Fil’ D (T*(1)) ® Q,
by setting

(aty...,arq) HZGZ 1—¢) 11— pe)v, mod Fil’ Dg(T*(1)),
rd

(a1, ... arq) — Z a;v; mod Fil® Dy (T%(1)).
i=1

We have the dual maps A*, B* : Fil’ Dy (T) @ Q, — (@?Td given by

vis(1— ) (1‘P>1v

p
vV =

on identifying Q;?Td with Dg (T) ® Q, via the basis vy, ..., vpq.

Corollary 2.19. If n is trivial, then Im (Colqlf)n is contained in
{F € Z,[[X]]®: F(0) € Im(A*)} .

If n is non-trivial, then Im (Colqlf)n is contained in

{F € Z,[[X]]®: F(0) € Im(B*)} .
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U
Proof. Lemma 2.18 tells us that if F' € Im (Coljlf) , then F(0) € ker(A)* (respec-
tively F(0) € ker(B)1), where L denotes the orthogonal complement under the
pairing

PDrd Prd
Z2 x 227 5 7,

rd
(a1, ara), (b1, b)) = > aibi.
=1

Hence the result by duality. ([

Proposition 2.20. The containments in Corollary 2.19 have finite index.

Proof. By the Perrin-Riou 6(V)-conjecture as formulated in [PR94, §3.4] (and
proved by Colmez [Col98, Théoreme IX.4.4]), with respect to a A-basis of Hf (Qp, T, (A))
and a Z,-basis of Dg (T), the determinant of Lr is, up to a unit in A, (log(1 +
X)/p)r(d=do) " By Proposition 2.5, the determinant of My is, up to a constant in
Z), (log(1 + X)/pX)r(@=do) Therefore,

det 5 (Im (col¥ )) = x(d=da)p

by Corollary 2.14. Note that A and B are surjective and that Fil”D(7*(1)) has
rank r(d — dp) over Z,. Thus Im(A*) and Im(B*) have rank rdy and the mod-
ules described in Corollary 2.19 have determinant X7(?=4) the quotients of the
containments have trivial determinant. (]

Proposition 2.21. Let I C {1,...,rd} be a subsel of cardinality k. Let n be a

Dirichlet character modulo p. Define pr; be the projection Zzl a;v; =y
and define

ier @ivi

—1
pr; ((1 — ) (1 - %) Fil° DK(T)> . i is trival,
pry (Fil0 D (T)) , otherwise.

U}' =

7
Then, Im (@ieIColgfﬂ-) s contained inside
{F € ®ierZy[[X]] - F(0) € UJ'},
if we identify D (T) with Zf?’"d via our choice of basis. Furthermore, the contain-

ment is of finite indez.

Proof. We assume that 7 is the trivial character in this proof. The other case can
be proved similarly. Let pr; : Z;‘?Td — @ic1Zyp be the natural projection. Then by

7
Corollary 2.19, Im (EBieICOqu{i) is contained in
{F € @ic1Zy[[X]] : F(0) € pr; (Im(A"))}.
with finite index. Hence the result by the description of A*. O

7
Corollary 2.22. If I and n as above, then Im (@ieICOIIT{Z-) is contained in a free
Zy[[X]]-module, with finite indez.
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Proof. Note that U] is a saturated Z,-module inside ®;c;Z,, so there exists a Z,-
basis ug, ..., ur of ®;erZ, such that uy, ..., u,, generates U] for some integer m.
Consider u1 X, ..., umX, Um41,...,u; as elements of B;c1Z,[[X]]. By Nakayama’s
lemma, these elements form a Z,[[X]]-basis of {F € ®,c1Z,[[X]] : F(0) e U]}. O

Corollary 2.23. Let I C {1,...,rd} be a subset of cardinality k.

(a) Letn be the trivial character. The index of Im (@iejColgi)n inside Z,[[X])®*
18 finite if and only if
span((1 — )" H(pp — 1)v) 1 i € I) NFil’ D (T*(1)) = 0;

(b) Letn be a Dirichlet character of conductor p. The index of Tm (EBieIColf,f,i)n
inside Z,[[X]]®* is finite if and only if
span(v; 1 i € I) NFil" D (T*(1)) = 0.

Proof. We prove (a) only. The set U}’ in the statement of Proposition 2.21 is ®;¢Z,,
if and only if

(1-¢) (1 - ?>_ Fil’ D (T) + span(v; : i ¢ I) = Dg(T).

Therefore, on taking orthogonal complements, this is equivalent to
span((1 — ) H(pp — 1)v) 1 i € I) NFil’ D (T*(1)) = 0
as we have the elementary formula (U + V)* = U+ +V+. O

3. CONJECTURES

Let F' be a number field of degree r where the prime p is unramified. We assume
that F' is either a totally real field or a CM field. We fix a rank d continuous
Zy-representation T of Gp such that T verifies the hypotheses (H.F.-L.), (H.S.),
(H.Leop) and (H.nA) introduced above.

Furthermore, in order to simplify notation, we set g = [F : Q] x d and define

g+ = dim (IndF/@T ® (@p)+ as above. Set g_ = g — g4 and suppose throughout
that g_ > 0. Let D,(T") be the direct sum @, ,Dr, (T"). We assume until the end
that the following form of the Panchishkin condition holds true:

(H.P.) dim (Fil"D,(T) ® Q) =g-.

Let S be the set of primes of F' where T is ramified and those that divide p.
If L is an extension of F, we write G s for the Galois group of the maximal
extension of L unramified outside S. Fix until the end an even Dirichlet character

1 of A = Gal(Q(,)/Q).
For i = 1,2, we define
HIiW,S(F’ T) = ].ngi(GF(upn),S7T)'

By [PR95, Proposition 1.3.2], our assumptions on T imply that at each isotypic
component, HIQW’S(F, T) is Z,[[X]]-torsion and H%W’S(F, T)+ is of rank g+ over
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Ai. Let f2 € A be the characteristic ideal of Hf, ¢(F,T). We write loc for the
localization map
loc : Hyy, o(F,T) — Hi, (F,, T) := €D H, (Fy, T),
plp

and also for the map induced on the n-isotypic submodule.

3.1. Semi-local decomposition. Consider the map

L8 = @ppLy?  HE(F,, T) — H @z, Dy(T).

We fix a basis vy, ..., v, for D,(T') consisting of a sub-basis {v,;} of Dp, (T') for
each p|p. Let Mr be the g x g block diagonal matrix where the entries are given
by Mric,, for p|p, where MrGp, is the logarithmic matrix as constructed in (11).

We write (Colr,;)?_, for the column vector given by (Col?“) . Then, (12) gives
P

pl
us the decomposition of A-homomorphism

CO]T,I

(14) ﬂg = (’U1 R Ug) . MT .
COIT’g

for some block diagonal matrix My € M,y 4(H), whose entries are all o(log(1+X)).

Let loc, be the localization from Hi, (F,T) to Hf,(F,,T). We write Ly for
the composition £E o loc.

Definition 3.1. We write J, for the set of tuples I = (I,),|, where each I, is a
subset of {1,...,[Fy : Qpld} such that Y #I, = g—. This can be equally regarded
as the set of subsets of {1,...,g} of size g—. We shall construct a Selmer group for
each I € J,, which we conjecture to be A-cotorsion.

3.2. Perrin-Riou’s main conjecture.

Definition 3.2. Let B = {vy, -+ , vy} be a Zy-basis of Dy (T). LetB' = {v},--- v} C
D, (T*(1)) be its dual basis. The basis B is called admissible if for any I € J,, we
have

(15) span (v) :i € I) NFil° D, (T*(1)) = 0
and strongly admissible if in addition to (15) we have
span ((1 — o) H(pp — 1)v} 14 € I) NFil"D,(T*(1)) = 0.

Proposition 3.3. A strongly admissible basis exists.

The proof Proposition 3.3 will be given in Appendix B.

Remark 3.4. We note that the strong admissibility condition would allow us to
apply Proposition 2.21 and conclude as in Corollary 2.23 that the signed Coleman
maps we shall be using are pseudo-surjective onto a free Zy[[X|]-module.
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For I € J,, let Nt be the Z,-submodule generated by the sub-basis {v] : i € I}.
Perrin-Riou in [PR92] associates to Ny a height pairing (,)n,. Since we have

N NFil’D,(T*(1)) = 0 for I € J,, the submodule Ny is regular in the sense of
[PR95, §3.1.2] if and only if the height pairing (,)y, is non-degenerate (see also
[Benl4, §2.1]).

