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Definition
An elliptic curve over Q is a projective curve

E : Y 2Z = X 3 + aXZ 2 + bZ 3

where a, b ∈ Q with 4a3 + 27b2 ̸= 0.

If K is a field containing Q, we write E (K ) for the set of
points (X : Y : Z ) ∈ P2(K ) that lie on E .

On taking Z = 0, we have X 3 = 0, so (0 : 1 : 0) ∈ E (K ).

If Z = 1, we have an affine curve Y 2 = X 3 + aX + b.
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Theorem (Mordell–Weil 1920s)
Let K be a finite extension of Q. Then, E (K ) is a finitely
generated abelian group with (0 : 1 : 0) as the identity.

E (K ) ∼= Z⊕rE (K) ⊕ (finite group).

rE (K ) is called the algebraic rank of E over K .
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Let p be a prime number and write Fp = Z/pZ.

We may define a projective curve over Fp :

E : Y 2Z = X 3 + aXZ 2 + bZ 3.

The set E (Fp) is finite, its size is given by

#E (Fp) = 1 + p − ap,

where ap = −
∑

x∈Fp

(
x3+ax+b

p

)
.

There is a natural reduction map E (Q)→ E (Fp).

We expect that #E (Fp) should reflect rE (Q).
Antonio Lei (University of Ottawa) Iwasawa Theory and the Birch and Swinnerton-Dyer Conjecture



Overview of the Birch and Swinnerton-Dyer conjecture
Introduction to Iwasawa theory

Congruences between modular forms
Results on Euler systems and isogeny graphs

Definition of elliptic curves
Algebraic objects
Analytic objects
Statement of BSD

For s ∈ C with ℜ(s) > 3/2, define

L(E , s) =
∏

p∤NE

1
1− app−s + p1−2s

∏
p|NE

1
1− app−s .

This converges absolutely and has analytic continuation to C.

The analytic rank of E over Q is ords=1 L(E , s).

At s = 1,
1

1− app−s + p1−2s = p
#E (Fp)

.
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Conjecture (Birch and Swinnerton-Dyer 1960s)
Given an elliptic curve E/Q, we have

algebraic rank = analytic rank
rE (Q) = ords=1 L(E , s).

Furthermore, the leading term of the Taylor expansion of L(E , s)
at s = 1 is related to algebraic quantities.

Antonio Lei (University of Ottawa) Iwasawa Theory and the Birch and Swinnerton-Dyer Conjecture



Overview of the Birch and Swinnerton-Dyer conjecture
Introduction to Iwasawa theory

Congruences between modular forms
Results on Euler systems and isogeny graphs

What is Iwasawa Theory ?
Algebraic objects
Analytic objects
Iwasawa main conjecture

Outline

1 Overview of the Birch and Swinnerton-Dyer conjecture

2 Introduction to Iwasawa theory

3 Congruences between modular forms

4 Results on Euler systems and isogeny graphs

Antonio Lei (University of Ottawa) Iwasawa Theory and the Birch and Swinnerton-Dyer Conjecture



Overview of the Birch and Swinnerton-Dyer conjecture
Introduction to Iwasawa theory

Congruences between modular forms
Results on Euler systems and isogeny graphs

What is Iwasawa Theory ?
Algebraic objects
Analytic objects
Iwasawa main conjecture

Study arithmetic properties over a tower of field extensions.

Study arithmetic objects using local fields via auxiliary primes.

Seek "p-adic" links between

algebraic objects analytic objects
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Cyclotomic extensions

Fix a prime p and consider a tower of fields :

K∞ := Q(µp∞)
∪
...
∪

Q(e2πi/p2)
∪

Q(e2πi/p)
∪
Q

⇝

∪
...
∪

E
(
Q(e2πi/p2)

)
∪

E
(
Q(e2πi/p)

)
∪

E (K∞)

E (Q)

algebraic tool
(control theorem

for Selmer groups)
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Definition
The p-adic norm on Z is given by

|pn × a|p = p−n if a, n ∈ Z and p ∤ a.

Definition
The ring of p-adic integers, Zp, is the completion of (Z, | • |p).