Definition 3.5. For the dual motive M*(1) to M, we let Qpq-(1),(I) denote
Perrin-Riou’s p-adic period (given as in [PRI5]) associated to the determinant of
(,)n;. When Ny is not a regular subspace, this period shall be set to be zero.

Conjecture 3.6. There exists an analytic p-adic L-function
L, (M* (1)) € Hy ® A9 D, (T)

such that for all even Dirichlet characters 6 of conductor p™ > 1, we have

0 (Lp(M™(1))) =
P\ vy o1 e d)
Igjp(ﬂe—l)) Hor MW 00 @ F i)
When 6 is the trivial character,
(16)
Qpm-a p\Z -1, _—1\-1
O(L,M (D) = 3 Ly (M (1)) 02 1oy o1 (r )

= Q=)L)

Here, Ly, denotes the L-function with the Euler factors at p removed.
Lipy(M*(1),671,1) ;

L 7 Qaaey* (1) (L)
an algebraic number. Fixing an embedding Q — Q,, we regard this as an element

Above Qaq(g)-(1)(L) is Deligne’s period so that the quotient S

of @p. We also implicitly assert as part of the conjecture above that there is a
choice of a normalization of Deligne’s period amenable to p-adic interpolation.

Remark 3.7. Our interpolation formulae are not quite the ones stated in [PR95,
§4.2] that predict a relation between the leading term of the p-adic L-function and
complex L-values. Rather, we opt for a formulation that is closer to the existing
one for elliptic curves and the one stated in [CPR89).

The main conjecture of Perrin-Riou relates this conjectural p-adic L-function to
the following module.

Definition 3.8. Perrin-Riou’s module of p-adic L-function is defined to be
Lurien (T) = det o (Im(L1oc)) @ det o (HE, 5(F,T))
Conjecture 3.9 (Perrin Riou’s Main Conjecture). As Ay -modules, we have
Lp(M*(1)) Ay = Larien (1) +-
We now study the conjectural p-adic L-function L,(M*(1)) further and relate

it to the regulator map of Perrin-Riou via the Kolyvagin systems we construct in
the appendix.



18 KAZIM BUYUKBODUK AND ANTONIO LEI

Definition 3.10. Let Z =& A---NE;_ € NI~ HIlW,S(F7 T)4 be any element and let
0 be an even Dirichlet character of conductor p™. For I = (1)), € Jp, we define

> 1<i<g_, jel,

Let R(T) denote the A-module of Kolyvagin determinants, given as in Defini-
tion C.13(ii).

e q S 0() expi, (locy(€)7) s th

oeGy,

Conjecture 3.11. There exists a (unique) non-zero element ¢ = ¢y A--- A¢g_ €
R(T) such that
Qme-).p{d)
det (smi(c)) = Ly (M*(1),071, 1) 2O W0l
¢ t} Qo) (1y(d)
for all I and 0 as in Definition 3.10.

We will refer to this conjecture as the reciprocity comjecture for Kolyvagin-
determinants.

Proposition 3.12. For ¢ € &(T) verifying Conjecture 3.11, Lioc(c) satisfies the
interpolation properties given in Conjecture 3.6.

Proof. This follows from Lemmas 2.8 and 3.20. (]

Remark 3.13. Note that we have only considered the interpolation problem for the
twists of the motive M*(1) by even characters 6 of I'. One can also formulate a
conjecture for odd characters, for which one needs to replace everywhere g— by g4
(and vice-versa). Note also that upon studying the motive M ® w (where w is the
Teichmiiller character) in place of M, one may reduce the consideration for odd
characters to the case of even characters.

If M is a A-module such that M7 is Z,[[X]]-torsion for all even characters of 7,
we define the characteristic ideal

chary M, := Z ey - charg [1x) M"
n
where the sum runs over all even characters of A.

Proposition 3.14. If Conjecture 3.11 holds, then Conjecture 3.9 is equivalent to
the assertion that

(17) chary, (Hfy g(F,T)4+) = chara, (Hiy s(F,T)4/(c1,....¢4)).

Proof. For any non-zero element ¢ =c¢; A---Acg € NI~ Hllw,S(F7 T)4, we write f,
for a generator of chara, Hf,, ¢(F,T)/(c1,...,¢q_). Therefore, we have

et - Tarien(A) = fof '+ Lioc(c) - Ay
for any non-trivial ¢. If furthermore
Lioe(c) = Lp(M*(1)),

the result follows immediately. (I
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3.3. Bounded p-adic L-functions. Throughout, we assume that Conjecture 3.11
holds. Let ¢ =¢; A--- A¢y_ be the element verifying the conjecture.

Definition 3.15. For I € J,, we define
Colt. : HY,(F,, T) — A®9-
Z @ielcolﬂi(z)

and H}(F,,T) is defined to be the kernel of Col%

Lemma 3.16. For I € J, and a character n modulo p, there exists an integer
n(I,n) > 0 such that

det (Im (Co%)") = x Iz, [[X]).

If the basis of D,(T') that determines Col#" as in (14) is strongly admissible in the
sense of Definition 3.2, then we may take n(I,n) = 0.

Proof. This follows from Proposition 2.21 and Corollary 2.23. U

To simplify notation we sometimes will write Col%r(ci) in place of Col%p(loc(ci))
for1 <i<g_.

Definition 3.17. For each I € 3, we define the p-adic L-function Li(M*(1)) to
be det (colé(ci)).
Lemma 3.18. We have
I LN “(1))1/xnEm
det (Im (COIT)/SpanA {COlT(Cl)}A 1) = (LL(M /X ) Zp|[X]]

1=

for some integer n(L,m) > 0. If the basis of D, (T') that determines Col%l77 is strongly
admissible then we may take n(I,n) = 0.

Proof. This follows at once from Lemma 3.16 using the fact that taking det is
compatible with exact sequences. (I

The following results explain how these functions are related to complex L-values
and Perrin-Riou’s p-adic L-functions.

Proposition 3.19. Let C be the matriz of (1 — @)~ (pp — 1) with respect to the

basis vy,...,vy. Letn be a character on A and I € 3y, then
. Qpir 1y (] .
(L M(1) Lipy(M*(1),1) 3o e, (31479";4*(2)’2%) if m is trivial,
AN = "\ . 1y Qm @) ,
(%) Ly (M*(1),n71, 1)% otherwise,

where Cy y is the determinant of the g_ x g_ submatriz of C whose entries correspond
to the elements of I and J.

Proof. When 7 is trivial, we have from Lemma 2.17 the formula

1 (Lr(M*(1))) = det ([expg(&), (1 — @) pw — vy, 5]) -
So, we may expand (1 — ¢)~!(pp — 1) by the matrix C and obtain the first part of
the proposition using Definition 3.10.
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When 7 is non-trivial, this follows immediately from Lemma 2.17 and Defini-
tion 3.10. ]

Lemma 3.20. Let R be a commutative ring. Let M and M’ be two R-modules,
with a homomorphism F : M — M’ of A-modules. Let m < n be integers. Fix
a1y ,0m €M and by,...,b, € M’ with

F(a;) = risb;
j=1
fori=1,...,m. Then
F(a1 /\/\am) = Z det(rjh___dm)bj /\"'/\bjm

J1<<Jm

where v, ;. is the m x m matriz whose (k,l)-entry is given by ry j, .

m

Proof. This is standard multi-linear algebra. ([

Theorem 3.21. Forl,J € J,, let M%’l be the g_ x g_ the submatriz of M whose
entries correspond to the elements of I and J. Then there is a decomposition

LyM*(1)) = > Aiervi det(Mz) Ly(M*(1)).
LJET,

Proof. Let the (j, k)-entry of My be m; ;. Recall that (14) says that
£1OC(C7;) = Z ’Ujmj’kCOIT’k(Ci)
1<j,k<g

for 1 <14 < g_. Hence by Lemma 3.20, we have

g
/\f;lﬁloc(ci) = Z NigIV; det (Z mj,kColTyk(ci)> .
jel,1<i<g_

€7, k=1
= > Aiervi Y det(myy)jerres - det(Colrp(ei))resi<icy-
Iea, JeT,

as required. (I

3.4. Modified Selmer groups. We now define modified Selmer groups using the
Coleman maps Col%r.

Lemma 3.22. For any subset {iy,...,ix} of the set {1,...,g}, the A-module
ﬂ?zl ker Col;; is torsion-free of rank g — k.

Proof. Recall that the A-torsion submodule of H} (F,,T) is isomorphic to the
module HY(F (pipe)p, T), which is trivial since we assumed (H.nA). It follows that
the A-module H}, (F,,T) is torsion-free.

By Proposition 2.20, Im (69?:1001”) has rank k over A. But H. (F,,T) is of
rank g over A thus ker (@?ZlColij) = ﬂ?:l ker Col;; has rank g — k over A. d

Corollary 3.23. (a) For each I € 3J,, the torsion-free A-module Hll(Fp,T)
has rank g4 .
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g
(b) ") ker Col; = 0.
i=1
Lemma 3.24. Let W be (a torsion-free) A-submodule of H}, (F,,T) generated by
at most g_ elements. Then there is an I € J, such that

W NH|(F,,T)=0.

Proof. Assume contrary that
W NH(F,,T)#0

for any I € J,. We prove by induction on 0 < k < g4 that for every subset J of
{1,---,g} of size g_ + k, there is an non-zero element

0£wyeWn (ﬂ kerColi> .
ieJ
When k£ = 0, this is the hypothesis of the lemma. Assume its truth for k& =
n < g4 and consider J = {i1, - ,ig 4nt1} C {1,---,g9}. Set Jy = J\{is} for
s=1,---,9_+n+1 and choose using the induction hypothesis a non-zero element

zs € WN (ﬂle 7, ker Coli). As the A-module W is generated by at most g_ elements,

it follows that {z, Z;T"H verifies a non-trivial relation

biz1 +bazo 4+ -+ by fnt12g_4nt+1 =0,

where b, € A. Let sp € {1,---,9_ +n + 1} be the smallest index such that
bs, # 0. Then observe that bs,zs, is non-zero since W is torsion free and by, zs, €
span{z; }ixs, C ker Col;, , where the latter containment is due to our choice of the
elements z;’s. On the other hand, bs,zs, € [, ker Col;, by the choice of zy,,
hence

0 # bsy2s, € ker Cols, N ﬂ ker Col;, | = ﬂ ker Col; ,
s#So ieJ
as desired. Now this shows (for k = ¢;) that

g
wn (ﬂ kerColi> 0,

i=1
contradicting Corollary 3.23(b). O
Proposition 3.25. There is an I € J, such that
loc (Hyy, s(F,T)4) N Hf(F,,T)+ = {0}.

Proof. This is immediate from Lemma 3.24 by setting W = loc (HIlW(F7 T)+), since
we assumed the weak Leopoldt conjecture. (|

Let TT = T* ® pp~ denote the Cartier dual of 7. The standard Selmer group
Sel(T"/F(pp)) is defined to be

1 - T
S Y =)

We shall modify the conditions at primes above p using our Coleman maps.
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Fix I € J,. By local Tate duality, there is a pairing
(18) Hiy(Fy, T) x HY(F(ppoe )p, TT) = Qp/Zy
where H'(F(ppe)p, TT) denotes D, HY(F(ppe)p, TT).

Define H} (F(pp)p, T") to be the orthogonal complement of H}(F},, T) under

the pairing (18).
Definition 3.26. We define the I-Selmer group Sel;(TT/F (up~)) to be

H(F(p
1 i
ker | HY(F(pup~),T") — @H}(F

vip

( p‘”)vaTT) o Hl(F(Up‘x’)vaT)
(/‘p‘x’)vaT) H}(F(ﬂp‘”)vaT)

Remark 3.27. Let A/Q be an abelian variety of dimension g and AV denote its
dual abelian variety. Throughout this remark we set T = T,(A), the p-adic Tate
module of A. In this case, we have for the local conditions that determine the
standard Selmer group that

H}(Qp(ﬂp“’)vTT) =AY (Qp(ﬂp‘x’)) .

When A has good ordinary reduction at p, the A-module AV (Qp(pp)) has corank
g by the main result of [Sch87] and Sel(AY /Q(pp=)) is predicted to be A-cotorsion.
In the supersingular case, however, the module AY (Qp(upe)) has A-corank 2g,
thus Sel(AY /Q(up=)) has corank at least g. In the definition above we replace the
local conditions AY (Qp(pp=)) that appear in the definition of the standard Selmer
group by a corank-g submodule and conjecture that the resulting Selmer groups are
A-cotorsion.

Proposition 3.28. For I € J, verifying the conclusion of Proposition 3.25 the
A -module Sel;(TT/F(up=))4 is cotorsion.

Proof. 1t follows from our choice of I and Poitou-Tate global duality that we have
an exact sequence
(19)

HL (F, T
0— Hy, s(F,T) — tw (£ ) — Sely (T1/F(pp))Y — Hi, s(F,T)4 =0

H Ll (F Py T)+
The Ay-module HY, ¢(F,T)y is torsion whereas the A, -module H},, (F,T) has
Ay -rank g_ by the weak Leopoldt conjecture that we assume. Proposition follows
by counting A -ranks in the sequence (19). O

Remark 3.29. We expect that the Ay -module Sel(TT/F(up=))+ is cotorsion for
every I € J,. However, we are able to verify this guess (assuming weak Leopoldt
congecture for T') for only one I. This is fortunately sufficient for our purposes.

The following statement will be referred as the I-main conjecture. We shall verify
that its truth for a single I € J, is equivalent to the n-isotypic part of Perrin-Riou’s
main Conjecture 3.9.

Conjecture 3.30. Let I € J, and n an even Dirichlet character of conductor p.

e Ly(M*(1))"
charg, x Selr (T / F (pye= )" = <IX"(“7)> Z,[[X]),
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where n(L,n) is the integer as given by Lemma 3.16.

Theorem 3.31. Assume the truth of the Explicit Reciprocity Conjecture 3.11 for
the module of Kolyvagin-determinants. For every even Dirichlet character n of
A, the n-part of Conjecture 3.9 is equivalent to Conjecture 3.50 for every I € 3,
verifying the conclusion of Proposition 3.25.

Proof. Recall the Poitou-Tate exact sequence (19):
Hllw(FP7 T)n

0— H, (F,T)" —» —w P/
Iw,S Hll(Fp,T)n

— Sely (T"/F(ppee )V = HE, g(F,T)" — 0.
Note that the left-most injection follows from the choice of I. The second term
n
in (19) is isomorphic to Im (COILT) , which is described by Proposition 2.21.

Let ¢ = ¢y A---Acy_ be the element given by Conjecture 3.11. The exact sequence
(19) then yields the following exact sequence:

0— HIlW)S(F7 )"/ (spanA{ci};tl)" — Im (Col%)n/(span/\ {Coli(ci)}f;l)n
— Sely (T /F(ppe))V"" — Hiy g(F,T)" — 0.
We therefore conclude
det (Hiy, s(F,T)"/ (spany{ci}{=;)") @ det (Selp(TT/F(upe<))"") =

det (Im (Col%)n/(spanl\ {Coll(ci)}f;l)n) ® det (HE, g(F,T)"),
which can be rewritten as

ey - ot det (SelL(TT/F(upoc))v) = ¢, - det (Im (Col%) /spanA {Coll(ci)}ffl) it

By Proposition 3.14, it follows that Conjecture 3.9 is equivalent to
n
det (Sely (T /F(pipe))¥"") = det (Im (Col%) / (span, {COIL(ci)}f;l)n> .

Hence we are done by Lemma 3.18. O

Theorem 3.32. Suppose that the representation T verifies the hypotheses (H1)-
(H4) of [MRO04, §3.5] and assume the truth of Conjecture 3.11. Then following
containment

LP(M*(I))A-&- C Taritn(T) +-

in the statement of Perrin-Riou’s Main Conjecture 3.9 holds true.