Explicitly, Zp = {
∑∞

n=0 xnpn : xn ∈ {0, 1, . . . p − 1}}.

Gal(K∞/Q) ∼= Z×
p .
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For each extension K/Q, we can define a p-adic Selmer group
X (E/K ) using Galois cohomology.

X (E/K ) is a Zp-module and rE (K ) ≤ rankZp X (E/K ).

Theorem (Mazur 1970s)
Assume E has good ordinary reduction at p. There is a
homomorphism

H0 (Gal(K∞/Q),X (E/K∞))→ X (E/Q)

whose kernel and cokernel have finite cardinalities.
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Control theorem :

E (K∞)
∪
...
∪

E (Q(e2πi/p2))
∪

E (Q(e2πi/p))
∪

E (Q)

⇝

↓
...
↓

X (E/Q(e2πi/p2))
↓

X (E/Q(e2πi/p))
↓

X (E/K∞)

X (E/Q)

H0(Gal(K∞/Q),−)
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Let Λ = Zp[[X ]] be the ring of power series{ ∞∑
n=0

cnXn : cn ∈ Zp

}
.

If M is a finitely generated torsion Λ-module, there is a
pseudo-isomorphism

M ∼
r⊕

i=1
Λ/(fi), where fi ∈ Λ.

We define the characteristic ideal of M by

Char M =

 r∏
i−1

fi

 .

Antonio Lei (University of Ottawa) Iwasawa Theory and the Birch and Swinnerton-Dyer Conjecture



Overview of the Birch and Swinnerton-Dyer conjecture
Introduction to Iwasawa theory

Congruences between modular forms
Results on Euler systems and isogeny graphs

What is Iwasawa Theory ?
Algebraic objects
Analytic objects
Iwasawa main conjecture

Theorem (Kato 1990s)
Let E/Q be an elliptic curve with good ordinary reduction at p.
Then X (E/K∞) is a finitely generated torsion Λ-module.

Combined with the control theorem :
Corollary
rE (Q) is bounded by the multiplicity of X in CharX (E/K∞).

Question
Is it possible to relate CharX (E/K∞) to an analytic object ?
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p-adic L-functions

Theorem (Mazur–Swinnerton-Dyer 1970s)
There exists a p-adic analogue of L(E , s), namely Lp(E , X ) ∈ Λ
satisfying the interpolation properties

Lp(E , ζ − 1) = (⋆)× L(E , ζ) if ζpn = 1.

Relies on links between elliptic curves and modular forms.

Modularity theorem was proved by Wiles and Taylor–Wiles in
1990s.

Lp(E , X ) can be calculated numerically on a computer.
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Conjecture (The Iwasawa main conjecture)
Let E/Q be an elliptic curve with good ordinary reduction at p.
Then

CharX (E/K∞) = (Lp(E , X )) .

Under certain technical hypotheses, this is known.

Selmer group p-adic L-function

Construction of Euler systems (Kato 1990s)

Congruences between modular forms (Skinner–Urban 2000s)
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Example
Let E : y2 = x3 + 1/4.

L7(E , X ) ∈ Λ×

X (E/K∞) is finite for p = 7

Iwasawa main conjecture E (Q) is finite

Control Theorem

In fact, E (Q) = {∞, (0, 1/2), (0,−1/2)} ∼= Z/3Z.

The Birch and Swinnerton-Dyer conjecture holds for E since

rE (Q) = ords=1 L(E , s) = 0.

Antonio Lei (University of Ottawa) Iwasawa Theory and the Birch and Swinnerton-Dyer Conjecture



Overview of the Birch and Swinnerton-Dyer conjecture
Introduction to Iwasawa theory

Congruences between modular forms
Results on Euler systems and isogeny graphs

The Ramanujan tau function
Modularity of elliptic curves
An example of congruence between two modular forms

Outline

1 Overview of the Birch and Swinnerton-Dyer conjecture

2 Introduction to Iwasawa theory

3 Congruences between modular forms

4 Results on Euler systems and isogeny graphs

Antonio Lei (University of Ottawa) Iwasawa Theory and the Birch and Swinnerton-Dyer Conjecture



Overview of the Birch and Swinnerton-Dyer conjecture
Introduction to Iwasawa theory

Congruences between modular forms
Results on Euler systems and isogeny graphs

The Ramanujan tau function
Modularity of elliptic curves
An example of congruence between two modular forms

The Ramanujan tau function τ : N→ N is defined by∑
n≥1

τ(n)qn = q
∏
n≥1

(1− qn)24.