Proof. Choose I € T, verifying the conclusion of Proposition 3.25. Let n be an even
character of A. In what follows we will freely borrow notation and concepts from
Appendix C. Let &k € KS(T ® n~ ', FL, Px) be any generator of the module AP)-
adic Kolyvagin systems and x; € H}L (F,T ®n~') denote its initial term. Recall

that A®®) = Z,[[[']] and T is the Galois group of the cyclotomic Z,-tower, so that
A®) 2= 7,[[X]]. Poitou-Tate global duality yields an exact sequence
H}'—L(Fp’ T ® "7_1)
Hj(Fp, T)" 4 A®) -loc(k1)
— Sely (T /F (o))" — H: (F, T @n)” — 0

0— H: (F,T@n /A r -5
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‘We then have

H} (F,, Teon™t)
har (Sely (Tt /F(juy))"") = ch e
char (Sel(T"/F(pp))""") = char (H}(FP,T)”+A(”) -loc(ky)

B CollT’?7 (loc(k1))

AP
Xn(ZLn) A
det (Colé"(ci))
Xn(Ln)
_ (LMY )
=Tz

where

e the first equality follows from Theorem C.4(iii),

e the second using the fact that CollT’?7 is injective (by very definitions) on the
quotient Hy (F,, T®n~')/H}(F,,T)", has pseudo-null cokernel by Prop-
sition 2.21, and by fixing a generator of L,

o the third using the fact that ¢ € £(T) and the commutativity of the dia-
gram (27),

e and finally the last by Lemma 3.18 and the fact that we have chosen of our
Coleman maps relative to a strongly admissible basis.

This verifies the containment

(20) (Lr(M*(1))") Zp[[X]] C charg, (x)Selr(T/ F (pe)) "
in the statement of Conjecture 3.30. We conclude the proof of the theorem on using
(20) together with the proof of Theorem 3.31. O

Remark 3.33. See [BL15] for an example where we deduce an explicit version of
Theorem 3.32. In loc.cit., we study more closely the motive attached to the Hecke
character associated to a CM abelian variety that has supersingular reduction at all
primes above p. In this particular case, the hypotheses (H1)-(H4) of [MRO04, §3.5],
(H.F.-L.), (H.S.), (H.P.) and (H.nA) hold true.

APPENDIX A. CONSTRUCTION OF LOGARITHMIC MATRICES VIA WACH MODULES

In [LLZ10] and [LLZ11], we showed that the theory of Wach modules can be
used to study the Iwasawa theory of p-adic representations. The key is to find an
explicit basis for the Wach module. In this appendix, we show that the construction
of the logarithmic matrix Mp in §2.2 can be modified to construct an explicit basis
for the Wach module N(T') of T. Here T is as defined in §2.2, satisfying (H.F.-L.)
and (H.S.).

Let A} = Ok|[r]], which is equipped with the usual semi-linear actions by T
and ¢ (see for example [Ber04]). We write g = () /7.

Definition A.1. A Wach module with weights in [a;b] is a finitely generated free
Al -module M such that

(1) It is equipped with a semi-linear action by I' that is trivial modulo m;
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(2) There is a semi-linear map ¢ : M[r~] — M|p(7)~1] such that o(m°M) C
7 M and that m° M /p* (7 M) is killed by ¢*~%, where ¢*(n°M) denotes the
AJ.-module generated by the image o(7"M);

(3) The actions of T' and ¢ commute.

A Wach module N is equipped with a filtration
Fil' N = {z € N : o(z) € ¢'N}.

Let vy, ..., vq be an Og-basis of D (T') such that vy, . .., vg, generate Fil° Dy (T).
Let C, be the matrix of ¢ with respect to this basis. As in §2.2,

IL,| o
= (Bt )

P
for some C' € GL4(Ok).

Definition A.2. Forn > 1, we define

I, | 0
P”:C< 00 L7

| T o
Proposition A.3. The sequence of matrices {M) },>1 converges entry-wise with
respect to the sup-norm topology on B;Eg i If M denotes the limit of the sequence,
each entry of M7 are o(log(l + X)). Moreover, det(Mr) is, up to a constant in

g
O, equal to (M) .

) and M) = (C,)" Pt Pt

Proof. The proof is the same as that for Proposition 2.5. O
Definition A.4. For each v € I, define a matriz G, = (Méw)_1 -y (MF).

We shall show that G, is a matrix defined over Aj.. Let us first prove the
following lemma.
Lemma A.5. Let MTXT(A};) be the set of r X r matrices that are defined over A};,

(a) Py (P7Y) €1+ M. (AL);
(b) If M € T + nMys, (AL), then Py o(M) - ~y(P7Y) € I+ mMpwr(Af).

I, 0

Proof. For (a), we have P;-y(P; ) = C ( 0 [ZLT
q rT—"o

) C~'and L1 € 1+7AL,
hence the result.
Let M =1+ nN, then
Pro(M)-~v(P[ ') =Py (Pr) + 7 (¢Py-o(N) -y (P1))

since p(m) = mq. Both ¢P; and P; ' are defined over A}, so (b) follows from
(a). O

Proposition A.6. For all v, the matriz G., is an element of I + wM,x,(A}).
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Proof. Since G-, = lim, oo (M})™" - 4 (M), it is enough to show that (M/)™" -

v (M}) is in I + 7M. (A};) for all n. Let us show this by induction.
We have for all n
—1 _ _
(21) (M) ™"y (M) = Py Poy(Py ) -y (P,

Hence, the claim for n = 1 is Lemma A.5(a).

By definition, P, = ¢" " 1(P;), so we have for n > 2
-1 - _
(M)~ (Mf) = Py (M) 71y (M) (P,

Hence, the inductive step is simply Lemma A.5(b). O

1

Lemma A.7. For all vy, we have the matriz identity
Py-o(Gy) = Gy -y ().

Proof. By (21) and the fact that P, = ¢"~1(P;), we have

P ()™ 7 (M) = Pro e Paay(Poly - Py
and

(g™ v (M) (P = P Pay(Pt - P,
In other words,

1 —1
P (M) () = (M) ™3 (Mi) ) (P

Hence the result follows on taking n — oo. O

Definition A.8. We define a free A} -module N¢,, of rank r, with basis ni,...,n,.
With respect to this basis, we equip Nc, with a semi-linear action by I', which is
given by the matriz G-, (well-defined by Proposition A.6) and a semi-linear map
¢ : Ne, [m7 ] — Ne, [o(m) 1], which is given by the matriz P;.

Proposition A.9. The module N¢, is a Wach module with weights in [0; 1].

Proof. By Proposition A.6, the action of I' on Ng,, is trivial modulo 7.
Since P, € 1/qMTXr(A}), we have
%) (ﬂ'Ncw) €mN¢, and gy (Ncw) - WbNC«:'
Finally, by Lemma A.7, the actions of I' and ¢ commute, so we are done. ([
Theorem A.10. As Wach modules, N¢, is isomorphic to N(T'). Furthermore,
(vl ’L}T)Méw: (n1 nr).
Proof. In order to show that No, = N(T), it is enough to show that

(22) ]D)K(T) = Ncw mod 7
as filtered ¢-module by [Ber04, Théormne II1.4.4].
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By definition P; = C,, mod T, so the actions of ¢ agree on the two sides of (22).
For the filtration, we have
Ne, i< —1
Fil' N, = ¢ (D1<j<r, A% - "j) & (®r0+1§jgr A% - 7mj> =0
Di<i<r, Af -ming ) @ Dror1<i<r Ak - Wi“”j) 1>1

Since Fil’ D(T},(A)) is generated by v1, ..., v,,, we see that the filtrations agree on
the two sides of (22) as well.

By [Ber04, §I1.3],

(23) (v1 e vr) M = (nl e nr) .
for some matrix M € I + WMTXT(B:E&K>. For any v € T,
(vl . v,,) ~(M) = (m e nr) G,.

Therefore, G, = M -y(M~1) = M}, v (My)™'. But M}, € I+7rMT><T(IB%$g’K) also.

Hence,
_ T
M (Mp) e (14 7mMyr (B, 1))

This implies that M = M. as required. O

We now use the theory of Wach modules to prove an integrality result that is
used in Proposition 2.9. Recall from [LLZ10, §3.1] and [LLZ11, §3.1] that for any
r € N(T)¥=°, we have (1—¢)x € (p*N(T))¥=° C Bxg7K®DK(T). Furthermore, we
have an Ok ® A-basis for (¢*N(T))¥= of the form (1 + m)p(ny),..., (1 +7)p(n,)

Lemma A.11. Let v € N(T)¥=1, then (1® ¢ " 1) o (1 — @)z is congruent to an
element of (A})¥=" @ D (T) modulo cp"“(ﬂ)BIg’K ®@Dg(T).

Proof. By [LLZ10, Lemma 3.3], there exists x1,...,24 € (Af{)wzo such that
r 1
I-@z=> z(l+m)pm)=(v1 ... v) Cp-(1+m)p(M)-
i=1 g
Note that we have abused notation to write v; - (%) for (x) ® v; € ]B%;E&K @ Dg(T).
Thus, on applying (1 ® ¢~""1), we have
T
1@e " ol —p)x= (m v,.) SO (M) -
T4
Therefore, it is enough to show that C;™ - (M) is congruent to some element in
A% modulo " (m)Bf, L.
If we apply ¢ to the equation (23), we have the relation
M=Cy, p(M)- P L
Since M =1 mod 7, we have M = C,, - P~! modulo 7. On iterating, we have

M=cCy- " Y(P7Y) - P7Y mod ¢"(7),
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which implies that
e(M)=Cp-@"(P7") - o(P™") mod " (m).

Recall that P~ is defined over A}}, hence we are done. ([l

APPENDIX B. LINEAR ALGEBRA: PROOF OF PROPOSITION 3.3

Our goal in this appendix is to provide a proof of Proposition 3.3.

Lemma B.1. Let W be a free Z,-module of rank d and let W' be a free, rankd —1
direct summand of W. Then the collection {W'+Z, -v:v € W} of submodules of
W is totally ordered (with respect to inclusion).

Proof. This follows from the fact that the quotient W/W’ is a free Z,-module of
rank one. (]

Lemma B.2. Let W be as in the previous lemma. Let ® be a finite collection of
rank 0 — 1 direct summands of W and let Wy = Ug W’ be their union. For any
k € Z* we have,

PEW U W, # W.

Proof. Choose any element w = wy € W — Wy (such an element clearly exists). If
wo € p*W, we are done, otherwise write wy = p*w;. Observe that w; ¢ Wy (if
not, wy would be an element of Wy as well). Now if w; ¢ p*W, we are done again.
Otherwise we may continue with this process, which eventually has to terminate.

O

)

Lemma B.3. For ( . 2 > € GLa(Zy), the set {% txT,Y € Z;} has infinite

cardinality.

Proof. Since

Z € GL2(Zp), either ¢ # 0 or d # 0; say the first holds true.

QU >

Observe that
ar+by a (ad—bc)/c

cx+dy c cx + dy

Since ad — be # 0 and cx + dy takes on infinitely many values as z,y € Z,) vary,
the proof follows. O

Lemma B.4. Let W, ® and Wy be as in Lemma B.2. Let Wy, Wy € © and suppose
v1,v9 € W — Wy verify

Wi@Zy-vi=W=Wo@Zp-vy.

Then, one can choose o, B € Zy, so that

(a) v=oav; + Pvy € W —Wp,
(b) Wy @Zp-v=Wa®dZy v=W.
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Proof. Fix a basis 81 of W; and B, of Ws. Let ;7 be the vs-coordinate of v with
respect to the basis B U {va} and z2 be the vi-coordinate of vy with respect to
the basis B1 U {v1}. We may assume without loss of generality that v,(x;) > 0 for
i = 1,2, as otherwise, say in case v,(z1) = 0, it would follow that span (Bg,v1) =
span (Ba, x1 - v2) = W and thus the choice &« = 1 and 8 = 0 (thus v = v1) would
work. Let X = < o1 ) and let YV = ( a b ) € GL3(Z,) be such that
1 x9 c d
Y X =1 (such Y exists since det(X) € Z,; thanks to our hypothesis on vy (z;)).

Consider Wy N span (vy,v2). Since v1 & Wy, it follows that this intersection is
a finite union of Z,-lines, say spanned by {a;v1 + Bive}¢, (with «;, 3; € Z,). Let
X = {a;/B; : B; # 0}, note that it is a finite subset of Q,. Use Lemma B.3 to
choose x,y € Z, such that ngisz Z X. Set @ = ax + by and B8 = cx + dy. Note
that we have by definitions

x o
Y = ,
[ y } [ Z ]
or equivalently that

» () ]=xls =100 )

Observe that v := avy + v & Wy (as a/f & X), so v satisfies (a). Furthermore,

v=av; + fvs = (ax1 + f) - va =x-v2 mod Wa

and
v=(a+Pxg) vy =y-vy modW;
We therefore conclude (using the fact z,y € Z)) that

span (W1, v) = span (W1,y - v1) = span (Wy,v1) = W,

and hence

span (Wa,v) = span (W, x - v2) = span (W, v2) = W,
which shows that v verifies (b) as well. O
Lemma B.5. Let W be as in the previous lemma and let {w1, ..., wy} be a given ba-
sis of W. For any non-negative integer k, one can find elements {wyy1, ..., Work}t C

W so that for any I C {1,...,0+k} of size 0, the set {w;};cr spans W.

Proof. We prove the lemma by induction on k. When k& = 0, the assertion is clear.
Suppose that for k > 1 we have found a set {wyy1,...,wotr—1} Let & denote the
collection of subsets of 1,...,04+k — 1 of size 0 — 1 and let © = {span ({w; }ics) :
S € 6} be a set of free, rank ? — 1 direct summands of W. Set Wy = Up W/,
observe that Wy is a proper subset of W. For any w € W — Wy and S € &, the
submodule span ({w} U {w;}ics) C W is of finite index. Fix S € & and define
Wg :=span (w; : i € 5).

We first prove that there is an element vg € W — W, such that
(25) Ws +Zy-vs = W.
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Indeed, pick any w € W — Wy. If Wg + Z), - w = W, we are done. Otherwise we
may use Lemma B.2 to choose wi € W — (Wg + Zj, - v U Wy), for which we have

Ws +Zp-wy 2 W +Zy-w.

This process has to terminate and when it does, we have found the desired vg
verifying (25).

Using Lemma B.4 iteratively, one obtains an element v € W — Wy such that
Ws+Zy-v=W
for every S € &. We set wyrg := v. a

Proof of Proposition 3.3. Let B = {vi,--- ,v4 ,wq_+1,..., Wy} be any Z,-basis of
D, (T) such that {vy,---,v,_} forms a basis of Fil”D,(T). Form the dual basis

B = {vif o ,U;_,w;_+1,‘ t ’w:}} c DP(T*(I))

Consider the free Z,-module W := D, (T*(1))/Fil’ D,(T*(1)) of rank g_ and for
an element v € D,(T*(1)), let ¥ denote its image in W. It is easy to see that
{91, ,0,_} forms a basis of W. Use Lemma B.5 (with @ = g_ and k = g4) to
obtain a set {v],---,v;} such that for any I € J,,
span (v, :1 € [) = W.

One can lift the set {v7,---,7,} to a basis B}, = {v], -+, v} of D,(T*(1)) and
the basis B,q dual to B/, gives us an admissible basis of D,(7"), which completes
the first part of the proof.

The proof that a strongly admissible basis exists is similar and we only provide
a sketch of its proof after inverting p. The technical details to conclude an integral
version of this result are identical to the arguments above we have assembled in the
course of deducing the first part concerning admissibility. To ease notation, let V =
D,(T*(1)) ®Q, and W = Fil’ D,,(T*(1)) ® Q,. Set also T = (1 — )~ (pyp — 1) and
W' =T 1W)®Q,. (Note that T is invertible thanks to our running assumptions.)
Set r = dimW = W' and r + s = dimV. We choose a basis {v}} inductively as
follows:

e Choose any v; ¢ WUW'.
e For k < s — 1, if we have chosen vy, --- , vy, choose v, € V as any vector
so that

Vi1 & (span(v) : 1 <4 < k)+ W)U (span(v; : 1 <i < k) +W') .
Note that we can do this as we have a union of two hyperplanes of dimension
k+r<r+s.
e For any 0 < k < s, suppose we have chosen By, = {v}, -, v, ;. } in a way
that
span (véj 11 € I) NWUW) =0
for every subset I C {1,---,s+ k} of size s. (The first two steps will get

us to this step with £ =0.)
Let I~ denote all subsets of I C {1,---,s 4 k} of size s — 1 and let

V(s—l) _ U span (Ui]- : Zj S J) .
Jers—1n
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This is a finite union of hyperplanes of dimension s — 1. Now choose
Vi 41 € V to be any element verifying

Vophi ¢ (W + V(s_l)) U (WI + V(s_l)) .