If we put q = e2πiz , z ∈ C with ℑ(z) > 0,

∆(z) =
∑
n≥1

τ(n)e2πinz

is a modular form.

Several arithmetic properties of τ observed by Ramanujan can
be explained by the theory of modular forms.

Antonio Lei (University of Ottawa) Iwasawa Theory and the Birch and Swinnerton-Dyer Conjecture



Overview of the Birch and Swinnerton-Dyer conjecture
Introduction to Iwasawa theory

Congruences between modular forms
Results on Euler systems and isogeny graphs

The Ramanujan tau function
Modularity of elliptic curves
An example of congruence between two modular forms

τ(p) ≡ 1 + p (mod ℓ), ℓ ∈ {2, 3}.

τ(p) ≡ p + p2 (mod 5).

τ(p) ≡ p + p4 (mod 7).

Theorem (Deligne 1960s)
If f (z) =

∑
n≥1 ane2πinz is a modular form, then there exists a

Zℓ-module Tf and a representation

ρf : Gal(Q/Q)→ GL(Tf )

such that ap = trace ρf (Frobp).

Remark
Swinnerton-Dyer (1970’s) studied congruences of τ(p) via ρ∆.
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Given an elliptic curve E , recall

L(E , s) =
∏

p∤NE

1
1− app−s + p1−2s

∏
p|NE

1
1− app−s =

∑
n≥1

ann−s .

The modularity theorem of Wiles and Taylor–Wiles says that

fE (z) =
∑

ane2πinz

is a modular form.
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If E is the elliptic curve y2 = x3 + 1/4, then E (Q) ∼= Z/3Z.

#E (Fp) ≡ 0 (mod 3).

ap = 1 + p −#E (Fp) ≡ 1 + p ≡ τ(p) (mod 3).

fE (z) ≡ ∆(z) (mod 3).

Theorem (Greenberg–Vatsal 2000)
If f1(z) ≡ f2(z) (mod p) are modular forms that are good ordinary
at p, then :

Lp(f1, X ) ≡ Lp(f2, X ) (mod pΛ),

X (f1/K∞)/p ∼= X (f2/K∞)/p.
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Selmer group p-adic L-function

Construction of Euler systems

Congruences between modular forms

Definition
Let T be a Zp-module equipped with a continuous
Gal(Q/Q)-action.

An Euler system for T is a collection of cohomology classes{
cn ∈ H1(Q(µn), T ) : n = mpr , m square-free and p ∤ m

}
,

satisfying some norm relations as n varies.
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. . . . . . . . .

Q(µp∞)

Q(µ2p∞) Q(µ3p∞) Q(µ5p∞) . . . Q(µqp∞)

Q(µ6p∞) Q(µ10p∞) Q(µ15p∞) . . . Q(µrqp∞)
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Theorem (Kato 2004)
If T = Tf arises from a modular form f , there exists a non-trivial
Euler system attached to Tf .

This Euler systems has been used to prove BSD when
ords=1 L(E , s) ∈ {0, 1}.

Theorem (L.–Loeffler–Zerbes 2014)
Let f and g be weight-two modular forms with good ordinary
reduction at p. There exists a non-trivial Euler system attached to
Tf ⊗ Tg .

This Euler system gives one inclusion of the Iwasawa main
conjecture for the tensor product motives of f and g .
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Given a set of elliptic curves over a finite field, we can define an
isogeny graph :

Vertices = elliptic curves, Edges = isogeny between two curves
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We can enhance these graphs with a level structure so that the
vertices represent (E , P), P some arithmetic data of E .
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Similar to field extensions, we can "increase" the level to obtain a
tower of graphs :

←− ←− ←− . . .

The analogue of the Selmer group is the Jacobian, which
counts the number of spanning trees.

There is a p-adic L-function attached to the tower.

There is an "Iwasawa main conjecture" linking these objects.
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