Note that the right side is a union of finitely many hyperplanes of di-
mension r + s — 1 so an element v;+k+1 does indeed exist. Set By, =

{Ullﬁ e 7U;+k+1}'

It is now easy to verify that the set B, is a strongly admissible basis. O

APPENDIX C. COLEMAN-ADAPTED KOLYVAGIN SYSTEMS

Throughout this Appendix, let F' be a totally real or a CM field as above. Let O
be the ring of integers of a finite extension ® of Q,, with maximal ideal m, residue
field k and uniformizer w. Let T be a G p-stable O-lattice inside M, (n~'), the
twist of the the p-adic realization of a motive M (of the sort considered in the
main body of this article) by an even Dirichlet character n of A. Then T is a free
-module of finite rank which is equipped with a continuous G g-action unramified
outside a finite set of places ¥ of F. Set T = T/mT. We assume that all places
of F' at infinity and above p are contained in . We assume that 1" verifies the
hypotheses (H1)-(H4) of [MR04, Section 3.5] as well as the following:

(H.Tam) For every finite place A € %, the module H°(I,T ® ®/9) is divisible.
Here I stands for the inertia group at the prime .

(H.nE) For every prime p | p of F', we have
H°(F,,T) = H*(F,,T) = 0.

In this appendix we let F, denote the cyclotomic Z, extension of F' and I' =
Gal(F/F). Note that this is the pro-p part of the group considered in the main
text. Let A®?) = O[[[]]. Let T = T ® A® and fix I € J, as in the conclusion
of Proposition 3.25. To ease notation, we will set R = A® and d = g_. We fix
throughout an I € J, verifying the conclusion of Proposition 3.25 and associated
to this choice, fix a signed Coleman map

(26) ¢ = Colfy{ : H'(F,, T)—R" .

Here Col%/lp corresponds to the Coleman map denoted by Col%w in the main

text and Colf\/l’np is its restriction to n-isotypic component. Let Z C R¢ denote a
R-submodule with the following properties:

e 7 is free of rank d and im(€) C Z.
e The R-module Z/im(¢€) is pseudo-null.

The existence of such Z is guaranteed by Corollary 2.22.
We now fix an arbitrary rank-one direct summand L. C Z.

Definition C.1. Let Fy, denote the Selmer structure on T given with the following
data:
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o HL (F\,T)=H'(F\,T) for primes A\ p,
o HL (F,,T) = ker (Hl(Fp,T) e, Z/IL) :

Let P be the set of places of F' that does not contain the archimedean places, primes
at which T is ramified and primes above p. Finally let KS(T, F, P) be the R-module
of generalized Kolyvagin systems defined as in [Biiyl3, Section 3.2.2]. An element
of this module will be called an L-restricted Kolyvagin system.

We also let F; denote the dual Selmer structure on the Cartier dual T, in the
sense of [MR04, Definition 1.3.1 and §2.3].

As in the main body of this text, we assume the truth of the weak Leopoldt
conjecture for T. Our goal in this appendix is to give a proof of Theorem C.4
below.

Lemma C.2. Suppose R is any commutative ring and M, N, Q are finitely gener-
ated R-modules such that we have an exact sequence

0— M- N-—Q

and the quotient N/i(M) is R-torsion-free. For any ideal I of R, let X; = X®@gR/I
for X = M, N,R. Then the following sequence of Rr-modules is exact:

0— M; 5 Ny — Q.

Proof. Suppose m € M is such that ¢«(m) € I - N, say «(m) = r - ng for some r € I
and ng € N. As the quotient N/¢(M) is R-torsion-free, it follows that ng € «(M);
say ng = t(mg). Thus ¢(m) = ¢(r - mp) and since ¢ is injective, m € I - M. We just
proved that I - M = ker (M N 1) which is equivalent to the assertion of our

lemma. (]
Lemma C.3. The R-module H, (F,,T) is free of rank g4 +1.

Proof. Let L denote the image of L (resp., Z the image of Z) under the augmen-
tation map 2 : R — 9. Observe the commutative diagram

0 —— H} (F, T) — H} (F,, T) —= Z/L

i@mﬂ i@mo
\

0 ker(Co) ——= H'(F,,T) —2~Z/L

where €y 1= €@y O is the induced map on Hf, (F,, T) @y O — H(F,,T). As the
cokernel of € is finite so is the cokernel of €y and it follows that ker(€y) is a free
9-module of rank g4 +1 and by Nakayama’s lemma that the R-module H}L (Fp,T)
is generated by at most gy + 1 elements. On the other hand, the first row of the
diagram above shows that the generic fiber of H}:“‘(Fp,']l‘) has rank g4 + 1 hence,
together with our the discussion above, we conclude that the R-module H }L(Fp, T)
is generated by exactly g4 + 1 elements. It is not hard to see (using the fact that R
is a UFD) that these generators cannot satisfy a non-trivial R-linear relation. O

Theorem C.4. Let Py 1 C P be as in Definition C.6 below.
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(i) The R-module KS(T, F,P) is free of rank one, generated by any Kolyva-
gin system K whose image kK € KS(T', F,, Py 1) is non-zero.
(ii) For an arbitrary generator {k,} = K, the leading term k1 € H} (F,T) is
non-vanishing. o
(iii) Suppose {kn} =k € KS(T, F1, Px) is a generator. Then,

char (H (F,T)/A - ;) = char (Jarjfﬂf (F, TT)V) .

It is the statement of Theorem C.4(iii) that is key to all our results towards
Perrin-Riou’s main conjectures.

Proof of the parts (i) and (iii) of Theorem C.4 is identical to the proof of
[Biiy14, Theorem A.12])? once we verify (a) that the analogous statement to Defini-
tion/Theorem A.9 in loc.cit. holds true in our setting and (b) that the core Selmer
rank x(T,FL) (in the sense of [MRO4, Definition 4.1.11]) of the Selmer structure
Fion T is 1. The first of these is achieved in Theorem C.8 below and the second
in Proposition C.10. The main difficulty is that the images of the Coleman maps
are not necessarily free.

We first provide a proof of (ii) here.

Proof of Theorem C.4(ii). Thanks to our choice of I € J, and Proposition 3.28,
note that the modified Selmer group Sel; (T /F (jup~))? is R-cotorsion. Thus the
R-module H}H* (F,TT) C Sely(TT/F(up=))2 is cotorsion as well. We may now
conclude the proof using [Biiy13, Theorem 5.10]. O

Before settling Theorem C.4 in full, we introduce the necessary terminology that
we mostly borrow from [MRO04]. Fix a topological generator v of the group I'. We
then have a (non-canonical) isomorphism R = O[[y — 1]].

Definition C.5. For k,a € Z1, set
Rpa = R/(w", (v = 1)%),
Th.o :=T ®g Rp.o = T/(F, (v — 1))
and define the collection
Quot(T) := {Tk : k,a € ZT}.

The propagation of the Selmer structure Fi, (in the sense of [MR04, Example 1.1.2])
to the quotients Ty, o will still be denoted by the symbol Fi, (as well as its propagation
to the quotient T').

Definition C.6. For k,« € Z* define

(1) Hk,a = ker (GF — Aut(’]l’k,a) D Aut(p,pk)),
(i) Lyo=F """,
(ili) P = {Primes X\ € Px : X splits completely in Ly /F'}.

The collection Py, is called the collection of Kolyvagin primes for Ty .. Define
Ni.a to be the set of square free products of primes in Py q.

2In fact, both proofs rely on the arguments of [Biiyl3] where a similar statement was proved
in much more general context.
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Definition C.7.

(i) Given X € Py o fix once and for all an abelian extension F'/Fy which is totally
and tamely ramified, and moreover is a mazimal such extension. As in [MR04,
Definition 1.1.6(iv)], the transverse local condition at X\ is defined to be

HE(Fy, Tr) = ker{H" (Fx, Tg.o) — H'(F', Tr.0)}-
(it) For w € Ny o, define the Selmer structure Fi(n) on Ty o by setting

) H}_—L(F,\,Tk,a), if/\J[n,
Hz, (0)(Fx. Tha) =
Htlr(F)”Tk‘a), Zf)\ | n.

The following list of properties is key in proving Theorem C.4.

Theorem C.8. For any n € Ny o the Selmer structure Fi(n) is cartesian on the
collection Quot(T) in the following sense. Let X be any prime of F.
(C1) (Functoriality) Fora < 8 and k < k', H}L(n)(FA, Tk o) is the exact image of
H}H‘(n)(FAka’,B) under the canonical map H'(F\, Ty 5) — HY(Fx, Tk.q)-
(C2) (Cartesian property along the cyclotomic tower)
HY(Fy, Th o
N - ( s Lk +1)
H]—'L(n) (FAa Tk,a+1)

|

H}L(u)(FA,Tkﬂ) = ker (Hl(FA,’]I‘k,a)

Here the arrow is induced from the injection Ty, o [E>
is the multiplication by v — 1 map.
(C3) (Cartesian property as powers of p vary)

o] HY(F\,Tiiia
=] f (£, Trt1,0) ,
H]:L(n)(FAa Tk+1,a)

Trat1 and [y —1]

H}L(n)(FA,Tkﬂ) = ker (Hl(FA,T,C,a)

where the arrow is induced from the injection Ty, o E) Tr+1,a-

Proof. For the primes A { np, the asserted properties may be verified as in [Biiy11,
§2.3.1]. The key points are the fact that the inertia group I, C G acts trivially
on A®) and that we assumed (H.Tam). For the primes A | n, they may be proved
as in [Biiyl3, §4.1.4] (which itself, in this particular case of interest, is a slight
generalization of [Biiyll, Proposition 2.21]).

It therefore remains to verify the claimed properties at primes above p. The
property (C1) is a direct consequence of our definitions. Using Lemma C.2, one
has the following identification for every k,a € ZT:

H;—'L(n)(va Tha) = H.;-'L(va T) ®r Rk,a
(i.e., H}.}‘(n)(Fp,Tk,a) is the image of H} (F,,T) under the obvious map). Note
that Lemma C.2 applies with M = H (F,,T) and N = H'(F},, T) as the quotient
H'(F,,T)/H, (F,,T) is R-torsion free by construction. The properties (C2) and

(C3) follow now at once using the fact that the R-module Hx. (F},,T) is free (of
rank g4 + 1) by Lemma C.3. O

Let Fhun denote the Selmer structure on T given with the following data:
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. H}nuu(F,\,T) = HY(F\,T) for primes X { p,
° H}'—I\ull(Fp’T) = Hll<FpaT) = ker (Hl(Fp,’]I‘) L} Z) .

The assertion concerning the Selmer structure J, in the following Corollary follows
immediately by Theorem C.8. We need the statement on F,; in our companion
article [BL15] and it follows easily by modifying Lemma C.3 appropriately.

Corollary C.9. Propagations of both Selmer structures Fi, and Fpun on T verify
the hypothesis (H6) of [MRO4].

Proposition C.10. The core Selmer rank x(T, F.) of the Selmer structure JFi, on
T equals one, whereas X (T, Fuu) equals 0.

Proof. The proof of this proposition is similar to the proof of Proposition 9.2 in
[BL15]. Let Fean denote the canonical Selmer structure on T given with the data
H}_—mn(FA,']I‘) = H!(F\,T) for every prime A\ € ¥. Using the global duality argu-
ment in [Wil95, Proposition 1.6] and Corollary C.9 we conclude that
X(T, Fean) — X(T, F) = rankp Hj, (F,,T) — rankg Hy(F,,T)
for F = Fi, or Fuun. Since
rankg Hi, (Fp, T) = g and X(T', Fean) = g—
(c.f., [MRO4, Theorem 5.2.15]) we infer that
X(T,F) =rankg Hx(F,,T) — g, .

The first assertion in our proposition follows from Lemma C.3 and the second using
its appropriate version to apply with Fy. O

C.1. The module of Kolyvagin determinants. Let B = {¢1, -+ , 41} be a
basis of the free R-module Homp (Z/LL, R). We then have an isomorphism

d—1
@d)i : RY/L = R,

i=1

Let 51 € Homp (Z, R) denote the pullback of ¢; with respect to the obvious pro-
jection. Note that the map ¢ := @g:_ll %i : Z — R is surjective with kernel L.
Define

® =gy A Ay € A%Homp (Z,R),

where the exterior product is taken in the category of R-modules. Let
¥ € AYHomp (H'(F,,T), R)
be the pullback of ® with respect to the Coleman map €.

Proposition C.11. (i) The map ® maps N*Z isomorphically onto L.
(ii) For every c € AYH*(F,,T) we have ¥(c) € H}. (F,,T).
(iii) The map U induces a map (which we still denote by V)

V: H'(F,,T)/H[(F,,T) — HF, (F,,T)/H[(F,,T).

Proof. Linear Algebra. O
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Proposition C.11 may be summarized via the following commutative diagram:

P

N —— L
e®d ¢
(27) /\d Hl(va T) v H}:L(Fp’ T)
H}(F,,T) Hll(Fp,T)

d
locf?9 locy,

A

NHY(F,T) Y~ HL (F,T)

L

As a consequence of the proposition below, it follows that the map ¥ on the third
row and the map loc?d are both surjective.

Proposition C.12. Under our running assumptions both R-modules N*H'(F,T)
and Hy, (F,T) are free of rank one.

Proof. Tt follows from the weak Leopoldt conjecture for T (which we assume) that
the R-module H }- (F, T*)V is torsion, where the canonical Selmer structure Fean
of Mazur and Rubin is given in the proof of Proposition C.10. By control the-
orem (which holds true for this Selmer structure), we may find a specialization
m: R — O (whose kernel is necessarily principal, say generated by @ € R) such
that H }-:M(F7 T*) has finite cardinality, where T := T ®, O. By [MR04, Theo-
rem 5.2.15], it follows that Hy (F,T,) is an O-module of rank g, which is also
torsion-free (hence free) by our funning assumptions.

Consider the natural injection H'(F,T)/wH'(F,T) < Hy_(F,Tr). Using
Nakayama’s lemma, we see that H'(F,T) may be generated by the lifts of a basis
of H}_—Can (F,Ty). Relying on the fact that R is a UFD, one may further verify that
these generators may not satisfy a non-trivial R-linear relation. This completes the
proof of the assertion that AYH'(F,T) is free of rank 1. The rest is proved in an

identical manner. O

Definition C.13. (i) Define the A-module of Kolyvagin leading terms £(T)
as the module

ST)=q Y K -ex € Hiy s(FT): {r}} = w¥ € KS(T(x), Fi, P)
x63+
Here A+ denotes the set of even characters of A and e, € Zp[A] the idem-
potent corresponding to x. It is not hard to see using Theorem C.4 (for

each twist T'(x)) that the A-module £(T) is free of rank 1.
(ii) The A-module of Kolyvagin determinants &(T) is defined as

RA(T) ={E e N"H}, o(F,T): ¥(Z) € &(T)}.

Remark C.14. The diagram (27) above and the fact that Z/im(€) is pseudo-null
together show that R(T) # 0. One may also prove that this module does not depend
on any of the choices made above and depends only on T. A suitable extension of
the theory of higher rank Kolyvagin systems (as studied in [MR16]) over coefficient
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rings of dimension larger than one would yield a more natural definition of R(T).
We plan to get back to this point in the future.

APPENDIX D. COMPARISON WITH WORKS OF KOBAYASHI AND POLLACK

We shall compare the signed Selmer groups that we denoted by Sel; in the main
body of the article to the +-Selmer groups of Kobayashi [Kob03]; and the I-signed
p-adic L-functions to +-p-adic L-functions of Pollack [Pol03]. In particular, we
shall justify that our theory offers a natural generalization of their work.

Throughout this appendix, we assume that the motive M = h'(E)(1) is associ-
ated to an elliptic curve E/Q that has good supersingular reduction at p and that
ap(E) = 0, so that the p-adic realization T of M will be the p-adic Tate module
of E and the Pontryagin dual T is the p-divisible group E[p>]. Note that in this
case g = 1 and we no longer fix an admissible basis. As it shall be clear from
the discussion below, Lemma 3.16 follows already from the work of Kobayashi and
the second named author even if the basis of the Dieudonné module is no longer
strongly admissible.

D.1. Kobayashi’s £-Selmer groups. Kobayashi in [Kob03] defined the £-Selmer
groups Sel}t(E /Q(ppe=)) by properly modifying the Bloch-Kato conditions at p.
This is exactly what we do in Definition 3.26, except that we used as our local con-
ditions at p the submodules H}(Q,(ip=), T") in place of Kobayashi’s submodules
EE(Qp(pp=)) € E(Qp(pp=)) given by some “jumping” trace conditions. Further-
more, as proved in [Leill, §4], Kobayashi’s submodules may be realized as the or-
thogonal complements of the kernel of some +-Coleman maps Col™ : H} (Q,,T) —
A, in the same way that the local conditions H}(Q,(pp),TT) in Definition 3.26
are defined as the orthogonal complement of ker(aol 7). Therefore, in order to com-
pare our Sel; with Kobayashi’s Selpi, it is enough to compare our Coleman maps
Col; with the £-Coleman maps defined in [Kob03]. Note that these were already
rewritten in the language of Dieudonné modules in [Leill].

Let Deis(T) = Do, (T'). We fix a basis v; € Fil° Deis(T) and we extend it to a
basis v1,va = ©(v1) of Deyis(T). The matrix of ¢ with respect to this basis is given

by
(000 D6 )
»\1 0 “\1 0 0 1/p)-
Therefore, under the notation of Proposition 2.5, we find that the logarithmic
matrix Mp with respect to the same basis is given by

(0  —log*
My = (log 0 ) ’

where logjE are Pollack’s +-logarithms defined by the formulae

ol e X)
pn21 p
1 D 2n-1(1+ X
log~ = - H Q.
n>1 p

log

)
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Let Coly, Coly be the two Coleman maps corresponding to this matrix as in Theo-
rem 2.13. We have the relation

Lri=— logJr Col, and L7 =log™ Col;.

On combining this with (4), we may compare our Coleman maps with the +-
Coleman maps defined in [Leill, §3.4] and see that they differ simply by a minus
sign, namely

(28) Col™ = —Col, and Col™ = Col;.
In particular they have the same kernels.

Remark D.1. Note that this choice of basis of Deyis(T) is not admissible in the
sense of Definition 3.2. As noted in Remark 3.4, this means that the images of
our Coleman maps would not be pseudo-isomorphic to Z,[[X]]. Indeed, as shown
in [Kob03, Propositions 8.23 and 8.24], Col™ is surjective, while the isotypic com-
ponent of Im(Col™) at a non-trivial character is XZ,[[X]]. This is consistent with
our Propositions 2.20 and 2.21.

D.2. Pollack’s t-p-adic L-functions. In [Leill, §3.4] as well as [Kob03, Theo-
rem 6.3], it has been showed that the Pollack’s £-p-adic L functions in [Pol03] is the
image of the Beilinson-Kato elements along the cyclotomic tower (as constructed
in [Kat04]) under the +-Coleman maps, up to a sign. Note in particular that the
tower of Beilinson-Kato elements does satisfy Conjecture 3.11. Furthermore, the
I-signed p-adic L-functions given as in Definition 3.17 are simply the image of the
Beilinson-Kato elements under Col; and Cols. Therefore, thanks to (28), they agree
with Pollack’s +-p-adic L functions, up to a sign.

REFERENCES

[Benl4] Denis Benois, Selmer complexes and the p-adic hodge theory, preprint, arXiv:1404.7386,
2014.

[Ber03] Laurent Berger, Bloch and Kato’s exponential map: three explicit formulas, Doc. Math.
(2003), no. Extra Vol., 99-129 (electronic), Kazuya Kato’s fiftieth birthday.

, Limites de représentations cristallines, Compos. Math. 140 (2004), no. 6, 1473~

[Ber04]
1498.

[BL15] Kazim Biiyiikboduk and Antonio Lei, Coleman-adapted Rubin-Stark Kolyvagin systems
and supersingular Iwasawa theory of CM abelian varieties, Proc. Lond. Math. Soc. (3)
111 (2015), no. 6, 1338-1378.

[Biiyll] Kéazim Biiyiikboduk, A-adic Kolyvagin systems, Int. Math. Res. Not. IMRN (2011),
no. 14, 3141-3206.

[Biiy13] , Deformations of Kolyvagin systems, 2013, arXiv: 1303.1407, to appear in Ann.
Math. Qué.
[Biiy14] , Main conjectures for CM fields and a Yager-type theorem for Rubin-Stark

elements, Int. Math. Res. Not. IMRN (2014), no. 21, 5832-5873.

[Col98] Pierre Colmez, Théorie d’Iwasawa des représentations de de Rham d’un corps local,
Ann. of Math. (2) 148 (1998), no. 2, 485-571.

[CPRB9] John Coates and Bernadette Perrin-Riou, On p-adic L-functions attached to motives
over Q, Algebraic number theory, Adv. Stud. Pure Math., vol. 17, Academic Press,
Boston, MA, 1989, pp. 23-54.

[Fon94] Jean-Marc Fontaine, Le corps des périodes p-adiques, Astérisque (1994), no. 223, 59-111,
With an appendix by Pierre Colmez, Périodes p-adiques (Bures-sur-Yvette, 1988).

[Kat04] Kazuya Kato, p-adic Hodge theory and wvalues of zeta functions of modular forms,
Astérisque (2004), no. 295, ix, 117-290, Cohomologies p-adiques et applications
arithmétiques. III.



INTEGRAL IWASAWA THEORY 39

[Kob03] Shin-ichi Kobayashi, Iwasawa theory for elliptic curves at supersingular primes, Invent.
Math. 152 (2003), no. 1, 1-36.

[Leill] Antonio Lei, Iwasawa theory for modular forms at supersingular primes, Compositio
Math. 147 (2011), no. 03, 803-838.

[LLZ10] Antonio Lei, David Loeffler, and Sarah Livia Zerbes, Wach modules and Iwasawa theory
for modular forms, Asian J. Math. 14 (2010), no. 4, 475-528.

, Coleman maps and the p-adic regulator, Algebra Number Theory 5 (2011),
no. 8, 1095-1131.

[MRO04] Barry Mazur and Karl Rubin, Kolyvagin systems, Mem. Amer. Math. Soc. 168 (2004),
no. 799, viii+96.

[MR16] _—, Controlling Selmer groups in the higher core rank case, J. Théor. Nombres
Bordeaux 28 (2016), no. 1, 145-183.

[Pol03] Robert Pollack, On the p-adic L-function of a modular form at a supersingular prime,
Duke Math. J. 118 (2003), no. 3, 523-558.

[PR92] Bernadette Perrin-Riou, Théorie d’Iwasawa et hauteurs p-adiques, Invent. Math. 109
(1992), no. 1, 137-185.

[LLZ11]

[PR94] , Théorie d’Iwasawa des représentations p-adiques sur un corps local, Invent.
Math. 115 (1994), no. 1, 81-161.
[PR95] , Fonctions L p-adiques des représentations p-adiques, Astérisque (1995), no. 229,

198.

[Sch87] Peter Schneider, Arithmetic of formal groups and applications I: Universal norm sub-
groups, Invent. Math. 87 (1987), no. 3, 587-602.

[Spr12] Florian E. Ito Sprung, Iwasawa theory for elliptic curves at supersingular primes: a
pair of main conjectures, J. Number Theory 132 (2012), no. 7, 1483-1506.

[Wil95] Andrew Wiles, Modular elliptic curves and Fermat’s last theorem, Ann. of Math. (2)
141 (1995), no. 3, 443-551.

KAziM BUYUKBODUK
Ko¢ UNIVERSITY, MATHEMATICS, RUMELI FENERI YOLU, 34450 SARIYER, ISTANBUL, TURKEY

E-mail address: kbuyukboduk@ku.edu.tr
ANTONIO LEI

DEPARTEMENT DE MATHEMATIQUES ET DE STATISTIQUE, UNIVERSITE LAVAL, PAVILLION ALEXANDRE-
VACHON, 1045 AVENUE DE LA MEDECINE, QUEBEC, QC, CANADA G1V 0A6

E-mazil address: antonio.lei@mat.ulaval.ca



